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Chapter 1 


GEOMETRODYNAMICS IN BRIEF 


1.1 CURVATURE OF A CYLINDER 


Show that the Gaussian curvature R of the surface of a cylinder is zero by showing that geodesics on that 
surface (unroll!) suffer no geodesic deviation. Give an independent argument for the same conclusion by 
employing the formula R = 1/p1p2 where p; and po are the principal radii of curvature at the point in 
question with respect to the enveloping Euclidean three-dimensional space. 


Solution: 


The metric of the surface of a cylinder in cylindrical coordinates (¢, z) is 


r? 0 
o= (5 ae (1.1.1) 


The geodesic equation can be gotten by minimizing 


s= f Vor Re. (1.1.2) 


The variation method gives 
dz() 
do 
for geodesics. Since the “slope” of the geodesics on the surface is a constant, two initially parallel geodesics 
will be parallel forever. So the Gaussian curvation of the surface of a cylinder is 0. 


= constant (1.1.3) 


The curvature of the curve ¢ = costant on the surface is 0. Thus, one of the princpal radii of curvature is 
infinite. We then have R = 1/p,p2 = 0. 


1.2 SPRING TIDE VS. NEAP TIDE 


Evaluate (1) in conventional units and (2) in geometrized units the magnitude of the Newtonian tide- 
producing acceleration R™,,,. generated at the Earth by (1) the moon (mony = 7.35 x 10°g, r = 3.84 x 
10!°cm) and (2) the sun (meony = 1.989 x 10°8g, r = 1.496 x 10!3cm). By what factor do you expect 
spring tides to exceed neap tides? 
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Solution: 


In geometrized units, we have 
Rong = 8" Ong; (1.2.1) 


where ¢ = —M/r. We can figure out that 


Re ono = 3 (1.2.2) 
Suppose the coordinates of the earth are (r, 0,0). We can get 
M 
R00 = R430 ae (1.2.3) 
As for the moon, we have 
M G conv = — 
= x3 = 9.64 x 107 em7?. (1.2.4) 
As for the sun, we have 
M 
3 — 441 x 10? em, (1.2.5) 


Spring tide happens when moon and sun contribute together to the curvature of space-time at earth, while 
neap tide takes place when they cancels. So, we would expect spring tides to be three times stronger than 
neaps tides. 


The discussion in conventional units is straightforward and will be omitted here. 


1.3 > KEPLER ENCAPSULATED 


A small satellite has a circular frequency w(cm~!) in an orbit of radius r about a central object of mass 
m(cm). From the known value of w, show that it is possible to determine neither r nor m individually, but 
only the effective “Kepler density” of the object as averaged over a sphere of the same radius as the orbit. 
Give the formula for w? in terms of this Kepler density. 


Solution: 
Since Fi 
m 
wr = 72 m= 37 PKepler!™s (1.3.1) 
we can get 
4 
we = 3 7 PKepler: (1.3.2) 
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Chapter 2 


FOUNDATIONS OF SPECIAL 
RELATIVITY 


2.1 EXERCISE 


Show that equation (2.14) is in accord with the quantum-mechanical properties of a de Broglie wave, 


py =e’? = exp[i(E-— wt). (2.1.1) 


Solution: 
The number of surfaces « pierces in the 4-momentum 1-form k is 
6(@,t) — 6(0,0) =k-#-uwt=k-a. (2.1.2) 


So we have 
k-a = (k,2). (2.1.3) 


2.2 LOWERING INDEX TO GET THE 1-FORM CORRESPONDING TO 
A VECTOR 


The components u° of the 1-form % that corresponds to a vector u can be obtained by “lowering an index” 
with the metric coefficients nq: 


Ue = Napu’; ie., ug = —u°, uz, =u". (2.2.1) 


Solution: 


Ua = (U, ea) =U Cg = Nyurek = nyputog = Nopur. 
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2.3. RAISING INDEX TO RECOVER THE VECTOR 


One can return to the components of u by raising indices, 
ut = nus: (2.3.1) 
the matrix ||°°|| is defined as the inverse of ||7.,||, and happens to equal ||7.,||: 


n°? ngy = 6%; n° = nag for all a, 8. (2.3.2) 


Solution: 


nPug = no? ngyu? = 6% ut =u". (2.3.3) 


2.4 VARIED ROUTES TO THE SCALAR PRODUCT 


The scalar product of u with v can be calculated in any of the following ways: 


u-v=g(u,v) = u?v nop =U, = Uauan”. (2.4.1) 


The proposition is straightforward to prove by applying conclusions of the problems above. 


2.5 ENERGY AND VELOCITY FROM 4-MOMENTUM 


A particle of rest mass m and 4-momentum p is examined by an observer with 4-velocity wu. Show that 
just as (a) the energy he measures is 
E=-p-u; (2.5.1) 


so (b) the rest mass he attributes to the particle is 
m = —p’, (2.5.2) 
(c) the momentum he measures has magnitude 
lal = [(p- a)? + (pp); (2.5.3) 


(d) the ordinary velocity v he measures has magnitude 


la] = La (2.5.4) 


where |p| and £ are as given above; and (e) the 4-vector v, whose components in the observer’s Lorentz 
frame are 


v=0, w= (dx? /dt) tor particle = ordinary velocity, (2.5.5) 
is given by 
v= pt (p-uju (2.5.6) 
—p . UU 
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Solution: 
(a) In the frame of observer, we have u = (1,0,0,0) and p°® = E. Thus 
E=-p-u (2.5.7) 


holds in observer’s frame. Since the two sides of the equation are all geometric objects which is invariant 
in different reference frames, we have proved that 


E=-p-u. (2.5.8) 
(b) In observer’s frame, we have p = (E, 77). So the rest mass he attributes to the particle is 
m = E? — |p? = —p’. (2.5.9) 


(c) 
|p| = (BE? — m?)*? = [(p- u)? + (p- p)]'”?. (2.5.10) 


(d) In observer’s frame, we have EF = ym and p= ymi, where y = (1 — |v|*)~!/?. Thus 


oF, = 4. (2.5.11) 
E E 
(e) In observer’s frame, we have 
p’+(p-ujue = E-E=0, (2.5.12) 
and = ‘ : 
ss Oe (2.5.13) 
—p . UU E 
Thus 
pas (2.5.14) 
—p . UU 


holds in observer’s frame. Since the two sides of the equation are all geometric objects which is invariant 
in different reference frames, it holds in all frames. 


2.6 TEMPERATURE GRADIENT 


To each event £ inside the sun one attributes a temperature T(L), the temperature measured by a ther- 
mometer at rest in the hot gas there. Then TL) is a function; no coordinates are required for its definition 
and discussion. A cosmic ray from outer space flies through the sun with 4-velocity u. Show that, as mea- 
sured by the cosmic ray’s clock, the time derivative of temperature in its vicinity is 


dT /dr = 0yT = (dT,u). (2.6.1) 


In a local Lorentz frame inside the sun, this equation can be written 


dT OT 1 OT vs OT 
oo ue rae Vine Of woe (2.6.2) 
Why is this result reasonable? 
Solution: 
The equation (2.15) of the MTW tells 
T(L) =T (Lo) + (dT, £ — £0) + (nonlinear terms). (2.6.3) 
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Suppose the world line of the observer is P(r), the we have 
£(r) — £(1) = (7 — 79) u + (nonlinear terms). 


In the limit 7 — 7), we have 


dT 
— =(dT,u). 
7 (atu) 
In a local Lorentz frame inside the sun, we have 
dT OT 1 oT vs oT 


aS (dT),u* = u% 


2.7 BOOST IN AN ARBITRARY DIRECTION 


An especially useful Lorentz transformation has the matrix components 


oi 1 


0 = — 

et ier 

oo ci = A 

A j=’ = Brn’, 

AP = AK = (y—Dnin* + 6%, 


A", = (same as AY but with’ repalced by — 8), 


Ox =. /1 — y2 Ot /1 — v2 Ox 


(2.6.4) 


(2.6.5) 


(2.6.6) 


(2.7.1) 


where 8, n', n? , and n° are parameters, and n? = n? +3 + n3 = 1. Show (a) that this does satisfy the 
condition ATiA = n equired of a Lorentz transformation (see Box 2.4); (b) that the primed frame moves 
with ordinary velocity Gn as seen in the unprimed frame; (c) that the unprimed frame moves with ordinary 
velocity —$n as seen in the primed frame; and (d) that for motion in the z direction, the transformation 


matrices reduce to the familiar form 


4 OO) ey a DO! By 
a 0 10 0 ge [Oe SB. HOE 230 
BN a oO py a" eG: sO. 
-By 0 0 ¥ By 0 0 ¥ 


Solution: 


(a) 


A® ota’ g A? 0 = A° otoror A® ov NM ome A* oo —7 + Bo?nd nd =-1 


/ / f / i k! 
A® te pr AP = A® jnoro N° ,t AM glans A k 


= — By nin* + [(y— 1nin® + 6 ][(y— Unkn® + 6") 


= [-6?y? + (y= 1)? + 2(y— 1)]nin® + 6” 
AW Nar A? j = AY snore A® + AJ oth A® 

= By?nd — Byn™ [(y — Un" nd + 5") 

~( 


So, we have prove that AM aie A? = Nag, Le, ATHA =. 
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(2.7.2) 


(2.7.3) 


(2.7.4) 


(2.7.5) 


(b) cH” = (t’,0,0,0) is the world line of one observer who is static at the origin of primed frame. The 
coordinates of his world line in unprimed frame is 


ct = Ma! = 4t'(1, Bn’). (2.7.6) 
So the velocity of the observer as seen by unprimed frame is 


; Jj t! Bnj : 
ys = ~ => a a — Bn’. (2.7.7) 
yt 


(c) «“ = (t,0,0,0) is the world line of one observer who is static at the origin of uprimed frame. The 
coordinates of his world line in primed frame is 


gh = AM a” = yt(1,—Bn’). (2.7.8) 


So the velocity of the observer as seen by primed frame is 


vi yt Bnd | 


yi= 
Le vt 


Bnd. (2.7.9) 


(d) For motion in the z direction, we have n/ = (0,0, 1). Substitute it into equation (29), it is easy to figure 


out 
vy 00 By y 0 0 py 
gee Lad 6 ie 3 | Oe Ae > ud 
NO ne. 4 ae NS A oe ek (2.7.10) 
—-By 0 0 ¥ BE DCO ox 
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Chapter 3 


THE ELECTROMAGNETIC FIELD 


3.1 EXERCISE 


Derive equations (3.5) and (3.7) for the components of Faraday by comparing (3.4) with (3.2a,b), and by 
using definition (3.6). 


Solution: 


By comparing 


—=eE-u (3.1.1) 
dt 
and n° 
OP = Fo yi, (3.1.2) 
dt 
we have 
Fon. (3.1.3) 
By comparing 
d 
P = (WE +ux B) (3.1.4) 
dt 
and : 
dpi 
ae = eF yu! + Fw, (3.1.5) 
we have 
Fp Sey R. (3.1.6) 


Now it is straightforward to get equation (3.5) and (3.7). 


3.2. TRANSFORMATION LAW FOR COMPONENTS OF A TENSOR 


From the transformation laws for components of vectors and 1-forms, derive the transformation law (3.14). 


Solution: 


S(o, p,v) is invariant under coordinate transformation. In the original frame, we have 


S(o,p,v) = SP aapav (3.2.1) 
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In the primed frame, we have 
S(a,p,v) = S"” yi Oph Purv? . (3.2.2) 
From the transformation laws for components of vectors and 1-forms, we have 
Oo = (A71)# ow = AY our, Pe= (A) a! py = Ne pois v= (A71)7,,0" = Ky eye -- (3.253) 


Now, we can get 
SP ae Ne oe (3.2.4) 


3.3. RAISING AND LOWERING INDICES 


Derive equations (3.16) from equation (3.15’) plus the law n, = n.gn® for getting the components of the 
1-form 7 from the components of its corresponding vector n. 


Solution: 


Sg joan wv = SY cangv” = So ean o. (3.3.1) 
Thus, we have 
Sey = Mp9", . (3.3.2) 
And we can also get 
SE Si BS = Oe Sa OP as (3.3.3) 


3.4 TENSOR PRODUCT 


Given any two vectors u and v, one defines the second-rank tensor u ® v ("tensor product of wu with v”) 
to be a machine, with two input slots, whose output is the number 


(u @®v)(o,A) = (u,a)(v, A) (3.4.1) 


when 1-forms o and X are inserted. Show that the components of T = u ® v are the products of the 
components of u and v: 


TH = v8, T. =Uav?, Tog = Ua: (3.4.2) 
Extend the definition to several vectors and forms, 
(u®v@B@w)(a,A,n,€) = (u,o)(v, A)(B,n)(€,w), (3.4.3) 


and show that the product rule for components still holds: 


S=u®@v®Pe w has components See = uv” Byws. (3.4.4) 


Solution: 


T°? = T(w%,w*) = (u,w)(v, 0°) = T°: 
Le ee Nop TH? = Noputiv® = Uv: 


bi 


Tog = 16pLy" = NBplav" = Uap. (3.4.5) 
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SYS = S(w!,w", ex, w®) = (u,w!)(v, 0”) (8, er) (WS, w) = uo” Baws. (3.4.6) 


3.5 BASIS TENSORS 


Show that a tensor M with components 1f ed in a given Lorentz frame can be reconstructed from its 
components and from the basis 1-forms and vectors of that frame as follows: 


M = M°,%e. Beg @w Wes. @.5.1) 
Solution: 
Because 
Me, @ €, @w? @ e, (ww, e,,,w°) 
= MM (wr, ey) (w”, ey) (w?, ey) (w°, 9) 
= vyosa sB 6 
= MN On 0 p00 g 
MCE, (3.5.2) 
Mw, w?,w,w*) = Mor (3.5.3) 
we have 
M= Met Pe. @ eg @w Seg. (3.5.4) 


3.6 Faraday MACHINERY AT WORK 


An observer with 4-velocity u picks out three directions in spacetime that are orthogonal and purely 
spatial (no time part) as seen in his frame. Let e;, e3, e3 be unit vectors in those directions and let them 
be oriented in a righthanded way (ej; -e5 x e; = +1 in three-dimensional language). Why do the following 
relations hold? 


ej “U= 0, ej : Ej, = Ojk- (3.6.1) 


What vectors are to be inserted in the two slots of the electromagnetic field tensor Faraday if one wants 
to get out the electric field along e;; as measured by this observer? What vectors must be inserted to get 
the magnetic field he measures along e;? 


Solution: 


As e; are orthogonal and purely spatial as seen by the observer with four velocity u, we have the fol- 
lowing relations: 


ej “U= 0, ej ; Ej = Ojk- (3.6.2) 
The electric field along e; as measured by this observer is 
F(e;,u). (3.6.3) 
The magnetic field he measures along e; is 
F(e;, ej) (3.6.4) 


where e,-€;X ep = +1. 
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3.7 MAXWELL’S EQUATIONS 


Show, by explicit examination of components, that the geometric laws 
Fopy + Feat Frag =0, F%, =4nJ*, (3.7.1) 


do reduce to Maxwell’s equations (3.26), (3.31), (3.34), (3.35), as claimed above. 


Solution: 


If two among the indexes a, 3 and ¥ are the same, it is easy to find 
Fagy + Fey.a + Frya,p =0 (3.7.2) 


would hold automatically due to the antisymmetry of the Faraday tensor. Now we assume all indexes are 
different. We have 


F OB 
Foi + Figo + Fyoe = —Hag + jr Br + Ej = Cage lv x B+ =| =0, (3.7.3) 
k 
and 
Fijk + Fyeat Peg = Gt Bir + Gi Bii t+ eeuBry = Bex + Bix + Bj jy =3V-B=0. (3.7.4) 
They reduce to the (3.26) and (3.31). 
As for the second equation, we have 
Fo = hy = Ve Baal (3:75) 
and 
Po -pe 2 =e By; = Hoe aig 3.7.6 
ot PY, = -h t €ijnBug = |V Xx ea || ane (3.7.6) 


They reduce to the (3.34) and (3.35). 


3.8 CONTRACTION IS FRAME-INDEPENDENT 


Show that contraction, as defined in equation (3.40), does not depend on which Lorentz frame e, and w® 
are taken from. Also show that equation (3.40) implies 


M(u,v) = Ry? uv". (3.8.1) 


ap Vv 


Solution: 


Suppose in another frame, the base vector and 1-form are f and €. Then we have 


fu A eae E* SN yo”, (3.8.2) 
Thus, 
R( fa, u,E%,v) = A PAY, Reg, U,w',v) = 5° Reg, u,w',v) = R(eg,u,w’,v). (3.8.3) 
So contraction is frame independent. And 
M(u,v) = R(eg, u, €°, v) = Ry ea wa yu = Ry, our”. (3.8.4) 
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3.9 DIFFERENTIATION 


(a) Justify the formula 
d(uy,v”)/dt = (d(u,z)/dr)v” + up(d(v")/dr). 


by considering the special case w = 0, v = 1. 


(b) Explain why 
(PP) = hae UB + TOP yg 5. 


Solution: 


(a) 
d(ugv')/dr = d(ug)/drv' + ugd(v')/dr. 


(3.9.1) 


(3.9.2) 


(3.9.3) 


(b) The contraction of a tensor is a kind of summation as for the components. Since the order of differention 


and summation can be exchaged. So we have the equation 3.9.2. 


3.10 MORE DIFFERENTIATION 


(a) Justify the formula, 
d(u,u”)/dr = 2u,(du"/dr) 


(3.10.1) 


by writing out the summation u,,u" = n,,u"u” explicitly. (b) Let 6 indicate a variation or small change, 


and justify the formula 
6(F? Fyg) = 2Fy36(F*). 


(c) Compute (F°° Fug), =? 


Solution: 
(a) 
d(uj,u”)/dt = d(quvu"u’)/dr 
= Nuvu" (du” /dr) + nuvu” (du“ /dr) 
= u,(du” /dr) + u,(du"/dr) 
= 2u,(du"/dr). 
(b) 
6(F°? Fg) = 5(Nuatp POF”) 
= Note FP d( FH”) + NuatwpEe’6(F°?) 
= F4,6(FH") + Fyg6(F) 
= 2F,36(F°*). 
(c) 


(OM Pye) gp SOP h oo 
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(3.10.2) 


(3.10.3) 


(3.10.4) 


(3.10.5) 


3.11 SYMMETRIES 


Let A,,, be an anbsymmetric tensor so that A,,, = —A,,; and let S"” be a symmetrlc tensor so that 
SHY = SUE, 


(a) Justify the equations A,,,,S“” = 0 in two ways: first, by writing out the sum explicitly (all sixteen 
terms) and showing how the terms in the sum cancel in pairs; second, by giving an argument to justify 
each equals sign in the following string: 


Ayy St” = —Ayy Sh” = —Apy,S”" = —AagS = —AyS*” = 0. (3.11.1) 
(b) Establish the following two identities for any arbitrary tensor V,,_: 
ac 1 
VOY Any = 5(VO VAs VS = (VOY + VS. (3.11.2) 
Solution: 
(a) i. 


Ay SHY = Ago 5 + Ar S™ + Ag2S”? + As3$* 

me (Agi S*! mo AjoS"°) as (Ag2S°? ae Az9S7°) 

ais (Ag3S°? bili A39S°°) ie (Ais nie, Aoi S81) 

4 (A13873 =i A31S°") ue (Ao3S78 we A328°”) 

=0. (3.11.3) 


ii. The first equals sign is due to the antisymmetry of A,,,,. The second equals sign is due to the symmetry 
of S',,. The third and fourth equals sign is a transformation of dumb indexes. The last equals sign is due 
to the fact that A,,,.S’" = —A,,S". 


(b) Since 
VY Aw = —V" Aly = —V Ay (3.11.4) 
and 
Ve Say = Ve Su = VE Say, (3.11.5) 
we have 
VY Aw = swe —V"*)Au; Ve" Suy = swe +V"") Sip. (3.11.6) 


3.12 SYMMETRIZATION AND ANTISYMMETRIZATION 


To “symmetrize” a tensor, one averages it with all of its transposes. The components of the new, sym- 
metrized tensor are distinguished by round brackets: 


1 
Vu) = 3 Vw + Von); 
1 
Viva) = ay (Yaw + Vir + Vy uv + Vupr ar Viv + Viurv)- (3.12.1) 


One “antisymmetrizes” a tensor (square brackets) similarly: 
1 
Vipv] = 3 Vw a Vin) 


1 
Viuvr] = ay Vana + Vudu Viv Vupr Vyvp Viurv): (3.12.2) 
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(a) Show that such symmetrized and antisymmetrized tensors are, indeed, symmetric and antisymmetric 
under interchange of the vectors inserted into their slots: 


Viapyyurvew = t+Viagyyveurw? —... 
Viasyurvew? = —Viagyyv*uhw? = --- (3.12.3) 


(b) Show that a second-rank tensor can be reconstructed from its symmetric and antisymmetric parts, 
Viv = Vw) + Vir}; (3.12.4) 


but that a third-rank tensor cannot; Vig) and Viqg,) contain together “less information” than V.,,. 
“Young diagrams” (see, e.g., Messiah [1961], appendix D) describe other symmetries, more subtle than 
these two, which contain the missing information. 


(c) Show that the electromagnetic field tensor satisfies 


Frog) =9; Flag) = 0. (3.12.5) 


(d) Show that Maxwell’s “magnetic” equations 


Fup + Faq,0 + Fre,p = 0 (3.12.6) 
can be rewritten in the form 
Flop.) = 0- Gi27) 
Solution: 
(a) 
Vas yutvPw? = Vigayyvu2w’ = ViapyurvPw”, 
Viopyurv'w? = —Vigayvrurw? = —Veopyyveurw?. (3.12.8) 
(b) i i 
Vouw) + Vino] = 5 (Vw + Vow) + 5 (Vw — Vin) = Vw (3.12.9) 


The degree of freedom of Vag+, Viasy)> Viasy] is d3, C} + C4 +(C4, and C3 respectively. d is the dimension 

of the space. We have 

(4d + 7)(d—1)d 
6 

if d > 1. So a third-rank tensor cannot be reconstructed from its symmetric and antisymmetric parts. 


d® — (209+ C7 +Cj) = Sa) (3.12.10) 


(c) Since Fug + Faq = 0, it is easy to get 


Flap) =9; Flas) = 9. (3.12.11) 
(d) Since Fug + Faq = 0, we have 
Fopyy + Fey. + Fya,e = — (Fay + Fryp,a + Fay,g)- (3.12.12) 
Thus, 
Fapy + Fey, + Fya,p = 0 (3.12.13) 
is equal to 
Fapyy + Fey + Fyop — (Fee, + Fyp,a + Foy,6) = 6Flap,y = 9. (3.12.14) 
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3.13  LEVI-CIVITA TENSOR 


The “Levi-Civita tensor” € in spacetime is a fourth-rank, completely antisymmetric tensor: 
e(u, u, v, w) changes sign when any two of the vectors are interchanged. (3.13.1) 


Choose an arbitrary but speclfic Lorentz frame, with e) pointing toward the future and with e), e2, e3 a 
righthanded set of spatial basis vectors. The covariant components of ¢ in this frame are 


€9123 = €(€p, €1, €2,€3) = +1. (3.13.2) 


[Note: In an n-dimensional space, e is the analogous completely antisymmetric rank-n tensor. Its compo- 
nents are 
EL on = e(e1, a ae ,Cn) = +1, (3.13.3) 


when computed on a “positively oriented,” orthonormal basis e1,--- , en.] 


(a) Use the antisymmetry to show that 


€apy5 = 0 unless a, 3,7, 6 are all different, 


+1 for even permutations of 0,1, 2,3 and 
ExOnln273 = : (3.13.4) 
—1 for odd permutations. 
(b) Show that 
ener. = —€n0r1r273- (3.13.5) 


(c) By means of a Lorentz transformation show that ¢%7 and e, ay5 have these same values in any other 
Lorentz frame with eg pointing toward the future and with e1, e2, e3 a righthanded set. 


(d) What are the components of € in a Lorentz frame with past-pointing eg? with lefthanded e), e2, e3 ? 


(e) From the Levi-Civita tensor, one can construct several “permutation tensors.” In index notation: 


Sen = cP exp: 
a — 1 aBr 1 aBr 
é ee = 3° pur — = 5° ? nw rp3 
a _ 1 ap 1 aBr 1 aBr 
6 wb 3° MG) = 5° BBX = er B En Bp: (3.13.6) 
Show that: 
+1 if ay is an even permutation of pv, 
Caaere = ( —1 if ay is an odd permutation of pA, 
0 otherwise; 
ab _ sa 5B a 5B 
OFF SO Op HOO" 6 
+1 if wa is an even permutation of jv, 
= 4 —lLif a is an odd permutation of py, 
0 otherwise; 
+lifa=p 
oo = , 3.13.7 
{3 otherwise. ( ) 
Solution: 
(a) If a, 8,7, 6 are not all different, say a = 6, we then have 
€xBys = —€Bays = EaBys- (3.13.8) 
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Thus €,375 = 0 unless a, 3,7, 6 are all different. If 7 is an even permutation, we have 


€xonin2n3 = (—1)"€0123 = 1. (3.13.9) 


similarly, for odd permutations of 0,1, 2,3, we have 


ExOr1n273 = (-1)"€o123 =—l. (3.13.10) 
(b) 
det g = —1 if 7 is an even permutation 
nOmln273 _ ~10a_716 12y 736 = g p 
€ = Ea = : k : 3.13.11 
DS a oP {" det g = 1 if 7 is an odd permutation ( ) 
Therefore, 
Cn ON ee Oulaaae: (3.13.12) 
(c) Firstly, we have _ - : 
ERP SNE NE NO ONO teNe (3.13.13) 


If a, 6,7, 6 are not all different, say a = 3 = 0, we have 


0078 — AD AP LAT AP se875 — —APLAP AT AP sePO78 — AO ADDAT Ab eoO75 — 0079 (3.13.14) 


ATOATE GAT? ATS 62815 — —(—1)" A? ATA? A s€ag75 = —(—1) det A. (3.13.15) 


Secondly, from the defination of Lorentz transformation, we have A?7A = 1. Take the determinant of the 
both side of the equation, we have 
det A det 7 det A = det 7. (3.13.16) 


Thus det A = +1. If eo is pointing toward the future with e), e2, e3 are a righthanded set. The transfor- 
mation can be made up of successive infinitesimal boost or space rotation J + dw. Because the determinant 
of J + dw cannot be —1. We can conclude that det A = +1. Now, we have 


9975 — 0 unless a, 3,7, 6 are all different, 


nOninin3 _ te for even permutations of 0, 1, 2,3 and (3.13.17) 


+1 for odd permutations. 


So e%879 have these same values in any other Lorentz frame with ey pointing toward the future and with 
€1, €2, €3 a righthanded set. 


(d) In a Lorentz frame with past-pointing eg or lefthanded e;, e2, e3, we have det A = —1. So the 
components of « are the opposite number of those in the original frame. 


(e) Firstly we focus on 
OF Seer aiixe: (3.13.18) 


If a, 8, or u,v, are not all different, «°°? or €,.,, will be zero, and so aaaee will be zero. If a+ is 
not a permutation of pv, a, 8, and pu, v, X are all different, then p cannot be different from a, 3,-y and 
: aby a. 7 < : 
jv, A simutaneously. So 6°", will be zero. If ay is an even permutation of ju, then ap is also an 
even permutation of up if ~aByp (uv Xp) are all different (in this case, p has only one possible value). So 


ne Pe si, = —(+1)(#¥1) =. (3.13.19) 


If ay is an odd permutation of pv, then af+yp is also an odd permutation of pvAp if aByp (uvrAp) are 
all different. So 


— PME yp = (+1)(+1) =-1. (3.13.20) 
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As a result, we can get 


+1 if ay is an even permutation of pv, 


ae = « —1 if ay is an odd permutation of pv, (3.13.21) 
0 otherwise. 
Secondly, let us foucs on 
Qa = 1 aBr 
6 = 5 ale (3.13.22) 


If v@ is not a permutation of pv, a6 will not be a permutation of pv. So oF os will be zero. If a3 is an 
even permutation of pv, then a8. will be an even permutation of pv if a, 8, and p, v, A are all different. 
In this case, there are two possible values for \ and 


rl ae (3.13.23) 


If a8 is an odd permutation of jv, we have 


5M yy = 2. (3.13.24) 


As a result, we can get 


+1 if a is an even permutation of pv, 
68 | = ¢ —1if af is an odd permutation of pv, (3.13.25) 
0 otherwise. 


608 wy = On oF, — 6,68 . iS easy to verify according to the equation above. 


Finally, let us move to 


1 
a _ ap 

= 3° uj (3.13.26) 
If a # p, a8 can not be a permutation of 13, and so 6“, will be 0. If a = 1, a6 will be an even permutation 


of uG if a, 8 and p, 6 are all different. In this case, there are three possible values for G and 


ab 
6 ipa 3. (3.13.27) 
As a result, we can get 
+lifa=p 
0 . 3.13.28 
‘e ie otherwise. ( ) 


3.14 DUALS 


From any vector J, any second-rank antisymmetric tensor F' and any third-rank antisymmetric tensor B, 
one can construct new tensors defined by 


Jag eusiay  heg = Say 2 ah ewe (3.14.1) 
One calls *J the “dual” of J, *F the dual of F, and *B the dual of B. [A previous and entirely distinct 
use of the word “dual” (section 2.7) called a set of basis one-forms w® dual to a set of basIs vectors e, if 
(w“,eg) = 6%, . Fortunately there are no grounds for confusion between the two types of duality. One 
relates sets of vectors to sets of 1-forms. The other relates antisymmetric tensors of rank p to antisymmetric 
tensors of rank 4 — p.] 


38 


(a) Show that 
Oj J, “RSF, ep: (3.14.2) 


so (aside from sign) one can recover any completely antisymmetric tensor H from its dual *H by taking 
the dual once again, **J. This shows that H and *H contain precisely the same information. 


(b) Make explicit this fact of same-information-content by writing out the components *A°®°” in terms of 
A®, also *F°* in terms of F®?, also *B® in terms of B°?7, 


Solution: 
(a) 


1 1 1 
IF yy OM = Pea uve = — 2 Pear” = IPS = I% 


**K a 1, Va 1 lox Va 1 io a i 1 ome a cx. 
Fes ee ane Epopv el eS ee Epopv€ Bu a es B. 
1 a 1 
** BoBy — “Bert - BP epornenn”” a = 3 BP Epa sere a ae = BoP, (3.14.3) 


(b) 
* 4012 = A? * 401s = — A? * 4023 as Al * 4123 = A®. (3.14.4) 


* pol = Res. * p02 = Dea * F703 = ey oe * pla = ee, * pris a sy ee * 23 = Fl. (3.14.5) 
* Bo = Bi. *Bl = Bee. * B? = apy * BS = Be2. (3.14.6) 


3.15 GEOMETRIC VERSIONS OF MAXWELL EQUATIONS 


Show that, if F' is the electromagnetic field tensor, then V - *F' = 0 is a geometric frame-independent 
version of the Maxwell equations 


Fapy + Fee, + Fyo,6 = 0. (3.15.1) 


Similarly show that V -F = 47J (divergence on second slot of F) is a geometric version of F°” pa 4nd. 


Solution: 


From the defination of star operator, we have 


* Ta 1 1 
[VF] =F 5, = SF pe SFr pere?. (3.15.2) 


So V - *F = 0 is equal to the equation 
Flap] = 9- (3.15.3) 


According to the conclusion of exercise 13(d), we can get the first pair of Maxwell equations, 
Fae, + P34, le Fya,B = 0. (3.15.4) 
Similarly, we have 
[Vana 5. (3.15.5) 


Thus it is easy to see that V - F = 4rJ is a geometric version of Pers =4rJ%. 
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3.16 CHARGE CONSERVATION 


From Maxwell’s equations F°” g = 4nJ™, derive the “equation of charge conservation” 
J*, =0. (3.16.1) 


Show that this equation does, indeed, correspond to conservation of charge. It will be studied further in 
Chapter 5. 


Solution: 


1 a 1 a Qa 1 Oe Qa 
J*, =—F*,, = rea ee er reel FS | Ui (3.16.2) 


3.17 VECTOR POTENTIAL 


The vector potential A of electromagnetic theory generates the electromagnetic field tensor via the geo- 
metric equation 


F = —(antisymmetric part of VA), (3.17.1) 
Puy = App _ An: (3.17.2) 


(a) Show that the electric and magnetic fields in a specific Lorentz frame are given by 


B=VxA, E=-—d0A/dt-VA*. (3.17.3) 


(b) Show that F will satisfy Maxwell’s equations if and only if A satisfies 


ae oe An = —4Ar J™. (3.17.4) 


(c) Show that “gauge transformations” 

Anew = Aotp + d¢, $= arbitrary function, (3.17.5) 
leave F unaffected. 
(d) Show that one can adjust the gauge so that 


V:-A=0 (“Lorentz gauge”), 
A=-—-4iJ. (3.17.6) 


Here C1 is the wave operator (“d’ Alembertian ”): 


A= A eg. (3.17.7) 


Solution: 
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(a) 


=, Silene 1: % 
BY = Sc Fig = se5F¥[0; Ag — Op Aj] = CFO; Ar, 
E' = F® = —0,A' — 0,A°. (3.17.8) 
(b) 
— FAH = — (Ame — AM), = (AM — AM) = 4 J, (3.17.9) 
(c) 
FNpw = ANEw ~ ANew = (Adtp + 9“) — (Aotp + 6%) = Act — Abt = Férp- — -17.10) 
(d) If we want 
Ou, ANEw = QvA6ip + 0,0"%¢ = 0, (3.17.11) 


we should choose ¢ to satisfy the equation 


8,0"¢ = —O,A6rp- (3.17.12) 
In this case, we have 
Aa AN OS AO edad, (3.17.13) 
1. 
A=—ArJ. (3.17.14) 


3.18 DIVERGENCE OF ELECTROMAGNETIC STRESS-ENERGY TEN- 
SOR 


From an electromagnetic field tensor F’', one constructs a second-rank, symmetric tensor T as follows: 


1 1 
CE = 2 | PPO RY. 2p hY ROP). 3.18.1 
a (Frer', - ja’ FosF**) (3.18.1) 
As an exercise in index gymnastics: 
(a) Show that V - T has components 
Vv 1 a y Q PV i ab 
TY = — | FeO FY + Fe tee acer Se ue oh 4 (3.18.2) 
An ; ; De: 
(b) Manipulate this expression into the form 
Vv 1 av 1 a8 
Ty = Tr ian ey Ee fF (Fos, + Fua,e + Feua)| 3 (3.18.3) 


note that the first term of (123) arises directly from the second term of (122). 


(c) Use Maxwell’s equations to conclude that 


PO BERS, (3.18.4) 
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Solution: 


(a) 
re -E(R" Pe 4 peer — 1 By, Fo — Lanw p , poe ) 
Vl Ar av 4 ’ 4 yV 
-E(R" rep peepy 1p pos _1p ee) 
dn WV a QV 4 a 4 ap 
1 1 1 
2 RO Te AY, oa a P =, OP Bal 
= ( ate Re - ie ee 4 oF ) 
Ga BY Feo BY es) oe), (3.18.5) 
An eee a 
(b) 


1 
a Vv Qa Tv a8 
Big a OO ea Mail ) 


1 
Qa pv aB 
#) OT EP ay — Fab F ) 
Q° OE 


1 
Ba Qa pv ap 
aay Pay — 5 Fap.uP ) 


1 
aB ap | Qa pv aB 
Frag? > 5F Bp.a F } Fi, PF ay g Posh ) 


= ag (" 
= i (Few 
=} (Bag P+ Fy Pog ~ MFas) 
Sraeey 
sale 
=a 


| aes 1 GFP aan + Fuo,p + Fana)| (3.18.6) 


(c) We have the Maxwell equations: 


PO, =And*, Fag + Pua + Fey = 0. (3.18.7) 
Thus 
Zee — —Fuad™, (3.18.8) 
i.e. 
PS pS os. (3.18.9) 
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Chapter 4 


ELECTROMAGNETISM AND 
DIFFERENTIAL FORMS 


4.1 GENERIC LOCAL ELECTROMAGNETIC FIELD EXPRESSED IN SIM- 
PLEST FORM 


In the laboratory Lorentz frame, the electric field is FE, the magnetic field B. Special cases are: (1) pure 
electric field (B = 0); (2) pure magnetic field (EF = 0); and (3) “radiation field” or “null field” (E and B 
equal in magnitude and perpendicular in direction). All cases other than (1), (2), and (3) are “generic”. 
In the generic case, calculate the Poynting density of flow of energy E x B/4zx and the density of energy 
(E? + B?)/87. Define the direction of a unit vector n and the magnitude of a velocity parameter a by the 
ratio of energy flow to energy density: 


2ExB 


Ea BRB (4.1.1) 


ntanh 2a = 


View the same electromagnetic field in a rocket frame moving in the direction of n with the velocity 
parameter a (not 2a; factor 2 comes in because energy flow and energy density are components, not of 
a vector, but of a tensor). By employing the formulas for a Lorentz transformation (equation 3.23), or 
otherwise, show that the energy flux vanishes in the rocket frame, with the consequence that EF and B 
are parallel. No one can prevent the z-axis from being put in the direction common to E and B. Show 
that with thiS choice of direction, Faraday becomes 


F = E,dz \ dt + B,dt A dy (4.1.2) 


(only two wedge products needed to represent the generic local field; “canonical representation”; valid in 
one frame, valid in any frame). 


Solution: 


By employing the formulas for a Lorentz transformation, we have 


E=(E,+8xB)+E, 
= cosha/E — (E-n)n+tanhan x B)+(E-n)n 
= cosha/E + tanhan x B] 
=cosha FE +sinhan x B. (4.1.3) 
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B=7(B,-@xE)+B, 
= cosha[B — (B-n)n—tanhan x E]+(B-n)n 
= cosha[B — tanhan x E] 
=cosha B —sinhan x E. (4.1.4) 


The cross product of electric field and magnetic field in the rocket frame is 


E x B= (coshaE +sinhan x B) x (cosha B —sinhan x E) 
= cosh? a E x B+sinhacoshal[(n x B) x B+ (nx E) x E] — sinh? a(n x B) x (n x E). 


(4.1.5) 
Note thispagestyle 
(nx B)x B=(B-n)B-(B-B)n=—B°*n; 
(nx E)x E=(E-n)E-(E-E)n=—E*n; 
(n x B)x (nx E) = [(n x B)- E]n—[(n x B)-nJE 
= |((Bx E)-n|n 
2 2 
— 1s tanh 2an. (4.1.6) 
Finally we can get 
= = E? + B? E? + B? 
ExB= —— = cosh? a tanh 2an — (E? + B?) sinha coshan + — sinh” a tanh2an 
E’ + B? 
Se (cosh? a tanh 2a + sinh? a tanh 2a — 2sinhacosha)n 
E?2 pe B?2 
S54 (cosh 2a tanh 2a — sinh 2a)n 
=0. (4.1.7) 


Thus E and B are parallel in the rocket frame. If we put z-axis in the direction common to E and B, we 
have 


F39 = Fo3 = Ez; Fig = —Fo = Bz, (4.1.8) 
and all other components vanish. So 


F = E,dz \ dt + B,di A dy. (4.1.9) 


4.2 FREEDOM OF CHOICE OF 1-FORMS IN CANONICAL REPRESEN- 
TATION OF GENERIC LOCAL FIELD 


Deal with a region so small that the variation of the field from place to place can be neglected. Write 
Faraday in canonical representation in the form 


F = dp; Adq' + dp;; A dq", (4.2.1) 


where p,4 (A = J or IJ) and q“ are scalar functions of position in spacetime. Define a “canonical trans- 
formation” to new scalar functions of position p4 and q,4 by way of the “equation of transformation” 


padq* = dS + padq', (4.2.2) 
where the “generating function” S$ of the transformation is an arbitrary function of the q“ and the q*: 


dS = (0S/Aq*)dq4 + (0S/dq4)dq". (4.2.3) 
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(a) Derive expressions for the two p,’s and the two p,’s in terms of S' by equating coefficients of dq’, dq!’, 
dq', dq'! individually on the two sides of the equation of transformation. 


(b) Use these expressions for the p4’s and p;’s to show that F = dp, \dq“ and F = dpxA dq, ostensibly 
different, are actually expressions for one and the same 2-form in terms of alternative sets of 1-forms. 


Solution: 


(a) From the definition of S, we have 


padq’ = dS + pxdq’ = (88/dq*)dq4 + (0S/dq4)dq4 + pzdq’. (4.2.4) 
Thus, 7 
pa =9S/dq4; | pg = —O8/Oq". (4.2.5) 
i.e. 
pr =0S8/dq'; pp =—O8/0q" 
pir =O8/0q"; ppp = —08/dq"". (4.2.6) 
(b) : 
Os O-s mn 
= A_ Ov A_ _q A A 2. 
F = dpa dq =a( 35) nau DgAaga 4 A dq. (4.2.7) 
z i as i as , 
F = dp; A dq‘ = —d( —— ) Adq4 = ~———<d¢4 A dq’. 4.2.8 
DA \ dq (5) q dgtagat SM (4.2.8) 


So we have F = F. 


4.3. A CLOSED OR CURL-FREE 1-FORM IS A GRADIENT 


Given a 1-form a such that do = 0, show that o can be expressed in the form o = df, where f is some 
scalar. The 1-form a is said to be “curl-free,” a narrower category of 1-form than the “rotation-free” 1-form 
of the next exercise (expressible as 0 = hd/f), and it in turn is narrower (see Figure 4.7) than the category 
of “1-forms with rotation” (not expressible in the form o = hdf). When the 1-form a is expressed in 
terms of basis 1-forms dx®, multiplied by corresponding components o,, show that “curl-free” implies 
Pa,6] = 0. 


Solution: 


Suppose o = ogdx*. Then do = 0 implies that 


do = 0,,gdz" A dx* = 0, (4.3.1) 


Ola,p] = 9. (4.3.2) 


From the theory of PDE, we can find a solution to the equations 


a OF 
Te, ag (4.3.3) 
if and only if 
Oa,8B = IB,a- (4.3.4) 


Thus given a 1-form a such that do = 0, o can be expressed in the form o = df, where f is some scalar. 
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4.4 CANONICAL EXPRESSION FOR A ROTATION-FREE 1-FORM 


In three dimensions a rigid body turning with angular velocity w about the z-axis has components of 
velocity 4, = wa, and v, = —wy. The quantity curl y = V x v has z-component equal to 2w, and all other 
components equal to zero. Thus the scalar product of v and curl v vanishes: 


Vi,7YK] = 0. (4.4.1) 
The same concept generalizes to four dimensions, 
Via,pV>] = 9, (4.4.2) 


and lends itself to expression in coordinate-free language, as the requirement that a certain 3-form must 
vanish: 
dv \v =0. (4.4.3) 


Any 1-form v satisfying this condition is said to be “rotation-free.” Show that a 1-form is rotation-free if 
and only if it can be written in the form 
v =hdf, (4.4.4) 


where h and f are scalar functions of position (the “Frobenius theorem”). 


Solution: 


If v = hdf, we have 
dv \v =hdh df \df +h?d?f A df =0. (4.4.5) 
The condition v \ dv = 0 on v implies that its kernel 
V={ueTM:v(u) =0} (4.4.6) 


is an involutive distribution, meaning it is closed under the Lie bracket. To see this, let X, Y be smooth 
vector fields in V (i.e. such that v(X) = v(Y) = 0) and compute 


0O=vAdau(X,Y,Z) =v(Z) A dv(X,Y) =v(Z) Av([X, Y]); (4.4.7) 
so choosing Z such that v(Z) vanishes only where v does we conclude that v([X, Y]) = 0. 


The Frobenius theorem tells us that an involutive distribution is tangent to a foliation by submanifolds. 
The idea of the proof is to construct a basis of the distribution consisting of pairwise commuting vector 
fields, so that the flows of these vector fields will provide natural adapted coordinates. 


Once we know V is tangent to a foliation by submanifolds, the local version of the claim follows: in adapted 
coordinates x* such that the surfaces x° = constants are tangent to V, we know that v(0/0z’) for i 4 0; 
so vy must have component expansion v = vpdx°. Thus h = v9, f = x does the job. 


This proof is provided by Anthony Carapetis. You can find the original answer on the StackExchange. 


4.5 FORMS ENDOWED WITH POLAR SINGULARITIES 


List the principal results on how such forms are representable, such as 


ds 
@= FAW +H, (4.5. 


and the conditions under which each applies [for the meaning and answer to this exercise, see Lascoux 
(1968)]. 
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Solution: 


This exercise is a proposition in the paper Perturbation Theory in Quantum Field Theory and Homology 
by Jean Lascoux (1968). The paper is included in the book Battelle Rencontres, 1967 Lectures in Math- 
ematics and Physics, edited by Cecile M. DeWitt and John A. Wheeler. The complete statement of the 
proposition is as follows. 


Let X be a nonsingular complex analytic manifold dim X = 1. Introduce local coordinates x = (x1, x2,--- , 21) 
for the complex structure, but for the real C~°-differentiable structure, we shall use x = (11,%1,--+ ,21,Z1). 
We shall note, for all complex manifolds of codimension 1, their local irreducible equation as follows: S, 
in the neighborhood of y € S, is given by s(a,y) = 0. Let (S;)¢ = 1,--- ,m be such that ds; 4 0 for 

x = y and we shall say that (5,--- ,.9,,) are in general position at y € S; = U,-, 5; if the ds; are linearly 
independent. 


By a regular function, one means a function which is C-differentiable over X. A differential form (x) 
is regular if it has regular coefficients. If dé = 0, ¢ is closed. 


¢ has a polar singularity of order p along S if é() is regular on X — S and if there exists a number p such 
that s(u,x)?¢(x) is regular on X. Now, let us define the residue form. Let dd = 0 on X — S, let ¢ have a 
polar singularity of order p along S. Then 


d 
b= hers (4.5.2) 
where the restriction of the differential form on S, wg is closed. 


The proof of the proposition is too technical and out of my scope. So please refer to the original paper of 
Lascoux for more information. 


4.6 THE FIELD OF THE OSCILLATING DIPOLE 


Verify that the expressions given for the electromagnetic field of an oscillating dipole in equations (4.23) 
and (4.24) satisfy dF = 0 everywhere and d*F everywhere except at the origin. 


Solution: 


. 1 4 
dF = peri |-2 sin 6 (= - =) do \ dr A dt 
r r 
2iw 


. 2 ws 
+ sin + + iw? |) dr A dé A dt 
r3 r2 r 


2 
+ sind (-= + iw*) dt \ dr A ao) 
Tr 


—0. (4.6.1) 


° Ps —# 
d*F = pe"—ixt sin? (= cipaieee ix*) dr \ dt \ dé + 2sin 0 cos (= - *) do \ dt \ dé 
r Tr Tr 


aw 


1 
+ 2sin @ cos 6 (-2 + = +a) dr \ dO \ dé + 2sin@ cos 6 (- -u) dit \ dé \ d¢ 
r r r 


‘ 2 1 P 
+ sin? 6 (-3 ie al +iu® dt \ dé A dr +. 2sin 0 cos 0 ( ie -«?) a \ do dr 
Tr i 


r2 r2 


= 0. (4.6.2) 
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4.7 THE2-FORM MACHINERY TRANSLATED INTO TENSOR MACHIN- 
ERY 


This exercise is stated at the end of the legend caption of Figure 4.1. 


Solution: 


For general F’, we have 


I<j 


Here F;; is the number of tubes which is normal to the surface made by 2’ and 2’ per unit area. For an 
infinitesimal surface u /\ v. The area of its projection to the surface made by x’ and 2? is u'v — uv’. So 
the number of tubes intersecting with the infinitesimal surface u A v is 


So Fi (uled — uwo*) = 0 Fyu'v?. = F(u,v). (4.7.2) 


i<j 


4.8 PANCAKING THE COULOMB FIELD 


Figure 4.5 shows a spacelike slice, ¢ = const, through the Maawell of a point-charge at rest. By the 
following pictorial steps, verify that the electric-field lines get compressed into the transverse direction 
when viewed from a moving Lorentz frame: (1) Draw a picture of an equatorial slice (6 = 7/2; t, r, ¢, 
variable) through Maawell = *F. (2) Draw various spacelike slices, corresponding to constant time 
in various Lorentz frames, through the resultant geometric structure. (3) Interpret the intersection of 
Maxwell = *F with each Lorentz slice in the manner of Figure 4.3. 


I am really not good at proving a mathematical statements by drawing these weird pictures. 


4.9 COMPUTATION OF SURFACE INTEGRALS 


In Box 4.1 the definition 


OP OP\ 4 


is given for the integral of a p-form a over a p-surface P(\',--- ,\”) in n-dimensional space. From this 
show that the following computational rule (also given in Box 4.1) works: (1) substitute the equation for 
the surface, 


yeriga (4.9.2) 


into a and collect terms in the form 


a =a(d1,--- ,A?)d\1A-+- A dd; (4.9.3) 


fo= fo foot AP) d\t «+ ddP (4.9.4) 


using the elementary definition of integration. 


(2) integrate 
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Solution: 


We have 
O = Aj,..4,d0" A+++ Adz"? (4.9.5) 
mn ) 0 Ox Oxke O ) 
P P ped ce OP iP 
ai" aye ant" Oe dam Sa nee) 
Recall that a as 
(ae Aree A dz’, dak Aree A um) = Os (4.9.7) 
We can get 
OP OP Ox™ Oxkr iy--tp 
(a, aaL Ar a) = Vip BT ies ON? kykp (4.9.8) 
Note the antisymmetry of indexes of a,,...;,, we have 
OP OP Oak Oak 
(a ser AoA ss) = Plots kp Bt "Bye (4.9.9) 
If we substitute the equation for the surface into a, we have 
Oxh Og. 
= Aky--ky ao OA" A - A dX". 9.1 
= Aky--ky Dan Dr A---AdX (4.9.10) 
If we collect terms in the form 
a=a(d',--- ,r?)d\ A--- A dd?, (4.9.11) 
we have a ae 
Ee oaks SPE a ne ae 
a(Xr ) A ) = P:Aky--kp ant dP . (4.9.12) 
Thus, 
OP OP 
Lee XP) = pean rey, Wma 
a(r,+++ AP) = (a. al Ars A a) (4.9.13) 


4.10 WHITAKER’S CALUMOID, OR, THE LIFE OF A LOOP 


Take a closed loop, bounding a 2-dimensional surface 8. It entraps a certain flux of Faraday ®p = |, F 
(“magnetic tubes”) and a certain flux of Maxwell ®y = s © (electric tubes”). 


(a) Show that the fluxes ® and ®,, depend only on the choice of loop, and not on the choice of the 
surface 8 bounded by the loop, if and only if dF = d*F = 0 (no magnetic charge; no electric charge). 
Hint: use generalized Stokes theorem, Boxes 4.1 and 4.6. 


(b) Move the loop in space and time so that it continues to entrap the same two fluxes. Move it forward 
a little more here, a little less there, so that it continues to do so. In this way trace out a 2-dimensional 
surface (“calumoid”; see E. T. Whitaker 1904) P = P(a,b); «* = x(a,b). Show that the elementary 
bivector in this surface, © = OP/Oa A OP /Ob satisfies (F, x) = 0 and (*F', X) = 0. 


(c) Show that these differential equations for x(a, b) can possess a solution, with given initial condition 
az! = x (a,0) for the initial location of the loop, if dF = 0 and d*F = 0 (no magnetic charge, no electric 
charge). 


(d) Consider a static, uniform electric field F = —E,dt \ dx. Solve the equations, (F', =) = 0 and 


(*F, x) = 0 to find the equation P(a, b) for the most general calumoid. Exhibit two special cases: (i) a 
calumoid that lies entirely in a hypersurface of constant time [loop moves at infinite velocity; analogous 


49 


to super-light velocity of point of crossing for two blades of a pair of scissors]; (ii) a calumoid whose loop 
remains forever at rest in the t, x, y, z Lorentz frame. 


Solution: 


(a) Suppose S; and 82 are two surfaces bounded by the loop. Then we have 


b-%&= / Ff F=$ F= | ar, (4.10.1) 
S81 S82 81+(—S82) V 


where V is enclosed by 8; and So. If dF = 0, we have ®, = ®, i.e. ®- depend only on the choice of 
loop, and not on the choice of the surface bounded by the loop. By the arbitraryness of V, the necessity 
of proposition is obvious. 


(b) 8, and 82 are the surfaces bounded by the two loops respectively. 8 ;, Sg and calumoid make up 
of a closed surface. Because 8, and S2 entrap the same two fluxes and the net flux crossed the closed 
surface must vanish, we know the flux entraped by the calumoid must be zero. By the arbitraryness of the 
movement of the loop, we have © = OP/0a A OP /0b satisfies (F', Xx) = 0 and (*F', &) = 0 everywhere on 
the calumoid. 


(c) Since 
1 Ox? Ox" OP | OP 
F=—F,,dz"* \dz”, N= 10.2 
ee ee a Ob ax? a?’ eee 
we have 
Ox" Ox” 
F,%) = F,.,———. 10.3 
( ’ ) Le Oa Ob (4 ) 
Similarly, we have 
Ox" Ox” 1 Ox" Ox” 
*F,S) =*F, ——— = =€apw FY. 10. 
OEE) = “Faw Bq ap Boob ae a ee 
I do not know how to prove the existence of the solution yet. 
(d) Because F = —E,.dt \ dz, we have *F = E,dy A dz. Equations above can be simplified to 
O2° Azt Az Ax® 
a = 10.5 
Oa Ob Oa Ob : @ ) 
and 
Ox? Ax? = Oa? Ax? 
x( Oa Ob Oa Ob* ne) 
It is easy to see a general solution to the equations are 
t=t(a),¢=2(a), y= y(b), z = 2(). (4.10.7) 
We now exhibit two special cases: 
(i) a calumoid that lies entirely in a hypersurface of constant time. In this case, aa oe - Bet on = 0 holds 


and so form a loop in y — z plane. So the calumoid is formed by translating an arbitrary loop in y — z plane 
in the direction of x. 


(ii) a calumoid whose loop remains forever at rest in the Lorentz frame. In this case, we know z! is not 


coupled with x° so the first equation indicates that x! must be constant. By similar analysis, we know the 
calumoid is formed by translating an arbitrary loop in y — z plane in the direction of t. 
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4.11 DIFFERENTIAL FORMS AND HAMilITONIAN MECHANICS 


Consider a dynamic system endowed with two degrees of freedom. For the definition of this system 
as a Hamiltonian system (special case: here the Hamiltonian is independent of time), one needs (1) a 
definition of canonical variables (see Box 4.5) and (2) a knowledge of the Hamiltonian H as a function 
of the coordinates q', q? and the canonically conjugate momenta pj , p2 to derive the laws of mechanics, 
consider the five-dimensional space of p,, po, q', q? and t, and a curve in this space leading from starting 
values of the five coordinates (subscript A) to final values (subscript B), and the value 


B 


B 
ea pidy! + pad? — H(p,q)at = | w (4.11.1) 
A A 


of the integral J taken along this path. The difference of the integral for two “neighboring” paths enclosing 
a two-dimensional region 8, according to the theorem of Stokes (Boxes 4.1 and 4.6), is 


s1= | aw. (4.11.2) 
8 


The principle of least action (principle of “extremal history”) states that the representative point of the 
system must travel along a route in the five-dimensional manifold (route with tangent vector dP/dt) such 
that the variation vanishes for this path; i.e., 


dw(--- ,dP/dt) =0 (4.11.3) 


(2-form dw with a single vector argument supplied, and other slot left unfilled, gives the 1-form in 5-space 
that must vanish). This fixes only the direction of dP/dt; its magnitude can be normalized by requiring 
(dt, dP/dt) = 1. 


(a) Evaluate dw from the expression w = p;dq? — Hdt. 


(b) Set dP/dt = q/(OP/Oq?) + p;(OP/Op;) + t(OP/dt), and expand dw(--- ,dP/dt) = 0 in terms of the 
basis {dp;, dq", dt} 


(c) Show that this five-dimensional equation can be written in the 4-dimensional phase space of {q’, p;,} 
as 
©(.-- ,dP/dt) = dH, (4.11.4) 


where © is the 2-form defined in Box 4.5. 
(d) Show that the components of @(--- , dP/dt) = dH in the {q, p,} coordinate system are the familiar 


Hamilton equations. Note that this conclusion depends only on the form assumed for ©, so that one also 
obtains the standard Hamilton equations In any other phase-space coordinates 


{@, Pr} 
(“canonical variables”) for which 
© = dp, A dq + dpz A d@?. (4.11.5) 
Solution: 
" OH OH 
dw = dp; \ dq — dH A dt = dp; A dq) — —-dq' A dt — = — dp; \ dt. (4.11.6) 
Oqi Op; 
(b) We have 
. OH OH ; OH OH 
dw(--- ,dP/dt) = | q@ —t dp; 7 + t—— | dq 77 — + 0; — } dt. 11. 
oto a8 at) = (4-15) des — (Bit ) ae + (045 +B) eae 
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If dw(--- , dP/dt) = 0, we can get 
dq! _ OH dp; OH 


= =. 11. 
dt Op; dt Oqi 118) 
Note 0H /Oq! + p;0H/Op; = 0 will hold automatically if the equations above are satisfied. 
(c) In four dimensional space, we have 
i ile © =dp;\dq, dH= cae, Jp Ge. (4.11.9) 


= q@— 4D; : 
a! Oqi Pi Op; Oqi Op; 


Now ©(.-- ,dP/dt) = dH can be expanded to 


| OH - OH ; 
i — — | dp, — (pi += ) dg’ =0. aes 
(i ar) = (° : aa) : ere 
Now we can see ©(.-- , dP/dt) = dH is equivalent to dw(--- , dP/dt) = 


(d) From the discussion in (b) and (c), it is obvious that @(--- , dP/dt) = dH in the {q’, p;,} coordinate 
system are the familiar Hamilton equations. 


4.12 SYMMETRY OPERATIONS AS TENSORS 


We define the meaning of square and round brackets enclosing a set of indices as follows: 


Vay-- Ap) = pl =v On yO, ? Var Op] = pl = Shel Von: On, * (4.12.1) 


Here the sum is taken over all permutations 7 of the numbers 1, 2,--- ,p, and (—1)” is +1 or —1 depending 
on whether the permutation is even or odd. The quantity V may have other indices, not shown here, 
besides the set of p indices a), a2,--- , @p, but only this set of indices is affected by the operations described 
here. The numbers 71, 72,--- , 7» are the numbers 1, 2,--- ,» rearranged according to the permutation 7. 
(Cases p = 2,3 were treated in exercise 3.12.) We therefore have machinery to convert any rank-p tensor 
with components V(q,....,,) into a new tensor with components 


[Alt(V)]y1s---up = Vino: (4.12.2) 


Since this machinery Alt is linear, it can be viewed as a tensor which, given suitable arguments wu, v, ...,w, 
a, (3, ..., y produces a number 
Ubu. ‘wary By Pe (4.12.3) 


(a) Show that the components of this tensor are 
Alt. gp. °? = (pl) 166. a (4.12.4) 


where 
+1 if (a, ---a@,) is an even permutation of (; --- §,), 


—1 if (a1 ---a,) is an odd permutation of (@; --- 8), 
0 if G) any two of the a’s are the same, (4.12.5) 
0 if Gi) any two of the 6’s are the same, 


Ap 


BiBp 


0 if (iii) the a’s and (’s are different sets of integers. 


Note that the demonstration, and therefore these component values, are correct in any frame. 


(b) Show for any “alternating” (i.e., “completely antisymmetric”) tensor Ag,...a,, = Aja;--.a,] that 


Sarna niente eS ONS Ae eS ot (4.12.6) 


4 <AQ< << Ap 


52 


The final line here introduces the convention that a summation over indIces enclosed between vertical bars 
includes only terms with those indices in increasing order. Show, consequently or similarly, that 


Gere ee ee (4.12.7) 


(c) Define the exterior (“wedge”) product of any two alternating tensors by 


(CRO SiO 5 Siena pied (4.12.8) 


“ApAptiAp+a 


and similarly 


(UAV) eta = 6 ppt Apta gyi Hel ler val (4.12.9) 


“Bi Mp 1-°"Uqg 
Show that this implies equation (3.45b). Establish the associative law for this product rule by showing 
that 


Are ApMir gli Ur = 
(QA B) A Ylor-optarr = So opeatr | OO dp Burg Wave = [OA (BANlor--optarr) (4-12.10) 


and show that this reduces to the 3-form version of Equation (3.45c) when a, (, and + all 1-forms. 


(d) Derive the following formula for the components of the exterior product of p vectors 


(uy A U2 A+++ A Up)? = Gy? (uy )M ++ (Up)” = plul us? 1 -uor| = oe det {(u,,)*]. (4.12.11) 


Solution: 


(a) 
Altg,.g.) °? = (ea, )"(€p2)” +++ (€8,)°(W™) p(w v= (W) a] 


1 : ; ; : ; 
~ Fee =H) (es, )"(€p2) -(€p,)°(w ‘)m(u) (w 2 ict) oe ? Ver(X) 
1 T v a Ha alte es, 
pe —1)"(eg,)"(ep,)” ++ (eg, *(w™ Y)y(w™ 2), ++ (wt ())) 
: mgm Mar) gn-"a2) gm *(ap) 
a ee Ce coe a 
1 mc (Q1) ot (a2) m(Qp) 
eo aa 53, "0B, dg) 
1 Al" Ap 
= BB (4.12.12) 


(b) 


1 or apBi-Bq _ I (a4): (Op) Br Bg 
pi fara dit rere pa = tpt pe Vo Areaaon wet ‘pte 


“ay<ag<-<ap 7 


ay<ag<<ap 7 


=, Se... Ase 8 (4.12.13) 


a1 <AQ<+ << Ap 


Oy OpB1- Bg cHie Mg __ Op OpB1-Bg curs HL 
On 7 vpta Ol By - Bal = S Oy oe cetpta OBy Be 
Bi<--<Bp 
ox cep (qt) (Hg) 
= gc aemtea)-elHe) (yy 
= §o8ophtI (4.12.14) 
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(c) If a and G are 1-forms, we have 


(a A By xi da = ON yp Op Bu = a, Br» o An» B15 


So we have 
aNB=a®B-Be&a. 


Similarly, 
UAV=U®8V-VeU. 


Then we move on to establish the associative law for product rule. 


ss Ape Ap 
(A BY Aap gay = Oe OA Ba ear 


a3 SPL Pptart Ar Mis pVi- 
= 05, 


Yq 
“Optatr |P1--Pptal Oe pr---pep|Blvr---vg| War 


phe st yee . 
= 0o1--opbatr Oper npl lor -vgl Wr Arl3 


[AA (BA Yloi-optatr = Oeecoeete " Qtuieindl (BA Yips--pp+al 


— geicepeie Vy Vg Ar 
=05, 


» 
qtr r 
Optatr Cpa ttplpy--pyagl — Bleaval WAr~ 


= Spt vip ise ge 
= 051--op+atr OU py tep| Dlr vrg| Vr And: 


So we have 
(aA B)AY=a (BAY). 


If a, B, and + are all 1-forms, then we have 
[a A (B A Sy heiesess = OHS ga Qubv'lr 


= Ao, Boo Vos a6 Ag, Box Vou eh Ae; Po Yoo 


- Q¢,2o1Yos ~~ Q¢32oxYor 4 Ag, Po3Voos 


i.e. 3-form version of Equation (3.45c) holds. 


(d) Suppose 
(1 Aug A+++ Aug) or = Oaepe” (ur)Y +++ (uK)”, 


then 


(ty A a A+? A Ug A Ugg or ROFL = SONORA Can A tt Ass A Up) !P2 Pel (ugg)? 


~~ "Bi Bey 


Ar| 


Dye | 


= 6g raes IPH PH (ayy (ag)* (te ga)” 


1 BR 
= Spey (ur )B ++ (un) (Ung). 


(4.12.15) 


(4.12.16) 


(4.12.17) 


(4.12.18) 


(4.12.19) 


(4.12.20) 


(4.12.21) 


(4.12.22) 


(4.12.23) 


Part (c) tells us the equation holds when k = 2. Thanks to finite induction, we know the equation holds 


for any p > 2. Then we have 
(uy Ata A+++ A Up)? = py? (ur )H +++ (up)” 
= OH en) (up) 


_ lai, as ap] 
= pluy ug? +++ up? 


= nee (1) ta tee (up)™) 


= 6% det [(u,)>]. 
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(4.12.24) 


Chapter 5 


STRESS-ENERGY TENSOR AND 
CONSERVATION LAWS 


5.1 EXERCISE 


Show that expression (5.22), evaluated in a Lorentz coordinate frame, gives 
BB py agi (EX BY pie E 
Sr” An , Ar 


Show that the stress tensor does describe a tension (E” + B*)/87 along the field lines and a pressure 
(E? + B?)/8x perpendicular to the field lines, as stated in the text. 


00 


: 1 4 
—(B/E* + BYBE) + >(E? + B?)5”™ grat S121) 


Solution: 


1 
4 


; 1 1 
Aq T® = F% PO 4 qropk = E? + —(2B? -2E”) = 5(E + B’); (5.1.2) 


4nT% = 4nT? = FFI, = Bte,,,B* = (E x B); (5.1.3) 


Ti = FOP 1 Fe PEK 7a Rap F 


; Tes 
= —EIE* + ejim€rinB™ B” — 75 2B’ —2E") 


: ‘eee 
= —EIE* + 5)* B? — Bi BR 75" (2B? —2E”) 


, fe.3 
= — EY E* — BIBY + 56)*(B? + E’). (5.1.4) 


5.2. CHARGE CONSERVATION 


Exercise 3.16 revealed that the charge-current 4-vector J satisfies the differential conservation law V-J = 
0. Write down the corresponding integral conservation law, and interpret it for the four closed surfaces of 
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Fig. 5.3. 


Solution: 


Suppose there are two surfaces H(t = t,) and X(t = tz), and J decays rapidly at space infinity. Denote 
the space-time between ¥i(t = t,) and X(t = t2) as V. Then we have stokes theorem 


| sas — | g-ds= [v-sav =o, (5.2.1) 
d(t=t1) X(t=t2) 


ie. Q(t) = Jaq J°d&Xpo is a constant or conserved charge. 


5.3. PARTICLE PRODUCTION 


Inside highly evolved, massive stars, the temperature is so high that electron-positron pairs are continually 
produced and destroyed. Let S be the number-flux vector for electrons and positrons, and denote its 
divergence by 

e=V-S. (5.3.1) 


Use Gauss’s theorem to show that ¢ is the number of particles created (minus the number destroyed) in a 
unit four-dimensional volume of spacetime. 


Solution: 


Gauss’s theorem indicates that 


¢ S-dd -| edV. (5.3.2) 
x v 


$s, S - d& is the number of particles escaping from the four-dimensional volume V. So « is the number of 
particles created in a unit four-dimensional volume of spacetime. 


5.4 INERTIAL MASS PER UNIT VOLUME 


Consider a stressed medium in motion with ordinary velocity |v| < 1 with respect to a specific Lorentz 
frame. 


(a) Show by Lorentz transformations that the spatial components of the momentum density are 


TI = So miF vk, (5.4.1) 
k 


where 7 _ 

mik = TOSIk 4 TIF (5.4.2) 
and T“” are the components of the stress-energy tensor in the rest frame of the medium. Throughout 
the solar system T°° >> |T?*| so one is accustomed to write T°? = T°°v!, i.e. “(momentum density) = 
(rest-mass density) x (velocity)”. But inside a neutron star, T°° may be of the same order of magnitude 
as T!", so one must replace “(momentum density) = (rest-mass density) x (velocity)” by equations 5.4.1 
and 5.4.2, at low velocities. 


(b) Derive equations 5.4.1 and 5.4.2 from Newtonian considerations plus the equivalence of mass and 
energy. (Hint: the total mass-energy carried past the observer by a volume V of the medium includes 
both the rest mass T°°V and the work done by forces acting across the volume’s faces as they “push” the 
volume through a distance.) 
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(c) As a result of relation 5.4.1, the force per unit volume required to produce an acceleration du* /dt in a 
stressed medium, which is at rest with respect to the man who applies the force, is 


PP = aT™ jae yw du fae, (5.4.3) 
k 


This equation suggests that one call m?* the “inertial mass per unit volume” of a stressed medium at rest. 
In general mJ* is a symmetric 3-tensor. What does it become for the special case of a perfect fluid? 


(d) Consider an isolated, stressed body at rest and in equilibrium cre" o = 9) in the laboratory frame. 
Show that its total inertial mass, defined by 


Mik = [ mitacaya:, (5.4.4) 
is isotropic and equals the rest mass of the body 


M3F — 65% / T” dadydz. (5.4.5) 


Solution: 


(a) The infinitesimal boost from rest frame to lab frame is 


A= (; . (5.4.6) 
The stress-energy tensor in the rest frame is 
_ 00 0 
i ( ; 5) . (5.4.7) 


The stress-energy tensor in the lab frame is 


amar _{l v To 9 1 wv 
reatata(t 2)(™ 8) (1 9), (40) 


Keep the first order of v, we have 7 a 
es iad a ae (5.4.9) 


(b) The hint of the exercise is confusing and I can not figure out what does “the work done by forces acting 
across the volume’s faces as they “push” the volume through a distance” mean. Any help is appreciated. 


(c) For the special case of a perfect fluid, we have T° = p and T/* = pd/*, and so 
P p p Pp 


mI* = (p+ p)d?*. (5.4.10) 


(d) The conservation of energy and momentum indicates that T™’ p= 0. if pee 0 = 0, we have hs ‘i , = 0. 
So 
/ T)*drdydz = ¢ Teds", (5.4.11) 
8 


The stress of the fluid must vanish at the boundary. So [ T/*dxdydz = 0. And we have 


MIF — 65% / T” dadydz. (5.4.12) 


57 


5.5 DETERMINANTS AND JACOBIANS 


(a) Write out explicitly the sum defining d?.So, in 


a Ax 
Cs= cwwas a dad (5.5.1) 
Thereby establish the formula 
O(a, 2”) 1 O(a, 2”) 
2 — ’ = ’ 
d Suv = Euv|aB| ~A(a,b) b) da db my Euvap A(a, b) da db. (5.5.2) 
The notation used here for Jacobian determinants is 
A(f.9) _ |$e # 
—— = | 92 F (5.5.3) 
O(a, b) as 5g 
(b) By a similar inspection of a specific case, show that 
Ox” Ox? Ox? 1 O(a%, 2? 27) 
y= da dbde = a bde. Sb: 
Wp OEY on or Bate eh Aabey. ar 


(c) Cite a precise definition of the value of a determinant as a sum of terms (with suitably alternating 
signs), with each term a product containing one factor from each row and simultaneously one factor from 
each column. Show that this definition can be stated (in the 4 x 4 case, with the p x p case an obvious 
extension) as 


det A = det ||A*,|| = €apysA%A7, AAs. (5.5.5) 
(d) Show that 
i VPOo a 
det A= npg A A AAs. (5.5.6) 


(e) Use properties of the 6-symbol to show that the matrix A~' inverse to A has entries (A~')”,, given by 


1 snvee AB AY AS. (5.5.7) 


(A~")#, (det A) = 3) aByd 


(f) By an “index-mechanics” computation, from the formula for det A in part (d) derive the followIng 
expression for the derivative of the logarithm of the determinant 
dln| det A] = trace(A~'dA). (5.5.8) 


Here dA is the matrix ||dA,,|| whose entries are 1-forms. 


Solution: 
(a) 
Ox% Ox? Ox? Ax? = Aa Az? Oe, a”) O(a, x”) 
2 = —_ —— werd — SNES ee = we RK 
d So = €0laB Aa Ob dadb ( Ba Ob da ab ) da db O(a, b) da db E01aB| (a, b) da db 
(5.5.9) 
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(b) 


Ox Ax? Ax 
2 — a a Se SY <r 
d°X0 = €0a8+ 3a Bb De da db dc 
~ Ox! Ox? Ox? = Ax! Ax? Ox? a Ox? Ox? Ox! = Ax? Ax! Ax? Ox? Ox! Ox? = x3 Ox? A! 
~\ da Ob Oc Oa Ob Oc Oa Ob Oc da Ob Oc | Ja Ab Ac Oa Ob Oc 
OE ee) 
= Ce a db dc 
O(a, 28, 27) 
~ Ole81l Ba b,c) 
1 O(a, 28, 7) 
a oaey O(a, b, c) 


) da db de 


da db dc 


da db de (5.5.10) 


(c) 
det A= 5° (=1)74") Aro Ar?) are), 
r(O m1 m(2 r(3 
= So ex(oym(aym(2)n(3)A AO EO Ae 
= Eps A" A? AA's. (5.5.11) 
(d) 


OA At AM e= laps BA aye eat ats) 
> DoH) 6a A (0) (yA a2) A aa) 
= SEH 1) ap yes p(y A (ay A eta) A x(a) 
= Seiten Ome Oa Oa; 
=e Cy seer” par Oar Oar, 
= 3 Copy AMA” AAs 
= Aeapys A% AP AAS, 


= Aldet A. (5.5.12) 


(e) Let us examine ra ane eae Mp pA’, first. If \ # ps, since p, v, p, o are all different, \ must equal to 
one of v, p, o. For example, if \ = v, then }°.,, On ayaa” ,A*,, must vanish. It is easy to conclude that 


Jes A, AAT, A, = Oif \ # us. Now suppose \ = ju. (d) tells us that SEO ONNIAR Al aA Aes, = 
det A regardless of the specific permutation 7. So we have 0,564 4654°,A°,A1,A°, = det A when 
\ = p. Once the value of \ and yu is given, there are 3! groups of possible values of v, p, o. Thus 


Jip A%, APA, A®, = 3! det A if A = pu. Put it together, we have 


SOMA AP, AY AP, = of det A. (5.5.13) 


If we multiply both side of the equation by (A~!)*., we have 


1 
aiianye® A A DA's = (A7!)“, det A, (5.5.14) 
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_ 1 voo 
(A-1)4#, det A= aidebys APA A (5.5.15) 
(f) 
ddet A 
dln| det A] = aia 
= 55d A®, AP, AT,Ao, 
4! det A 
Vpo 6 a a 6 a 6 a 6 
a 5045 (AP, ATA dA oe A Go dA’, +A APA oA", +A pA? At dA es) 
4! det A 
= 3! det A((A7!)#,dA%, + (A~*)",dA” + (A71)? dA? + (A7*)?sdA%,) 
4! det A 
= (A7")*,dA*, 
= trace(A7'dA). (5.5.16) 


5.6 CENTROIDS AND SIZES 


Consider an isolated system with stress-energy tensor T“”, total4-momentum P*, magnitude of 4-momentum 
M = (—P. P)~'/?, intrinsic angular momentum tensor $°°, and intrinsic angular momentum vector S°. 
An observer with 4-velocity u® defines the centroid of the system, at his Lorentz time x° = ¢ and in his 
own Lorentz frame, by 


Xi(t)= a/P%) [ a! T° d>x in Lorentz frame where u = 0P/0x°. (5.6.1) 


ptst 


This centroid depends on (i) the particular system being studied, (ii) the 4-velocity u of the observer, and 
(iii) the time t at which the system is observed. 


(a) Show that the centroid moves with a uniform velocity 
dX (t)/dt = P)/P°, (5.6.2) 


corresponding to the 4-velocity 
U=P/M. (5.6.3) 


Note that this “4-velocity of centroid” is independent of the 4-velocity wu used in defining the centroid. 


(b) The centroid assoclated with the rest frame of the system (i.e., the centroid defined with u = U) is 
called the center of mass; see Box 5.6. Let €,, be a vector reaching from any event on the center-of-mass 
world line to any event on the world line of the centroid associated with 4-velocity uw; thus the components 
of €,, in any coordinate system are 

0 = XO — XP. (5.6.4) 


Show that €,, satisfies the equation 
[(€2 PF — €8 P*) — Slug = 0. (5.6.5) 
[Hint: perform the calculation in a Lorentz frame where u = 0P/0x°.] 


(c) Show that, as seen in the rest-frame of the system at any given moment of time, the above equation 
reduces to the three-dimensional Euclidean equation 


fu =—w x S)/M, (5.6.6) 
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where v = u/u® is the ordinary velocity of the frame associated with the centroid. 


(d) Assume that the energy density measured by any observer anywhere in spacetime is non-negative 
(u-T-u > 0 for all timelike w). In the rest frame of the system, construct the smallest possible cylinder 
that is parallel to S and that contains the entire system (T° = 0 everywhere outside the cylinder). Show 
that the radius rp of this cylinder is limited by 


ro > |S|/M. (5.6.7) 


Thus, a system with given intrinsic angular momentum S and given mass M has a minimum possible size 
romin = |S|/M as measured in its rest frame. 


Solution: 


(a) 


dX (t)/dt = (1/P°) / x! pT” dx 


eo=t 
= a/P%) [ (0,07) T" dx 
eo=t 
= a/P%) | i aa kes 
eo=t 
=P) P*. (5.6.8) 


(b) The defination of $°° can be generalized to an arbitrary reference system as 
sv = jf eel(e — Xf)T°? — (¢? — X6)T 
= vi da(eO TO? =a P 19%) — KEPPEL XE PA, (5.6.9) 
As a result, we have 
(€2 PP — €8 po) — 998 = xo ph _ x8 px — jf eeaer — a? TP), (5.6.10) 
We now perform the calculation in a Lorentz frame where u = 0P/0x°. In this frame, ug = (—1,0,0,0). 


Thus all we need to prove is X},P° — X? P' — f dx(a'T® — 2°T) = 0. From the defination of centroid, 
we know 


: Ciel = Pix (5.6.11) 


° is a constant in space integration and we have x° = X° in this frame. So 


Time x 
i Cer SP xe (5.6.12) 
Now, the proof is completed. In conclusion, we have 


[(égP? — EB P*) — Slug = 0. (5.6.13) 


(c) In the rest frame of the system, we have P° = M, P' = 0 and $% = —S$”° = 0. So 


(GP? — LP") — Sug = (&M)uo — Su; = 0. (5.6.14) 
Note that Su; =e)" S*u; and uo = —u°. We have 
fu = —(v x S)/M. (5.6.15) 


(d) Suppose ro < |.S|/M, then there exists a v, to make |(v x S)/M| > ro, ie. |Xu — Xu| > 10. So the 
centroid of the system in one frame is outside the cylinder of the matter, which is impossible. So we must 
have ro > |S|/M. 


61 


62 


Chapter 6 


ACCELERATED OBSERVERS 


6.1 A TRIP TO THE GALACTIC NUCLEUS 


Compute the proper time required for the occupants of a rocket Ship to travel the 30000 light-years from 
the Earth to the center of the Galaxy. Assume that they maintain an acceleration of one “earth gravity” 
(10cm /sec”) for half the trip, and then decelerate at one earth gravity for the remaining half. 


Solution: 


The equation of motion of the rocket is 
—_—= 6.1.1 
Geos ( ) 
where w is four-acceleration. In the rest frame of rocket, we have w = (0, a, 0,0). So, in the galaxy frame, 
we have w! = ya and so 
du! dy | 


qe ae (6.1.2) 
In the first half of the trip, we have 
yu = at (6.1.3) 
d 
and so re = 
© tapas Vl+att ‘ (6.1.4) 


We can solve the differential equation to get 


ax = /1+a?t? — 1. (6.1.5) 


The proper time of the first half of the trip is 


dt d. d In(ax + Va?a? + 2ax + 1) ae 
fu if / as =| = (6.1.6) 
yd at J Jiraya a 
By the symmetry of the first half and second half of the trip, we can get 
2 In(aL/2 4+ fe@E?/4+aLb + 1) 
T= ; (6.1.7) 
a 
Put back the speed of light, we have 
2eIn (aL /2c? + fa L2/4e8 + aL Je + 1) 
r= x 19.7years. (6.1.8) 


a 
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6.2 ROCKET PAYLOAD 


What fraction of the initial mass of the rocket can be payload for the journey considered in exercise 6.1? 
Assume an ideal rocket that converts rest mass into radiation and ejects all the radiation out the back of 
the rocket with 100 per cent efficiency and perfect collimation. 


Solution: 


Suppose the velocity of the spaceship in the galaxy frame is v and the rest mass is m at one moment 
of the first half of the trip. It converts a little fraction of its rest mass Am into photons whose momentum 
is opposite with that of spaceship. And the velocity of the spaceship then becomes v + Av. Due to the 
conservation of energy and momentumm, we have 

0 = mvAy + ymAv — ywAm — Apphoton; 

0 = mAy — yAm + AEphoton- (6.2.1) 


As for photon, we have AF photon = Appnoton- And we also have Ay = 7?vAv. Now we can figure out that 
y2mAv = Am. (6.2.2) 


At one moment of the second half of the trip, the spaceship will convert a little fraction of its rest mass Am 
into photons whose momentum is equidirectional with that of spaceship. And the velocity of the spaceship 
then becomes v — Av. Similar analysis also shows that 


y2mAv = Am. (6.2.3) 


Suppose the orginal mass of the spaceship is Mp. At the middle point the trip, the velocity of the spaceship 
is Umax and the mass of the spaceship is M;. When the spaceship reach the center of the Galaxy, its 
remaining mass is my. We have 


Umax M, d 0 mo d 
| dv = -| = / dv = | sts (6.2.4) 
0 Mo) MM v M, ™! 


max 


From exercise 6.1, we know 


J L 
Ymax = 1+ ath jo, s = 1+ att jo —1. (6.2.5) 


mo 1 1 _9 
= ~ ~10°°. 6.2.6 
Mo Ynax(1 + Umax)? (2+ aL)? ‘ : 


We can figure out that 


6.3. TWIN PARADOX 


(a) Show that, of all tlmelike world lines connecting two events (A and 8), the one with the longest 
lapse of proper time is the unaccelerated one. (Hint: perform the calculation in the inertial frame of the 
unaccelerated world line.) 


(b) One twin chooses to move from A and 8 along the unaccelerated world line. Show that the other 
twin, by an appropriate choice of accelerations, can get from A and 8 in arbitrarily small proper time. 


(c) If the second twin prefers to ride in comfort, with the acceleration he feels never exceeding one earth 


gravity, g, what is the shortest proper time-lapse he can achieve between A and B. Express the answer in 
terms of g and the proper time-lapse Av measured by the unaccelerated twin. 


64 


(d) Evaluate the answer numerically for several interesting trips. 


Solution: 


(a) In the frame of unaccelerated world line, the coordinates of A and 8B are (0,0,0,0) and (T,0, 0,0) 
respectively. For an time-like arbitrary world line x(t), we have 


(6.3.1) 


r= [ars [ 7S < [wear 


Thus, of all timelike world lines connecting two events (A and B), the one with the longest lapse of proper 
time is the unaccelerated one. 


(b) Let us design the trip of accelerated twin as follows. During coordinate time t¢ € [0, 7/4], he moves 
with uniform acceleration a measured in his own frame. His velocity reaches maximum V at t = T/4. 
During coordinate time ¢ € [T'/4, T'/2], he moves with uniform acceleration —a. His displacement reaches 
maximum L at t = T/4. During coordinate time t € [T’/2, 3T'/4], he moves back with uniform acceleration 
—a. During coordinate time ¢ € [37'/4,T], he decelerates with uniform acceleration a and come back to 
the origin at t = T. Follow the calculation in exercise 6.1, we have 


T/A at 4in(aT/4 + Sat /4)? + 1) 
t(a,T) =4 ——— : (6.3.2) 
0 V1 + att? a 


It is easy to see T > 0Dasa— ow. 


(c) If we want 7 to be small, we should let 1/,/1 — «*(t)a;(t) be as larger as possible, i.e. we should let the 
velocity of accelerated world line as larger as possible. Given the maximum acceleration g, it is obvious 
the trip with minimun proper time must be the form stated in (b).So we have 


= 4In(aAr/4 + J(@Ar/9? +1) 


(6.3.3) 


T(g 


6.4 RADAR SPEED INDICATOR 


A radar set measures velocity by emitting a signal at a standard frequency and comparing it with the 
frequency of the signal reflected back by another object. This redshift measurement is then converted, 
using the standard special-relativistic formula, into the corresponding velocity, and the radar reads out 
this velocity. How useful is this radar set as a velocity-measuring instrument for a uniformly accelerated 
observer? 


(a) Consider this problem first for the special case where the object and the radar set are at rest with 
respect to each other at the instant the radar pulse is reflected. Compute the redshift 1 + z = w./wp that 
the radar set measures in this case, and the resulting (incorrect) velocity it infers. Simplify by making use 
of the symmetries of the situation. 


(b) Now consider the situation where the object has a non-zero velocity in the momentary rest frame of 
the observer at the instant it reflects the radar pulse. Compute the ratio of the actual relative velocity to 
the velocity read out by the radar set. 


Solution: 
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(a) The world line of the object is t = 0 in its resframe, while the world line of the observer (radar 


set) is 
gz@—L)=vV1+g97? -1, (6.4.1) 


where L is the distance between the object and the observer at time t = 0. It is easy to see the observer is 
at rest at t = 0. Since the object and the radar set are at rest with respect to each other at the instant the 
radar pulse is reflected, we know the light is reflected at t = 0 and so emitted at t; = —L(2—gL)/(2—2gL) 
and recived at tg = L(2 — gL)/(2 — 2gL). According to y = \/1+4 g?t?, we have y(t1) = y(t2) = [1 - 
gL)? + 1]/2(1 — gL). 


If the light is reflected at t = A, we can figure out t, = —(L — A)(2 — gL + gA)/(2 — 2gL + 2gA) and 
th = (L+ A)(2 — gL — gA)/(2 — 2gL — 2gA). And we now have 


1—gL 2 
_t-t A+ prazgr94 


= = 6.4.2 
OT a Ep) 1—gL+gA (2) 
and rer : 
_— A apd 
po Ble Oo Pee (6.4.3) 
y(t2) 1—gL—gA& 
As a result, 


1 18 
We TL (1—gL)(g?L? —2gL+2) 


= , (6.4.4) 


~ aa 
BO eae ek (1-gL)(g? L? —2gL+2) 


If the radar set was moving uniformly with velocity v, we would have 
We 1l-v 
wo l+tu 


(6.4.5) 


By comparision, we can get 
gA 


Ven = gl) (@P EP? — 29k +2) he 


(2) This time suppose the light is reflected at t = T. So we can figure out the light is emitted at t; = 
—(L—T)(2—gL + 9T)/(2—2gL + 2gT) and received at tz = (L+T)(2— gL — gT)/(2—2gL —2gT). And 
we have 7(t1) = [(1—gL+gT)?+1]/2(1-—gL+gT) and y(t2) = [(1—gL—gT)?+1]/2(1—gL—gT). According 
to Figure 6.4 of the textbook, the equal time line of the observer which cross the event x = 0,t = T is 
t = gTx/(1— gL) +T. The velocity of the object moving away from the radar set in the momentary rest 
frame of the observer at the instant it reflects the radar pulse is v = gT/(1— gL). 


If the light is reflected at t = T + A, we can figure out t! = —(L —-T — A)(2—gLh+g9T + gA)/(2—2gL + 
2gT + 2gA) and th = (L+7+4+ A)(2— gL — gT — gA)/(2 — 2gL — 2gT — 2gA). And we now have 


™1= ty — ty = A+ Pat IN” (6.4.7) 
(hh) 1—gL+gT+gA 
and 1—gh—9T : 
ya bok _ Ao meme (6.4.8) 
7(t2) pS oe 
As a result, 
we 1 _ 1- 7 + O(9A) (6.4.9) 


wo 72 1 a + O(gA) 


The coefficients of gA is very tedious and will not be listed here, then the velocity the object the observer 
measured is 


PP gT 
Uo ge a + O(gA), (6.4.10) 
ie. 
vy! 
an 1+ O(gA). (6.4.11) 
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6.5 RADAR DISTANCE INDICATOR 


Use radar as a distance-measuring device. The radar set measures its proper time 7 between the instant 
at which it emits a pulse and the later instant when it receives the reflected pulse. It then performs the 
simple computation Ly = 7/2 and supplies as output the “distance” Lo. How accurate is the output reading 
of the radar set for measuring the actual distance L to the object, when used by a uniformly accelerated 
observer? (L is defined as the distance in the momentary rest frame of the observer at the instant the pulse 
is reflected, which is at the observer’s proper time halfway between emitting and receiving the pulse.) Give 
a correct formula relating Ly) = 7/2 to the actual distance L. Show that the reading Lo becomes infinite 
as L approaches g~', where g is the observer’s acceleration, as measured by an accelerometer he carries. 


Solution: 


The world line of the object is ¢ = 0 in its resframe, while the world line of the observer (radar set) 


is 
g(a —l) = V14+ 97t? -1, (6.5.1) 
where | is the distance between the object and the observer at time t = 0. Suppose the light is reflected at 


t = T. So we can figure out the light is emitted at ¢; = —(1—T)(2—gl+gT)/(2—2gl + 2gT) and received 
at to = (1+ T)(2 — gl — gT)/(2 — 2gl — 2gT). For uniform accelerated motion, we have 


to + 4/14 g?t3 
269 =T=g 'In gra Ne ss 
gt J/1+97tt 


The equal time line of the observer which cross the event x = 0,t = T is t = gTx/(1— gl) + T. The equal 
time line cross the world line of the radar set at tp and 


‘in| z 
(1—gl—gT)(1 —gl+ gf) 


(6.5.2) 


8, (6.5.3) 
J1+g2tz 1-gl 
And we can get 
1 
L= a —T/to) =g (1-e7 ), (6.5.4) 
ie. 
Io =g1 . 3.9 
0 sin( =) (6.5.5) 


It is easy to see Ly > co as L + gut. 


6.6 CLOCK RATES VERSUS COORDINATE TIME IN ACCELERATED 
COORDINATES 


Let a clock be attached to each grid point, (¢"’, €2, £8’) = constant, of the local coordinate system of an 
accelerated observer. Assume for simplicity that the observer is in hyperbolic motion. Use equation (6.18) 
to show that proper time as measured by a lattice clock differs from coordinate time at its lattIce point: 


dr/dé° =1+gé". (6.6.1) 
(Of course, very near the observer, at ¢!’ < g~!, the discrepancy is negligible.) 
Solution: 
If we set dé’ = dé?’ = dé*’ = 0, we have 
ds? = —(1 + gé? )?(dé")?. (6.6.2) 
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So we have ; ; 
dr/dé° =1+gé'. (6.6.3) 


6.7 ACCELERATION OF LATTICE POINTS IN ACCELERATED COOR- 
DINATES 


Let an accelerometer be attached to each grid point of the local coordinates of an observer in hyperbolic 
motion. Calculate the magnitude of the acceleration measured by the accelerometer at (£1 , €? , €° ). 


Solution: 
We have 
2° = (g-1 + €") sinh (ge) 
at =(g 1+é€') cosh(gé”’) 
a? — eg 
eae (6.7.1) 
and 
dr = (1+ g&" )dé° . (6.7.2) 
We have 
u = (cosh g€° , sinh g€° , 0,0) (6.7.3) 
and 
a! = Ty ger inh g&° , cosh g€ ,0, 0) (6.7.4) 
in the inertial frame. The magnitude of the acceleration is 
la| = Jara, = —*_. (6.7.5) 
. aegey 


6.8 OBSERVER WITH ROTATING TETRAD 


An observer moving along an arbitrarily accelerated world line chooses not to Fermi-Walker transport his 
orthonormal tetrad. Instead, he allows it to rotate. The antisymmetric rotation tensor 2 that enters into 
his transport law 

deg [dt = —Q- eq: (6.8.1) 


splits into a Fermi-Walker part plus a spatial rotation part: 


QHY = atu’ — a’ul + Ug pecPHY = Ow + 2ER, w is a vector orthogonal to 4-velocity u. (6.8.2) 


(a) The observer chooses his time basis vector to be eg = wu. Show that this choice is permitted by his 
transport law 6.8.1, 6.8.2. 


(b) Show that 0; produces a rotation in the plane perpendicular to u and w, i.e., that 


OQsr “U= 0, Osr -w=0. (6.8.3) 
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(c) Suppose the accelerated observer Fermi-Walker transports a second orthonormal tetrad e,”. Show 
that the space vectors of his first tetrad rotate relative to those of his second tetrad with angular velocity 
vector equal to w. 


(d) The observer uses the same prescription [equation (6.16)] to set up local coordinates based on his 
rotating tetrad as for his Fermi-Walker tetrad. Pick an event £ on the observer’s world line, set 7 = 0 
there, and choose the original inertial frame of prescription (6.16) so (1) it comoves with the accelerated 
observer at £, (2) its origin is at £, and (3) its axes coincide with the accelerated axes at £. Show that 
these conditions translate into 

z¥(0)=0, ea/(0) = ea. (6.8.4) 


(e) Show that near £, equations (6.16) for the rotating, accelerated coordinates reduce to 
a = £7 + age® e% + O([E* }9); 
F y ‘l é , A , , , 
a = OF + sal? + Mute + O(IE* |). (6.8.5) 


(f) A freely moving particle passes through the event £ with ordinary velocity v as measured in the inertial 
frame. By transforming its straight world line x? = v’x° to the accelerated, rotating coordinates, show 
that its coordinate velocity and acceleration there are: 


(dé /dé” are = 07; 


(AE /de°?) ave = —q) — AFP yky! 4+ QI akuk. (6.8.6) 
Solution: 
(a) 
-— Ou, = —(a"u’ uy, — a’ uput + UqtiweerFH”) =a". (6.8.7) 
So we have 4 
Se Sti: (6.8.8) 
dr 
(b) 
OER Uy = Ug thw gerPHY = Oye enw: = Unt gw eoPHY = 0. (6.8.9) 
(c) 
de’ pv Vy Lb aBuv 
7 Oe ey 51 = a’ ey jul — Ungeyj WBE : 
dein py v 
ie —Obwerjn = a’ e,jrul= (6.8.10) 


At a moment when the tetrads coincide, we have 


d(et, wee ef) 


ip = Up er gz wpecPe”, (6.8.11) 


If we constrain the equation in the space plane perpendicular to u, we have 


del, = ej) 


dt 


Onlm 
= Emj!Wn€ = Emj/WnEnml, (6.8.12) 


dey — e3”) 


aE = WX ey. (6.8.13) 
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(d) If the inertial frame comoves with the accelerated observer at £, we have 


eg =U 


or u = (1,0,0,0) in this frame. If the origin of the inertial frame is at £, we have 


a! = z*(0) =0. 


If its axes coincide with the accelerated axes at £. Then we have 


€q’ (0) = €q. 


(e) In the inertial frame we take in (d), we have at the origin that 


Q% = —-a', OFF = upujeO* = EjRIWI- 


The tetrads at the origin satisfy that 


ey = (0,1, 0,0), eg, = (0,0, 1,0), ey = (0,0, 0,1). 


The velocity and acceleration at the origin are 


u = (1,0,0,0), a= (0,a',a’,a°). 


Near the origin, we have 


So 


Since 


we have 


u® =1+4O((E° 2), ué = a'r + O(E%]). 
=r + Olle"), 2 = Zar? + OEP). 


de”? 
Fy “sy td 
— =" e557 =a’ Fo ent = Em 1W1; 


> dr 


= ar + O([E* 7), et = 6 — emynwrt + O([E* ?). 


Note that € = 7, now (6.16) becomes 


wo = 6 e8 + 29 HE" t aye + O([E}), 
" , . . sf , , - . , , 
x = ek e + zg! = fag = € jE We? er + 5ve a + O((E% ie 


=! + waren” + lute e” + O((E"')). 


(f) The world line of the particle in € frame is 


gr 4 swe + eflbyter 60" = oF (E% + awe® €%) + O((E*]*). 


Take the first order dirivative with €° and then set € = 0, we have 


déF [dé = v!. 


Take the second order dirivative with €° and then set ¢ = 0, we have 


dE /de°? + a) + 2el ude /dé% = QI ay de® /de”, 


det [deo? = —gi — ei yyly® 4 Opi gh y®, 


70 


(6.8.14) 


(6.8.15) 


(6.8.16) 


(6.8.17) 


(6.8.18) 


(6.8.19) 


(6.8.20) 


(6.8.21) 


(6.8.22) 


(6.8.23) 


(6.8.24) 


(6.8.25) 


(6.8.26) 


(6.8.27) 


(6.8.28) 


6.9 THOMAS PRECESSION 


Consider a spinning body (gyroscope, electron, ...) that accelerates because forces act at its center of mass. 
Such forces produce no torque; so they leave the body’s intrinsic angular-momentum vector S unchanged, 
except for the unique rotation in the u A a plane required to keep S$ orthogonal to the 4-velocity u. 
Mathematically speaking, the body Fermi-Walker transports its angular momentum (no rotation in planes 
other than u A a): 

dS/dr = (uAa)-S. (6.9.1) 
This transport law applies to a spInnIng electron that moves In a circular orbit of radius r around an 
atomic nucleus. As seen In the laboratory frame, the electron moves in the x, y-plane with constant 
angular velocity, w. At time t = 0, the electron is at x = r, y = 0; and its spin (as treated classically) has 
components 

1 

V2 


Calculate the subsequent behavior of the spin as a function of laboratory time, S(t). 


il 
60, 1S Sh. Sa, St = 5h (6.9.2) 
Solution: 


The world line of the electron is 
x= rcoswt; 


y =rsinwt; (6.9.3) 
z=0. 
So we have 
2 2 2 
try (#) - (8) - (8) a= imarae (6.9.4) 
dt dt dt y 
So the four velocity of the electron is 
u’ = 7(1, —wr sin wt, wr cos wt, 0). (6.9.5) 


The four acceleration of the electron is 
a’ = 77(0, —w?r cos wt, —w?r sin wt, 0). (6.9.6) 


Now we have 


.F ae a’ S, = —7°w*r(coswtS® + sinwtS”); 
d az 
— = —7*w?r coswtS® + wr? Sy; 
dSY 
a = —7*w?r sinwtS° — 77w3r?S,; 
dS* 
a = 0, (6.9.7) 
ie. 
d SY 0 coswt sinwt 5° 
Fy S* | =—77w?r | coswt 0 —wr |-{ S*]. (6.9.8) 
SY sinwt wr 0 SY 
The solution is 
h 
oe age sin ywt, 
ee i, 
oF = a wt cos ywt + ysinwt sin-ywt), 
h 
pa= rsa wt cos ywt — y cos wt sin ywt), 
h 
Se = 5° (6.9.9) 
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Chapter 7 


INCOMPATIBILITY OF GRAVITY AND 
SPECIAL RELATIVITY 


7.1 SCALAR GRAVITATIONAL FIELD, & 


A. Consider the variational principle J = 0, where 


4 a B 1/2 
ee / ee (-n0 S| dd, (7.1.1) 


Here m = (rest mass) and z*(A) = (parametrized world line) for a test particle in the scalar gravitational 
field ©. By varying the particle’s world line, derive differential equations governing the particle’s motion. 
Write them using the particle’s proper time as the path parameter, 


dz™ dz? tye 
ee (-ma =) dD, (7.1.2) 


so that u® = dz/dr satisfies u~u? nag = —1. 
B. Obtain the field equation for 6(x) implied by the variational principle 6J = 0, where I = { £d*x and 


er ee 
1) 
87G Ox OxF 


[mettle — z(r)|dr. (7.1.3) 


Show that the second term here gives the same integral as that studied in part A (equation 7.3). 


Discussion: The field equations obtained describe how a single particle of mass m generates the scalar 
field. If many particles are present, one includes in £ a term — f me? d*[a — z(r)|dr for each particle. 


C. Solve the field equation of part B, assuming a single source particle at rest. Also assume that e? = 1 
is an adequate approximation in the neighborhood of the particle. Then check this assumption from your 
solution; i.e., what value does it assign to e® at the surface of the earth? (Units with c = 1 are used 
throughout; one may also set G = 1, if one wishes.) 


D. Now treat the static, spherically symmetric field ® from part C as the field of the sun acting as a 
given external field in the variattonal principle of part A, and study the motion of a planet determined 
by this variational principle. Constants of motion are available from the spherical symmetry and time- 
independence of the integrand. Use spherical coordinates and assume motion in a plane. Derive a formula 
for the perihelion precession of a planet. 
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E. Pass to the limit of a zero rest-mass particle in the equations of motion of part A. Do this by using a 
parameter \ different from proper time, so chosen that k“ = dx“ /dd is the energy-momentum vector, and 
by taking the limit m — 0 with k° = ym = E remaining finite (so u? = 7 — oo. Use these equations to 
show that the quantities g“ = k“e® are constants of motion, and from this deduce that there is no bending 
of light by the sun in this scalar theory. 


Solution: 


A. 


o 1dr dbz dz 
s1=~m f ¢ Oo ade dt — m fe iy > ( 2NaB DD x) a 
= -m fe (® 4 + q+ ® gu ua) 6z“dr = 0. (7.1.4) 


The differential equations governing the particle’s motion are 


a® + ® guu® = —7°? @ ¢. (7.1.5) 


— | me @) 54, [a — z(7T) \\drd*a = = — [me 2) dr = =m [e* —n * dz? a dX (7.1.6) 
0 dy fe 


1 O6® O® 
a8 dtr Beast 4 
ie no ae axe! ~ [me 05° [a — z(r)|drd*x 


= / (ae = / meee a(r)}dr ibd! 


= 0. (7.1.7) 


ee 


The field equations are 
oo = inG | me?3"(x — 2z(r)|dr. (7.1.8) 


If we assume ® < 1, then we have 
oo, = anc | m6*|a — z(r)|dr. (7.1.9) 


In the frame where the earth and gravtion field is static, we have 


&”, = 4nGmd3 (a — z) = 4nGp. (7.1.10) 
So at the surface of earth, we have 
o=-o" = 7.0% 10° (7a 1) 


and so we can assume e® = 1 — 7.0 x 107!° at the surface of the earth. 


D. Outside of the sun, we have p = 0, so we have 


V7i=0, r>Rs, (7.1.12) 
i.e. GM 
— , r> Rs. (7.1513) 
Tr 
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Because the field is spherically symmetric, the orbit of the planet will be confined to a plane. We will 
choose the coordinate system to make the plane be 0 = 7/2. The action of the particle can now be written 


as 


r= f bat 
dr\? do ‘ 
=< ee 2 
L=—me i) (=) r (2). 


It is easy to calculate the canonical momentum for the planet, 


where 


gpdr 
= yme~ — 
Pr od ae 
and 
&,2 
= yme>r* — 
where 


The Hamiltonian of the planet is 


dr 


de 
He Dre + Poa L=yme?. 


Because there is no ¢ and ¢ in L, so H and py will be constant. If we let 


H=mE, pg=mlL, 


we have Pe dd i‘ 
a _ pe 8 _ + 
dt me Gp 
Recall that : 3 , 
Oe 9 a) ae ce | 
dt dt dtr 
We have ; 
dr L? —2® 2-20 
(F) + ls => E e 1 
Define 
L? 
a GMr° 


Time the equation above by 


We have 
dr * 4 rt rt oe 
dé LD? L? 
Define 
L? 
t= GMr 
We have 
ee St be i 2G? M? 
dé 7 = C22 Gene *P i es 
Take the derivative with ¢, we have 
dx 2G2M? \ -2G?M? 
Ga = are a Pie 


(7.1.14) 


(7.1.15) 


(7.1.16) 


(7.1.17) 


(7.1.18) 


(7.1.19) 


(7.1.20) 


(7.1.21) 


(7.1.22) 


(7.1.23) 


(7.1.24) 


(7.1.25) 


(7.1.26) 


(7.1.27) 


(7.1.28) 


(7.1.29) 


The solution is 
G?M? 
& =1-2a+ecos[(l1+a)¢], a=: (7.1.30) 


We have therefore found that, during each orbit of the planet, perihelion advances by an angle 


27G? M? 


A® = 27a = 
T2 


(7.1.31) 
To convert from the angular momentum L to more conventional quantities, we may use expressions valid 
for Newtonian orbits, since the quantity we’re looking at is already a small perturbation. An ordinary 
ellipse satisfies 


(1—e?)a 
= ——————_ 1.32 
"~ 1+ ecos ’ 7 ) 
where a is the semi-major axis. Comparing to 
L? 
= —___ 1.33 
"* GMa’ Uae) 
we have 
I? = GM(1 —e?)a. (7.1.34) 
Plugging this into 7.1.31 and restoring explicit factors of the speed of light, we obtain 
27GM 
E. Since we have : 
d 
l= -| [etn adr +d (ase?) 62%. (7.1.36) 
T 
By taking the limit m — 0 with k° = ym = E remaining finite, we have 
dz? 
sr= - fa (nase? S| 52% =0, (7.1.37) 


i.e. g4 = ke® are constants of motion and there is no bending of light by the sun in this scalar theory. 


7.2 VECTOR GRAVITATIONAL FIELD, ©,, 


A. Verify that the variational principle J = 0 gives Maxwell’s equations by varying A,, and the Lorentz 
force law by varying z“(7), when 


—1 1 dz" dz dz 
I= — | Fy Fe'dta+= epaeel ia dr. 21 
= | e a rie dr dt ean dtr u(2) e 7 ) 


Here, F;,, is an abbreviation for A,,,, — Ay v- 
B. Define, by analogy to the above, a vector gravitational field ®,, with G,,, = ®,,,,—®,,,, using a variational 
principle with 
1 1 dz" dz dz 
l= vGh'd*a + = ——"d [ee dr. pe) 
ae | Gwe det 5m Ae ae T+m i u(z)dt (7.2.2) 


Find the “Coulomb” law in this theory, and verify that the coefficients of the terms in the variational 
principle have been chosen reasonably. 


C. Compute the perihelion precession in this theory. 
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D. Compute the bending of light in this theory (i.e., scattering of a highly relativistic particle u° = 7 > oo, 
as it passes by the sun, because of the sun’s ®,, field. 


E. Obtain a formula for the total field energy corresponding to the Lagrangian implicit in part B. Use the 
standard method of Hamiltonian mechanics, with 


1 
2 = pv 74, 4. 
Igela = aa | Gwe ac= [ea x; (7.2.3) 


£ is the Lagrangian density and L = { Ld%x IS the Lagrangian. The corresponding Hamiltonian density 
(energy density) is 


OL 
LL ’ 


Show that vector gravitational waves carry negative energy. 
Solution: 
A. First we vary A, to get Maxwells equations, 
1 v 4 dz” x4 4 
él =—-— | F*'6F,,d° e+e | ——6d" [x — z(7)|dréA,d°a 
87 dt 
fee [ewe OA, — FY“9,5A,)d*x + ef Oe te — 2(7r)|d[t — PA 6A d‘x 
87 aoe fae dt az'(F)- — 
1 dz” 
neeeeser [LV A we 33 _ 4 
iG (fur dA, d*a + | Ti O° [a — z(t)|)OA,d*a 
1 ‘a dz” .. 4 
So we have Maxwells equations 
1 dz” 
ol i en Sle — z(t)]. (7.2.6) 


Now we vary z“(7) to get Lorentz’s law, 


= dbz" dz, ddz" dz” a 
sr=m | Ae Gtar+e f Fagan ve f Fo Anude dt 


a? dz’ dz’ 
= <m f 52" Ftdr—e f 52" Ayy Fodr +e fF Ay, Sede 


ari, Vv 
=— |[(m ae CF ypu: oz" dr = 0. (7.2.7) 


So we have Lorentz’s law, 


Ma, = eFypyu". (7.2.8) 


B. By similar procedure, we can get the field equation for the gravitational field 


1 dz’ 
— pau" = m—_5 [x — z(t)]. (7.2.9) 


and equation of motion for a particle in the gravitational field, 
Op = Gypu”. (7.2.10) 
For a special case where z = (¢,0,0,0), we have 


0,G°# = —4nGM67(a). (7.2.11) 
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Suppose there is no time dependent componet in the solution, we have 


V°®9 = 4rGM57 (2), 


(7.2.12) 


(7.2.13) 


C. Because the field is spherically symmetric, the orbit of the planet will be confined to a plane. We will 
choose the coordinate system to make the plane be 6 = 7/2. The action of the particle can now be written 


as 


r= [ tat 
L=—m(\/1— 7? — r?¢? a=, 
r 


It is easy to calculate the canonical momentum for the planet, 


Pr = yme® i 


and 
po = yme®r? - d, 


where 


The Hamiltonian of the planet is 


B= Prt Rs ae 


Because there is no ¢ and ¢ in L, so H and pg will be constant. If we let 


H=mE, pg=mlL, 


we have 
di E GM dd_L 
Gp ge ae ae 
Recall that ' ; : 
a +r a = at -1 
d dt dr 
We have 


Time the equation above by 


Minor dr \? r4 GM\? r4 
a) ners) 
Define R 
© = Gage 
We have 


dr dd GMm 


(7.2.14) 


(7.2.15) 


(7.2.16) 


(7.2.17) 


(7.2.18) 


(7.2.19) 


(7.2.20) 


(7.2.21) 


(7.2.22) 


(7.2.23) 


(7.2.24) 


(7.2.25) 


(7.2.26) 


(7.2.27) 


Take the derivative with ¢, we have 


dx G? MM? 
The solution is 
G?M? 
x= E(14+ 2a)+ecos[(l1—a)d], a= ya (7.2.29) 


To convert from the angular momentum L to more conventional quantities, we may use expressions valid 
for Newtonian orbits, 
L? = GM(1 — e”)a. (7.2.30) 


Rrestoring explicit factors of the speed of light, we obtain 


i ee (7.2.31) 


~ (1—e?2)a 


D. Take the limit m — 0 and keep r/m = X finite, we have 


d?z dz” az 
ol = - fi rl - MG wy Gy )oztda > -{ 7) dz"dr = 0. (7.2.32) 


So light will not bent in gravitational field. 


E. Since F i 
= wy by Vip 
L = eG GY = (Puy BO” — Fy, 8") (7.2.33) 
So 
t= -@ ob? _ G, b%") — ___ GG” 
4nG" m 6rG 
— 1 Ou 1 [Lv 
= TG HG on our (7.2.34) 
For free field, we have 
dP P°G, = 0° (&°G",) = 0'(0°G",) (7.2.35) 
If we add a divergence to the K, the value of H will not be changed, so we have 
ig 0G! — + _@,,,GH + + @0go 
4nG " 16nG T ve 
a 1 Ou 1 V 
Ge “tee 
= 1 0k i 1 pai ea 
- 3G? G Teka GY <0, (7.2.36) 


i.e. vector gravitational waves carry negative energy. 


7.3. SYMMETRIC TENSOR GRAVITATIONAL FIELD, hj = hi, 


This problem is used as an sample for discussing the possible special-relativity-compatible gravity theory 
in the textbook. The solution of the exercise is presented in Box 7.1 of the textbook. 
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Chapter 8 


GRAVITATIONAL COLLAPSE 


8.1 PRACTICE WITH TENSOR ALGEBRA 


All calculations on tensor algebra in this exercise are straightforward, and the answer to this exercise are 
provided in the textbook. So I will not repeat it here. 


8.2} COMMUTATORS 


Take the mathematician’s viewpoint that tangent vectors and directional derivatives are the same thing, 
wu = O,. Let u and v be two vector fields, and define their commutator in the manner familiar from 
quantum mechanics 

[u,v] = (Ou, Ov] = OuOv — OvOu (8.2.1) 


(a) Derive the following expression for [u,v], valid in any coordinate basis, 
[u,v] = (uPu® 5 = vPuX g)ea. (8.2.2) 


Thus, despite the fact that it looks like a second-order differential operator, [w, v] is actually of first order- 
ie., it is a tangent vector. 


(b) For any basis {e,,}, one defines the “commutation coefficients” Cay” and cg by 
leave] = 6s, eah. tayo = JauCpy’ - (8.2.3) 
Show that c,.° = cya = 0 for any coordinate basis. 


(c) Calculate c,.° for the spherical noncoordinate basis of exercise 8.1. 


BY 


Solution: 
(a) 


[u,v] f = OwOy f = Oy Ou f = Of a”) _ Onl F att”) 
= fiagveu? + fav gu" — fagurv® + fiu® gv? 
= fale gn” > u® gv®). (8.2.4) 
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So we have 
[u,v] = (u?v% 4 — vu g)ea- (8.2.5) 


(b) For coordinate basis, we have 
[Ca, elf = f Bo = fap = 0. (8.2.6) 
So ¢g..° = Cgyo = 0 for any coordinate basis. 


(c) In spherical coordinate basis, we have 


eg = (1,0,0,0); es =(0,1,0,0); eg = (0,0, 1/r, 0); ez = (0,0,0,1/rsin 6). (8.2.7) 
It is easy to see that commutators between eg and other basis vanish. And we have 
[er, eg] = GE €9 = ~ 64 (8.2.8) 
ler, eg] = (cae). eg = -— se; (8.2.9) 
leg, eg] = : (sna), ey = — es (8.2.10) 


So the nonvanishing components of c o are 
4 


Cag oy — cpa! = l/r; 
Pie ei OE. fn aH: 
Cy Se 1/r sin 0; 
o _ o 
Cag. eas = —cotd/r. (8.2.11) 


8.3 COMPONENTS OF LEVI-CIVITA TENSOR IN NONORTHONORMAL 
FRAME 


(a) Show that expressions (8.10) are the components of € in an arbitrary basis, with eg pointing toward 
the future and e), €2, e3 right-handed. 


(b) Show that the components of the permutation tensors [defined by equations (3.50h)-(3.50j)] have the 
same values [equations (3.50k)-(3.50m)] in arbitrary frames as in Lorentz frames. 


Solution: 


(a) 
Caps = LAL" gL 1 sea o%p 
= So rr 7) 172), £7) fn (0)e(1)m(2)m(3)] (8.3.1) 
Suposse that 7, : 0123 > afd, we than have 
= 77 (0) n(1) (2) n(3) 
Cab Qe mae mae mia) 


TT 


ay -1 -1 -1 =f 
= (—1)™ y(n ‘rpm Ge ay Bae es oa a 


= (—1)™ det L 
= det Llapy0). (8.3.2) 
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On the hand, we have 


Jap = LP npoL” g. (8.3.3) 
So 
g = det g = det L™ det n det L = —(det L)? (8.3.4) 
We now have 
Eapys = (-9)"? [ab y4. (8.3.5) 
As for «*°7°, we have 
EAB? — gat gh¥ gM g?P ey, 


= (—g) 1/2. gH gO” gg°P (uv Ap] 
= (—g)'/? det g~*[a876] 
= —(—g)~'/?[aB76]. (8.3.6) 


(b) Since 


xb aB45 (8.3.7) 


Ewwrp = —|aBy6] [uv Ap] = € Enoip? 


the components of the permutation tensors have the same values in arbitrary frames as in Lorentz frames. 


8.4 PRACTICE IN WRITING COMPONENTS OF GRADIENT 


All calculations on tensor calculus in this exercise are straightforward, and the answer to this exercise are 
provided in the textbook. So I will not repeat it here. 


8.5 A SHEET OF PAPER IN POLAR COORDINATES 

The two-dimensional metnc for a flat sheet of paper in polar coordinates (r,@) is ds? = dr? + r?d¢? , or 
in modern notation, g = dr ® dr + r2d¢ @ dé. 

(a) Calculate the connection coefficients using equations (8.24). 

(b) Write down the geodesic equation in (r,) coordinates. 


(c) Solve this geodesic equation for r(A) and ¢(A), and show that the solution is a uniformly parametrized 
straight line. 


(d) Verify: that the noncoordinate basis e; = e, = OP/dr, e3 = rte, =r—10P/0¢, w* = dr, w? = rdo 
is orthonormal, and that (w,e a) = 6*.. Then calculate the connection coefficients of this basis from a 
knowledge [part (a)] of the connection of the coordinate basis. 


(e) Consider the Keplerian orbit of Figure 8.1 and Section 8.3 as a nongeodesic curve in the sun’s two- 
dimensional, Euclidean, equatorial plane. In place of the old notation dv/dt, de;/dt, etc., use the new 
notation Viv, Ve,v, etc. Then v = dP/dt is the tangent to the orbit, and a = Vv is the acceleration. 


Derive equations (8.4) for a” and a® using component manipulations and connection coefficients in the 
orthonormal basis. 


Solution: 
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(a) 


1 
a= 5 (Gas. + Jay,8 — 9B-y,0): (8.5.1) 


The only non-vanishing component of gg, iS g4,r = 2r. Then the non-vanishing components of Ig.) is 
DP ggr — Derd = —D-¢¢ =T. So 


1 
go _po _ a . 
T eel rp = "36 = 73 (8.5.2) 
all others vanish. 
(b) 
ar , dodd @r do dd 0 
| =— rT = bi 
dd? Pad’ ddr?  drdd’ 
do o ardd ah  2d¢ dr 
— +271 = | =0. 5.3 
dd2 T@d\d\ dd? rdrdX ” Ore) 


(c) Define x = rcos¢ and y = rsin@d. Then we have 
¥y 
x” =(r'cos¢—rsind¢’)’ 
=r" cos ¢— 2r’ sin dd’ — rcos ¢(¢')? — rsin od” 
1 2 
=r" cos¢— 2r'sin¢dd’ — rcos¢: —r” —rsing: ——r'¢! 
if Tr 


=). (8.5.4) 


Similarly, we can also get y’’ = 0. So the general solution of the geodesic equation is x = a\ + b for some 
aand b, y = j\ +k for some j and k, which is a straight line in R? plane. 


(d) 
Ver = Ver =I, 4dd @ eg = rw? @ ep 
Vez = Vr ‘eg =—r "dr @eg+ r (I yg @ er + rar @ eg) = —rhw? @ ep. (8.5.5) 
So we have ; 
ie ays ee =—r, (8.5.6) 


all others vanish. 


(e) 
dre- _ dr co) 
Fi act + ae €3 (8.5.7) 
. 2 du dodd dr 
P_ PP Pah _ 
a T 3gvre + ae te ae + WE’ (8.5.8) 
> 3 .3 dv? drdd ddd 
g_pe Aid 7 5. 
a rg? ¥ + rota (rg): (8.5.9) 


8.6 SPHERICAL COORDINATES IN FLAT SPACETIME 


All calculations in this exercise are straightforward, and the answer to this exercise are provided in the 
textbook. So I will not repeat it here. 
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8.7 SYMMETRIES OF CONNECTION COEFFICIENTS 


From equation (8.24b), the symmetry of the metric, and the antisymmetry (cgy,, = —cyg,,) of the commu- 
tation coefficients, show that: I4;g,] = 0 (ast two indices are symmetric) in a coordinate basis; Pr apa = 0 
(first two indices are antlsymmetrIc) in a globally orthonormal basis, 9,5 = 1g a 


Solution: 


In general, we have 


1 
Pypy = 5) (Guay + Guy.8 — IBy,u + CuBy + Cuys — CBypn): (8.7.1) 


In a coordinate basis, cagy = 0. So 


1 
22 a8] = 5 l(9a8,7 Jay,B IB-,c) (Jay,8 IaByy 9B, = 0. (8.7.2) 
In a globally orthonormal basis, we have g,, 3,4 = 9. So 
— 1 — 
2D (ayy = 5llCasy + Card — Cava) + (Cay + Cara — Caya)] = 9- (8.7.3) 


8.8 NEW DEFINITION OF V7’ COMPARED WITH OLD DEFINITION 


The new definition of VT is given by equations (8.16) and (8.17). Use the fact that parallel transport keeps 
local-Lorentz components fixed to derive, from (8.16), the Lorentz-frame equation V,,T = Dies uteg ® 
w. From this and equation (8.17), infer that the Lorentz-frame components of VT are Hae which 


accords with the old definition of VT. 


Solution: 


Suppose the components of T at P(0) is T°,. The components of T at P(€) is T°, + TY’, ug. Because 
parallel transport keeps local-Lorentz components fixed, in a local-Lorentz frame, we have 


Te 


a [P(£)|parallel-transported to 7) = Deh ee (8.8.1) 


According to (8.16), the components of VT is T°’, ,u7, ie. Vu = T%, weg @w®. As VuT = 


VT(--- ,:++ ,u), we have 
VT =T*, ep Bw Bw, (8.8.2) 


8.9 CHAIN RULE FOR V,,7' 


(a) Use calculations in a local Lorentz frame to show that “V,,” obeys the standard chain rule for deriva- 
tives: 
VulfA® B) =Vuf(A® B)+f(VuA)® B+ fA®(V_B). (8.9.1) 


Here A and B are arbitrary vectors, 1-forms, or tensors; and f is an arbitrary function. 


(b) Rewrite equation (8.27) in component notation in an arbitrary basis. 
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Solution: 


Assume for concreteness that A is a (1,1) tensor and B is a vector. In a local Lorentz frame, the compo- 
nents of V,,(fA ® B) are 


(fA%_B7),su’. (8.9.2) 
In light of Leibniz rule, the components of V.,( fA ® B) can be expanded as 
(f,5u°)A%,B + f(A% su?) BY + fA%_(B7 su°). (8.9.3) 
ie. 
VulfA® B)=V.uf(A®B)+ f(VuA)® B+ fA®(VuB) (8.9.4) 


in terms of geometric objects. 


(b) As for an arbitrary coordinate system, the ordinary derivatives must be replaced by covariant deriva- 
tives, i.e. 
(fA%,B7),5ue = (f.5u°)A%, BY + f(A%,su°) BY + fA%_(B".5u°). (8.9.5) 


8.10 COVARIANT DERIVATIVE COMMUTES WITH CONTRACTION 


Let S be a (1,2) tensor. Using components in a local Lorentz frame show that 


Vu = (contraction on slots 1 and 2 of S) = (contraction on slots 1 and 2 of V,,S). (8.10.1) 


Solution: 


In a local Lorentz frame, equation 8.10.1 can be written explicitly as 


05 8% ag) 70? = summa Sap yt (8.10.2) 


8.11 ALGEBRAIC PROPERTIES OF V 


Use calculations in a local Lorentz frame to show that 
VautbvS =aVuS + bVvS (8.11.1) 
for all tangent vectors u, v and numbers a, b; also that 
VulS + M) =VuS+VuM (8.11.2) 
for any two tensor fields S and M of the same rank; also that 
Vuw — Vwu = [u, wv] (8.11.3) 


for any two vector fields u and w. 


Solution: 


Assume for concreteness that S and M is a (1, 1) tensor. In local Lorentz frame, we have 
Sg , (au? + bv?) = a(S%g,u7) + (9% v7); 
(S%q + M%) jy = (S% yut) + M%_ U7, (8.11.4) 
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i.e. 8.11.1 and 8.11.2 hold. Also, the components of V,,w — V,,u are 
we gu? _ u gv?. (8.11.5) 


Comparing with 8.2.2, 8.11.3 holds in local Lorentz frame as well. 8.11.1, 8.11.2 and 8.11.3 are all 
composed of geometry objects which are invariant under coordinate transformation. Thus they all holds 
in an arbitrary frame. 


8.12 CONNECTION COEFFICIENTS FOR 1-FORM BASIS 
8.13. “CT” CORRECTION TERMS FOR ae 
8.14 METRIC IS COVARIANTLY CONSTANT 


8.15 CONNECTION COEFFICIENTS IN TERMS OF METRIC 


Detailed answers to exercises 8.12, 8.13, 8.14 and 8.15 are provided in the textbook. So I will not repeat 
them here. 


8.16 SOME USEFUL FORMULAS IN COORDINATE FRAMES 


In any coordinate frame, define g to be the determinant of the matrix g.g [equation 8.11]. Derive the 
following relatlons, valid in any coordinate frame. 


(a) Contraction of connection coefficients: 


T*,, = (Inv=9),6- (8.16.1) 


(b) Components of Ricci tensor: 
1 


Rap = 
O V=9 


(a ae — Ua 8) a — pe ys (8.16.2) 


(c) Divergence of a vector A® or antisymmetric tensor F'?: 


1 
(V-94"),a, Fs == 


Aw = = 
; ;B /-9 


ar (/—gF*) 9. (8.16.3) 


(d) Integral of a scalar field © over the proper volume of a 4-dimensional region V: 


J valproper volume) = | W./—gdtdrdydz. (8.16.4) 
v v 


Solution: 


(a) From Exercise 5.5, we know 
dln| det A| = (A7!)4,dA",. (8.16.5) 
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So 


1 3 
(In /=9),a = 5(In(—9)), = 59” duno. (8.16.6) 
On the other hand, we have 
a 1 ape i ap 
ba = 59°" (Gup,a + Ipa,8 — Io8,u) = 59°" Iua,6- Ge7) 
Now we have 
Pgq = (nV—9),6- (8.16.8) 
(b) 
_ pe 
Rap = BR oug 
LY a6 = eer + op — Mer ou 
— LY ati — (In /—g),a6 + (In V-G)al ae — ew) aes 
1 Vv 
= Jay as) _ (In V/ —J),a8 = Tal: By: (8.16.9) 
(c) 


ates 
v-9g 


[ey a Qa a [ey a 1 a 
FO, = FP, +1 gH +7? roe = FOP, + (In /—9) pF = Faq ®) 3. (8.16.11) 


A® = AX FT yg At = AX, + (In V=9) 0% = (V/=GA) ew: (8.16.10) 


(d) In a local Lorentz frame, d(proper volume) = didédgd2. When we transform this volume element to 
the given coordinate frame, we have 


d(proper volume) = det or dtdxdydz. (8.16.12) 
wo 
Since we have Fone 
Ox" Ox” 
aS 16.13 
Jab ~ Bp AaB lh Beto:13) 
we can get 
dar® |? 
= —det|—+| . 8.16.1 
g et | AB ( 4) 
Thus 
d(proper volume) = \/—gdtdxdydz. (8.16.15) 
The integration will be 
| Wd(proper volume) = i W/—gdtdrdydz. (8.16.16) 
v v 
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Chapter 9 


DIFFERENTIAL TOPOLOGY 


9.1 COMPONENT MANIPULATIONS 


Derive equations (9.11c) through (9.11g) from (9.10), (9.1 la, b), (9.6), (9.7), and (9.8). 


Solution: 
(w*, uw) = (w*, weg) — u? (w, eg) = uP 5%g a Tae 
(w,€g) = (Tqw, eg) = Fg (w,eg) = 000% = Og 
(w,u) = (tqw%, uPeg) = ou? (w%, eg) = Tat 5%g = qu"; 
(LP? 5G? en) SL gai? ye TNL gh toe eV SL" gle gi oS L* gh a= O° gis 
Oy = (o,€q") = (a, egL?.,,) = (a, e8)L*,, = op L,. (9.1.1) 


9.2 COMPONENTS OF GRADIENT, AND DUALITY OF COORDINATE 
BASES 


In an arbitrary basis, define f, by the expansion (9.13a). Then combine equations (9.11d) and (9.12) to 
obtain the method (9.13b) of computing f,,. Finally, combine equations (9.12) and (9.13b) to show that 
the bases {dx*} and {0/0x*} are the duals of each other. 


Solution: 


fa = (df, €a) =: Oe. f a €alf]. (9.2.1) 
If {e,} is a coordinate basis, we have 
OE 
fia = Ore (9.2.2) 
Particularly, 
a. O Ox bs 
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So the bases {dx*} and {0/0x*} are the duals of each other. 


9.3. PRACTICE MANIPULATING TANGENT VECTORS 


Let Po be the point with coordinates (« = 0, y = 1, z = 0) ina three-dimensional space; and define three 
curves through Po 0 by 


P(A) = (A, 1,), 
P(E) = (sin €, cos €, €), 
P(p) = (sinh p, cosh p, p + p*). (9.3.1) 


(a) Compute (d/dA)f, (d/dé)f and (d/dp)f for the definition f = x? — y? + z? at the point Po. 


(b) Calculate the components of the tangent vectors (d/dA), (d/df) and (d/dp) at Po, using the basis 
{0/0x, 0/dy,0/Oz}. 


Solution: 
(a) 
c 5 ex ~)=4,; 
a = lvoe? sin? € + €2) = —Asin € cos€ + 2€; 
+ = s+ (p + p*)”] = 2(p + p*)(1 + 3p”). (9.3.2) 


So we have (d/dX) f = 0, (d/dé) f = 0 and (d/dp) f = 0 at the point Po. 


(b) 


ad 08° Oa 
ee ry ee: 
dé Ox Oy Oz? 


z 


d ge 6) 9.2 
der gs ee T 30 ) 
(9.3.3) 


The components of the tangent vectors are (d/dX) = (1,0, 1), (d/d&é) = (1,0, 1) and (d/dp) = (1,0, 1) at 
Po. 


9.4 MORE PRACTICE WITH TANGENT VECTORS 


In a three-dimensional space with coordinates (x,y,z), introduce the vector field v = y?0/0x — x0/0z, 
and the functions f = xy, g = z?. Compute 


(a)o[f]; (el); (vifal; @fvlgl—gvf; (e)olf? +97]; (f)vfelf]}. (9.4.1) 


Solution: 
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olfl=y: 
v[g] = —3227; 
vl fg] = yP2? — 30*y2?; 
folg] — guf = —3a°yz2* — y°2*; 
ul f? + 97] = 2ry* — 6xz°; 
v{v[f]} = 0. (9.4.2) 


9.5 PICTURE OF BASIS 1-FORMS INDUCED BY COORDINATES 


In the tangent space of Figure 9.1, draw the basis 1-forms dy) and dy induced by the 7, y-coordinate 
system. 


Solution: 


dy and dy can be drawn as vector perpendicular to the 7 = constant and x = constant plane. The 
drawing is eliminated here. 


9.6 PRACTICE WITH DUAL BASES 


In a three-dimensional space with spherical coordinates r, 6, ¢, one often likes to use, Instead of the basis 
0/Or, 0/00, 0/00, the basis 


0 10 1 oO 
e=z, ©) = a 90" $$ Fsind Od (9.6.1) 


(a) What is the 1-form basis {w”, w9, w?} dual to this tangent-vector basis? 

(b) On the sphere r = 1, draw pictures of the bases {0/0r,0/00,0/00}, {er,e5,e3}, {dr, d0, dg}, and 
{w", ww}, 

Solution: 


(a) - : 
w'=dr, w®=rdd, w? =rsinddd. (9.6.2) 


(b) The drawing is eliminated here. 


9.7 PRACTICE WITH COMMUTATORS 


Compute the commutator [e,, e;] of the vector fields 


10 1 O 
= 9g °%= panda lane 
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Express your result as a linear combination of e, and e Ps 


Solution: 


[eg,eg] = - e. (9.7.2) 


9.8 ANGULAR MOMENTUM OPERATORS 


In Cartesian coordinates of three-dimensional Euclidean space, one defines three “angular momentum 
operators” (vector fields) L; by 


L; = ejnix"(0/Oz"). (9.8.1) 


Draw a picture of these three vector fields. Calculate their commutators both pictorially and analytically. 


Solution: 


The drawing is eliminated here. 


= 


m 
x 
Ox” Oa! 


(Li, D5] = €imn€jri[£ 


0 : 0 . O Oo 
| = Cian eg Gea - a6” 7 = 2? Oxi a" acai eigk Dr. 


9.9 COMMUTATORS AND COORDINATE-INDUCED BASES 


Let u and v be vector fields in spacetime. Show that in some neighborhood of any given point there exists 
a coordinate system for which 


) ) 
U= dal’ v= ay? (9.9.1) 
if and only if u and v are linearly independent and commute: 


[u,v] = 0. (9.9.2) 


Solution: 


Then necessity of the proposition is obvious. For sufficiency, we prove the following lemma first. 


Suppose wu is a smooth tangent vector field on a manifold M. If u, 4 0 at a point p € M, then there 
exists a local coordinate system (Z; 2’) such that 


(9.9.3) 


|g = 


ca 
Oz) 
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The proof of the lemma is given below. 


There exists a local coordinate system (X;x’), x‘(p) = 0, such that the restriction of wu on X can be 
expressed as 


, O 
where the ¢' are smooth functions on X. Since u, # 0, we may assume that €!(p) # 0. By the continuity of 
€!, we may assume that_X is a sufficiently small neighborhood of p such that €! is nonzero in X. Consider 


the system of ordinary differential equations 


dx) =. E(at,--- a) 


= <qa< 9. 
dal €1(z!,--- ,a™)’ 2<j<m, (9.9.5) 


where z! is the independent variable and «3, 2 < j < m, are unknown functions. By the theory of ordinary 


differential equations, there exists a positive number 6 such that {(x',--- ,2™)||a*| < 6} € X, and for any 
given initial value (y?,--- ,y’), |y2| < 6, 2 < j < m, the system has a unique solution 
x) = pi (a's y?,--- ,y™),-6 < a! <5, (9.9.6) 
which satisfies the initial conditions 
POsy?,--- y™) =’, (9.9.7) 
where the functions ¢/ depend on z! and the initial values v3 smoothly. Consider the change of coordinates 
gay! 
. 9.9.8 
Fe ewe 2<j9<m. : : 
Then its Jacobian is ate! 
xv ae apn 
pitts 31) (9.9.9) 
O(yt,-°- vy) yi=0 


Hence there exists a neighborhood Z C X of p that has y’, 1 < j < m, as its local coordinate system. 
Under this system, 


_O ,Ou' O 1 0 
= J - = = . . wl 
Let 
gla Ge eye 
ee see (9.9.11) 
zi=y, 2<j<m 
Then z’, 1 < j <m, isa local coordinate system of Z and 
0 
ulz = 97° (9.9.12) 


This completes the proof. 
Now we prove the sufficiency of the proposition. 


From the lemma, there exists a local coordinate system (Z; z’) such that 


0 
ulz = ant (9.9.13) 
and 
vg =o (9.9.14) 
Zo az’ oe 
where the €* are smooth functions on Z. Then we have 
0g 0 
[u, v]|z = ADA 0, (9.9.15) 
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ie. (OE'/Oz') = 0, 1 < i < m. This implies that €*, 1 < i < mis a function of z?,--- ,2™ only. By Lemma 


1, there is a change of local coordinates from (z?,--- , 2") to (y?,--- , y’) such that 

m : fa) ra) 

Sea =e (9.9.16) 

= Ozi Oy 
Now let y! = 2, (y',--- ,y™) then becomes a local coordinate system at p and under this system, 

3) e m, O O 
a ae vy =f(y sy lagi + aye (9:9.17) 
Now let x! = y! — fe f(t,--+ ,y™)dt, 2 = y, 2 <j <m. Then z’, 1 < i < m, isa local coordinate 
system of X and 
0 O 


9.10 COMPONENTS OF COMMUTATOR IN NON-COORDINATE BASIS 


Derive equation (9.23). 


Solution: 
[u,v] f = [u%ea, veg] f 
= u%eq(veg(f)) — v8 eg(u%ea(f)) 
= u%eq(v")eg(f) — v%eg(u*)ea(f) + u°v" lea, €a](f) 
= u(v®)es(f) - v(u? )es(f) + uP ure. en(f): (9.10.1) 
So we have 
[u,v] = [u(v®) — v(u?) + uto”e,,, "Jeg. (9.10.2) 


9.11 LIE DERIVATIVE 


The “Lie derivative” of a vector field v(P) along a vector field u(P) is defined by 

Luv = [u,v]. (9.11.1) 
Draw a space-filling family of curves (a “congruence”) on a sheet of paper. Draw an arbitrary vector v 
at an arbitrary point Po on the sheet. Transport that vector along the curve through Py) by means of the 
“Lie transport” law %,v = 0, where u = d/dt is the tangent to the curve. Draw the resulting vector v at 


various points P(t) along the curve. 


The drawing is eliminated here. 
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9.12 A CHIP OFF THE OLD BLOCK 


(a) Prove the Jacobi identity 
[u, [v, w]] + [v, [w, w]] + [ew, [u, v]] = 0 (9.12.1) 


by picking out all terms of the form 0,,0,0,,, showing that they add to zero, and arguing from symmetry 
that all other terms, e.g., 00.0, terms, must similarly cancel. 


(b) State this identity in index form. 


(c) Draw a picture corresponding to this identity (see Box 9.2). 


Solution: 

(a) 
[u, [v, w]] = OuOvIw — OuOwOy — OyOw Oxy + Ow Oy Or; (9.12.2) 
[v, [w, u]] = OyOw Oy — yOu Ow — OwOudy + OuOwOv; (9.12.3) 
[w, [rt, v]] = OwOuOy — OwOyOu — OuOyOwy + OyOu Ory. (9.12.4) 


Combine all together and we can find out 


[u, [v, w]] + [v, few, a] + [w, [eu, v]] = 0. (9.12.5) 


(b) The component of [w, |v, w]] is 


a ure” a) - (vw = wr? ju 


B B 


u? (vow 


= Ww gv sl a gi al — u* gw we" + u gv? wt + we g,v°ur — vu g.,weut. (9.12.6) 


By similar method, we write down the components for other two terms and combine them together, we 
would find out 
[u, [v, w]] + [v, [w, w]] + [w, fw, v]] = 0. (9.12.7) 


(c) The drawing is eliminated here. 


9.13 ROTATION GROUP: GENERATORS 


Let , be three 3 x 3 matrices whose components are (Hy) mn = €imn- 
(a) Display the matrices H,, (H{1)?, (#()°, and (H,)*. 


(b) Sum the series 


Co n 


R,(0) = exp(Hi0) = 5° “(ty (9.13.1) 


n=0 


Show that &,.(@) is a rotation matrix and that it produces a rotation through an angle 6 about the z-axis. 


(c) Show similarly that R,(¢) == exp(I(3¢) and R,(v) == exp(H2x) are rotation matrices, and that they 
produce rotations through angles ¢ and y about the z- and y-axes, respecti vely. 


(d) Explain why P = R,(W)Rz(0)R.(d) defines the Euler-angle coordinates, w, 0, ¢ for the generic element 
P € SO(3) of the rotation group. 
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(e) Let £ be the curve P = R,(t) through the identity matrix, £(0) = J € SO(3). Show that its tangent, 
(d£/dt)(0) = £(0) does not vanish by computing £(0)fi2 where fi2 is the function fj2(P) = Piz whose 
value is the 12 matrix element of ?. 


(f) Define a vector field e3 on SO(3) by letting e3(P) be the tangent (at t = 0) to the curve L(t) = R,(t)P 
through ?. Show that e3(P) is nowhere zero. Note: e3(P) is called the “generator of rotations about 
the z-axis”, because it points from P toward neighboring rotations,which differ from ®,(t)P by a rotation 
about the z-axis. 


(g) Show that e3 = (0/0W)og. 
(h) Derive the following formulas, valid for t < 1: 
Ry (t)Rz(W) Rx (O)Rz(G) = Rz( — tsin y cot O)R,z (0 + tcos w)Rz(G + tsin w/ sin A); 
Ry (H)Rz(W) Ra (O)Rz(b) = Rz( — tcos w cot 6)R, (9 — tsinW)R.(G + tcosw/ sin A). (9.13.2) 


(i) Define e1(P) and e2(P) to be the tangent vectors (at t = 0) to the curves L(t) = R,(t)P and L(t) = 
Ry (t)P, respectively. Show that 


e1 = cos —sinw (cota 2 o ) ; 


db sind 0d 
; O 6) 1 0 
eg= —sin van — cos W (cot to = ati) ° (9.13.3) 


e, and e, are the “generators of rotations about the x- and y-axes.” 


Solution: 


The equation 9.13.2 and 9.13.3 might not be correct in the textbook. Please check it. 


(a) 
0 0 0 o oO o 0 0 O 0 0 0 

H=(0 O 1];(%,)?=[0 -1 0 ]1;(,)?=[0 0 -1];(%,)*=[0 1 O]. 9.13.4 
0 -1 0 0 0 -1 01 O 001 

(b) 


0 0 
1 0 
k=0 —1 0 k=1 1 
1 0 0 0 0 0 0 0 0) 
=]0 1 0)+4+1]0 0 sind} + [0 cosé—1 0 
001 0 —sin@ 0 0 0 cos@ — 1 
1 0 0 
=|0 cos@ siné]. (9.13.5) 
0 —sin@ cosé 


Now it is easy to see that ®,.(@) is a rotation matrix and that it produces a rotation through an angle 6 
about the z-axis. 


(c) By similar procedure in (b), we can figure out that 


cosx O —sinyx cos@ sing 0 
Rylx) = 0 1 0 ;R.(d) = | —sind cosd O]. (9.13.6) 
sinx O cosy 0 0 1 
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(d) The first step of Euler rotation is to rotate the x and y axis around z axis by ¢ to x’ and y’ axis. Then 
we rotate the y’ and z axis around x’ axis by @ to y” and z’ axis. Finally, we rotate the x’ and y” axis 


UA 


around 2’ axis by w to x” and y’” axis. So mathematically, we have 


oo d d 
L£(0) fiz = a file (Ob e=0 - a (Sin t)e=o =. 
() (g) 
Lit) = Rz(t)P = Rz(t)Rz (Ww) Ry (O)R, (¢) > Relt + W)Rz(A)Rz(O) 
So we have 


e3 = (0/0)og # 0. 


(h) From the definition of H,, we have the commutation relation 
[Pas Jt;| => igh Hy. 
The Baker-Hausdorff lemma states that 
rN” 
exp(GA)A exp(—GA) = A+ A[G, A] +--+ + mralen IG, [G,---[G, A]]]---J]+--- 


We can figure out that 


R~(d)H 1 R.(—) = cos dH — sindHo; Rz(d)H2R.(—d) = cos dHe + sin dH; --- 


Keep the first order of t, we have 


R.(w — tsinw cot O)R,(8 + t cos w)R,(6 + tsin w/ sin A) 


= (I — tsin yp cot 0H3)R.(w)T + t cos WH1)R,(0)(I + tsin w/ sin 0H3)R, (0) 


= R.(w) Rx (O)Rz(b) — tsin p cot OH3R. (wW) Ry (O)Rz (4) 
+ tcos WRz(1)Hi Rx (O)R2(#) + tsin b/ sin ORz(h)Rz (0)H3R-() 


Note that 
Rz(W)H Ra (O)R-(b) = (cos WH, — sin WHo)Rz(w)Rx(O)Rz(¢). 
Ry (W)Rz (O)F3R, (¢) = R, (w) (cos 0H3 + sin OH) Ry (O)R, (@) 
= [cos #33 + sin O(cos PH2 + sin WH )|Rz() Re (A)Rz(¢). 
Now we have 


R.(w — tsinw cot O)R,(0 + tcosw)R,(¢ + tsin w/ sin 6) 


= (I —tsiny cot 0H3 + tcos? PH, — tcosw sin pH2 + ee cos 03 
+ tsin pcos PHe + tsin? PH1)R-(y)Ra(O)R(¢) 
= (I a tH1)Rz (W)Re (O)Rz (¢) 
By similar procedure, we would arrive that 
R.(w — tcosw cot A)Rz(O — tsin w)Rz(¢ + t cos 7/ sin O) 
= (I —tcosycot dH3 —tsinwcoswH, +t sin? pH. + — cos 0H3 


+ tcos? WH. + t sin y) cos WH) Rz(W) Ra (A)Rz (9) 
= (I + tH2)Rz(W)Rx(O)Rz() 
= Ry (t)Rz(Y)Ra(A)Rz(). 
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(9.13.7) 


(9.13.8) 


(9.13.9) 


(9.13.10) 


(9.13.11) 


(9.13.12) 


(9.13.13) 


(9.13.14) 


(9.13.15) 


(9.13.16) 


(9.13.17) 


(9.13.18) 


@ 
Ry (t)P = Re (t)Rz(W)Rz(A)Rz(G) = Kz (W — tsiny cot —)Rz(0 + tcosw)Rz(o4+ tsiny/ sind). (9.13.19) 
So we have 
ey = cos —sinw (cota e - ais) : (9.13.20) 
Ry(t)P = Ry (t)Rz(W)Rz(O)Rz(b) = Kz (4 — tcosy cot #)R, (9 — tsinw)R,(6+tcosw/sin A). (9.13.21) 
So 


; 6) ) 1 0 
e= ~sinbag — cosy (cot 950 _ aa) : (9.13.22) 


9.14 ROTATION GROUP: STRUCTURE CONSTANTS 


Use the three vector fields constructed in the last exercise, 


O : 0 1 0. 
ey = Cos YA —sinw (cov. - sates) : 


: 6) 6) 1 0 
ep = sind zy — es (cot 5. - : ) ; 
e; = — (9.14.1) 


as basis vectors for the manifold of the rotation group. The above equations express this “basis of genera- 
tors” in terms of the Euler-angle basis. Show that the commutation coefficients for this basis are 


err = €ap-; (9.14.2) 


independently of location ? in the rotation group. These coefficients are also called the structure constants 
of the rotation group. 


Solution: 
[e1, €2] = [—siny cot 6(— sin w) 4 — (— cos w cot 6) (cos W) w] 2 
+ [— sin w cot 6(— cos y cot A), + cos w(— cos wc 
—(— cosy cot 6)(— sin y cot @)  — (—sinw)(— sin y cot @ 
+ [— sin w cot #(cos y csc 4) 4, + cos ~(cos yp ¢ 
—(— cosy cot #)(sin ~ csc A) y, — (— sin w) (sin ~ csc @ 
0 
Sy (9.14.3) 
2 : a) peeta 0 9 0 
lez, es] = [-(— sind) wl ag + [-(— cos cot 8), y] as [—(cos 7 csc 8) 5] a6 
0 . 0 1 0 
= cos bam — sin w (cot sD - wae) . (9.14.4) 
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0 


[e3, e1] = [(cos?) 4] a + [(— sin ~ cot 6) »]|— + [(sin W esc 6) | 


oo Ow 


a ~sinvs, — cosy (cota - ze ) . 


dv sind Od 
So the commutation coefficients for this basis are 


abo 
7 oie €apy 


independently of location ? in the rotation group. 
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dg 
(9.14.5) 


(9.14.6) 
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Chapter 10 


AFFINE GEOMETRY: GEODESICS, 
PARALLEL TRANSPORT, AND 
COVARIANT DERIVATIVE 


10.1 ADDITIVITY OF COVARIANT DIFFERENTIATION 


Show that the commutator (“closer of quadrilaterals”) is additive: 
[u,v +w] =[u,v)+[u,w)]; [wtn,v] = [u,v] + [n,v]. (10.1.1) 


Use this result, the additivity condition V.(v + w) = Vuv + Vuw, and symmetry of the covariant 
derivative, Vv — V,u = [u, v], to prove that 


Vuind = Vyvt Vn. (10.1.2) 


Solution: 


[u,v + wif = Ou0v+w f _ Ov4+wOu f = Ou Oy f _ Oy Ou f + OuOw f _ Ow Ou f = [u,v] + [u, wif. (10.1.3) 


futn,v] = —[v,ut+n] = —[v, ul] — [v,n] = [u,v] + [n, v}. (10.1.4) 


Vuinv = Vo(utn) t+ lutn,v] = Vout Von [u,v] + [n, v] 
=V,ut Von Vyv — Vyut Vnv — Vyn = Vyvt Vn. (10.1.5) 


10.2 CHAIN RULE FOR COVARIANT DIFFERENTIATION 


Use pictures, and the “take-the-difference-and-take-the-limit” definition of Vv to show that 


Vulfv) = fVuv + vdu/f]. (10.2.1) 
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Solution: 


pa Sige eR Te Ge Ot Ue ie 
e—0 € e0 € e>0 


v= fVuv + vdzy[f]- 
(10.2.2) 


(f+A4f)—f 


10.3 ANOTHER CHAIN RULE 


Derive equation (10.7), using the “take-the-difference-and-take-the-limit” definitions of derivatives. Hint: 
Before taking the differences, parallel transport o[P(A)| and v[P(A)] back from P(A) to P(0). 


Solution: 


mae (o +rAVyo,v + AVua) — (a, v) 
A30 Xr 
= (Vu0,v) + (0, Vu). (10.3.1) 


10.4 STILL ANOTHER CHAIN RULE 


Show that, as in flat spacetime, so also in curved spacetime, 
Vulv @ w) = (Vuv) @wWtve® (Vuw). (10.4.1) 


Write down the more familiar component version of this equation in flat spacetime. 


Solution: 


Choose 1-forms o and p at the event Pp in question, and extend them along the vector wu = d/dA by 
parallel transport, Vip = Vuo = 0. Then 


[Vulv @ w)](p,0) = [(v @ w)(p, 0) 


= (p, Vuv) (o, w) oh (P, v) (o, Vuw) 
= [(Vuv) ® w](p,0) + [v @ (Vuw)](p, 0). (10.4.2) 


The more familiar component version of this equation in flat spacetime is 


(v%w*) vu? = oF on we + ie ae a (10.4.3) 
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10.5 ONE MORE CHAIN RULE 


Show, using techniques similar to those in exercise 10.4, that 


Vuld ® p@v) =(Vyo)@p@vt+a®(Vyp)®@v+aGp@(Vyv). (10.5.1) 


Solution: 


Choose 1-forms € and vector w and x at the event Pg in question, and extend them along the vector 
u = d/dX by parallel transport, Vié = Vuw = Vux = 0. Then 


[Vulo 2 p® v)|(w, x, €) 


= <lle @ p@v)(w, a, )| 

d 

d(o, w) dip, xz) d(€, v) 
= . (p, x)(€,v) (o,w) aD (€,v) t (o, w) (p, x) dy 


= (Vue, w)(p, #)(€,¥) + (0, w)(Vup, £)(§, ) + (0, w)(p,#)(€, Vu) 
= (Vue) @ p® v|(w, x, €) + |o @ (Vup) @ v](w, @, €) + [7 @ p® (Vuv)|(w,2,§). (10.5.2) 


10.6 GEODESIC EQUATION 


Use the “Schild’s ladder” construction process for parallel transport (beginning of Box 10.2) to show that 
a geodesic parallel transports its own tangent vector along itself (end of Box 10.2). 


Solution: 


In the “Schild’s ladder”, if «2 is the tangent vector of the curve &/.@, then .W and # will be the 
same point. So the middle point .V of 2°.@ is the same as .@. Now Take geodesic that starts at o/ and 
passes through ./, and extend it by an equal parameter increment to point Y. Because the curve <&./@ 
is a geodesic, <& Y will overlap the original curve. So VY # is the tangent vector of the curve at ./, i.e. a 
geodesic parallel transports its own tangent vector along itself. 


10.7 COMPUTATION OF CONNECTION COEFFICIENTS 


Equation (10.14) for ee from equation (10.13). 


Solution: 


(wi, Vgea) = (wt eT’ ag) =T’agd", =I ag: (10.7.1) 
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10.8 CONNECTION FOR 1-FORM BASIS 


Derive equations (10.15) and (10.16), which relate Vgw” to ae from equation (10.14). 


Solution: 
d 
0= ae €q) = (V gw", ea) + (w”, Vgea) = (V gw", ea) +1’ ag. (10.8.1) 
x 
So 
(Vgw", ea) = I’ ag (10.8.2) 
and 
V gw" = ae it co (10.8.3) 


10.9 SYMMETRY OF CONNECTION COEFFICIENTS 


Show that the symmetry of spacetime’s covariant derivative (equation 10.2a) is equivalent to the following 
symmetry condition on the connection coefficients: 


1 1 
I” Bl = aw [Ea, €8)) = — 366 (10.9.1) 
As a special case, ie 3] is symmetric in a and 6 when a coordinate basis is used. Show that in a coordinate 


basis this symmetry reduces the number of independent connection coefficients at each event from 64 to 
40. 


Solution: 


1 1 1 
a8] = gio", V B€a) — (wh, Vaeg)) = aa V p€a — Vaegs) = ated [Eq, €g]). (10.9.2) 


If e,s are coordinate basises, we have I", = I,,,. So the number of independent connection coefficients 
at each event is C}(C? + Ct) = 40. 


10.10 COMPONENTS OF GRADIENT 


Derive equation (10.18) for the components of the gradient, S%, 5. 


Solution: 


VsS = V5(S% gy Eo @ w? @w) 
= Spy Oe @ wh @ wt + S54 V5€a @ w? @wI + S54 €a @ Vsw? @wt+ S57 €a @ w? @ Vw 


= 9%, ea BW Bw? + $%q I" se, @ Ww? @w — $% ea ® Pe sw” Bw? — $% eg Bw? ® TY swt 
= (5%, eo Be Poe oe 1 a Oe TY en Oe Oui: (10.10.1) 
By,6 By” po wy BS Bur 6 
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So, we have 
SC a.5 = a By + rege ae —_ Dial a5 soe! ae Ve ae (10.10.2) 


10.11 DIVERGENCE 


Let T be a (0,2) tensor field, and define the divergence on its second slot by the same process as in flat 
spacetime: V - T contraction of VT; i.e., 


a _ ap 
(Wana 7". (10.11.1) 


Write the components T°” , In terms of Ter g Plus correction terms for each of the two indices of T’. 


Solution: 


a6 _ pas Bpa aups 
POP Spor eee ee (10.11.2) 


After contraction, we have 


ab _ map a appe 
aa ace et a Mg i Sad Rae (10;71.3) 


10.12 VERIFICATION OF CHAIN RULE 


Let eae be components of a (2,1) tensor field, and M,” be components of a (1,1) tensor field. By 


contracting these tensor fields, one obtains a vector field gee M Be The chain rule for the divergence of 
this vector field reads 


(SPE Mo 9" Ma? Bor Ma de: (10.12.1) 


Verify the validity of this chain rule by expressing both sides of the equation in terms of directional deriva- 
tives plus connection-coefficient corrections. 


Solution: 


(G9) Mg VS", Me) a YY, Ma 1D? (10.12.2) 


ap Y aB a 
: yiaMg +85 Mg ey 
= ss ‘ & ap aB 
ae 5 a see He +8 Cae a) pl ya) Meg. +85 le a + M PD i = MY pa) 
one 4 aan Magra FL ba +4 Sor Me 
a8 Y B Ypa 
8 7M Ja ard Mg P pea 
Ba Mp (10.12.3) 
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10.13 TRANSFORMATION LAW FOR CONNECTION COEFFICIENTS 


Let {e,} and {e,,} be two different fields of basis vectors related by the transformation law 
ey (P) = L*)(P)ea(P). (10.13.1) 
Show that the corresponding connection coefficients are related by 


De gig LO LE LIL ele oT os (10.13.2) 
Solution: 


TP gry = (W, Ves) 
= (L® ,w?, Vey LY ey) 
= De yh (w?, Viren) + PE ei (w?, e,,) 
SL" gb TM (@?, Vive) + LP gba 50 
SDP 5h Et A epee py (10.13.3) 


10.14 POLAR COORDINATES IN FLAT 2-DIMENSIONAL SPACE 


On a sheet of paper draw an (r, ¢) polar coordinate system. At neighboring points, draw the basis vectors 
e = 0/Or and e3 = r-!0/0¢. (a) Use this picture, and Euclid’s version of parallel transport, to justify 
the relations 


V pen = 0, Vie; = 0, V5 


(b) From these relations write down the connection coefficients. (c) Let A = A*ep + Ave A be a vector 
field. Show that its divergence, V - A = A®., = A° 4 +T4A", can be calculated using the formula 


ep=rte;, Vjeg=—r len (10.14.1) 


10A% 1 8(rA*) 
AE | 10.14.2 
N r Od r Or ON) 
(which should be familiar to most readers). 
Solution: 
(a) From figure 1, it is easy to see that 
Ade; —Ades 
sea = se> = ses = i een Oe —le. -@;- = i "= _r te, 
Ver = 0, Vie; 0, V 367 a rAd reg, 3&6 ie ae rp. 
(10.14.3) 
(b) : 
PAs Ze] Peo oo ot = eT 
T ro =fT 5 T 4 =-Tr . (10.14.4) 
All other connection coefficients vanish. 
(c) . 
: 3 Re oe ‘ 5 Af 10A% = 10(rA*) 
-A=A’ 4A? 41? AP = AP. +A? 4 — = 10.14.5 
4 a ae rp mo o fr Oo 4 Or il.) 
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Figure 10.1: Polar coordinate system 


10.15 COMPONENTS OF PARALLEL-TRANSPORT LAW 


Show that equation (10.28) is the component version of the law for parallel transporting a vector v along 
the curve P(A) with tangent vector u = dP/d.. 


Solution: 


du dx? 
Vuv = vu gue = (v%g+ Tso" ul = “47 * 


bo 
atl et ay SO (10.15.1) 


10.16 GEODESICS IN POLAR COORDINATES 


In rectangular coordinates on a flat sheet of paper, Euclid’s straight lines (geodesics) satisfy d?x/d\? = 
d?y/d\? = 0. Transform this geodesic equation into polar coordinates (x = r cos ¢, y = rsin ¢); and read 
off the resulting connection coefficients by comparison with equation (10.27). These are the connection 
coefficients for the coordinate basis (0/Or, 0/0¢). From them calculate the connection coefficients for the 
basis 


O 10 
The answer should agree with the answer to part (b) of Exercise 10.14. 
Solution: 
d*(rcos¢)  d?r dr do o dd dao 
= 2si i = 0. 10.16.2 
D2 D2 cos @ sino TD rcos go TD rsin $3 0 ( ) 
@(rsind) dr. dr do . ,dddd od 
De =a sin ¢ 4 2.cos b TA rsing Tr + 7 c0s 65 =0. (10.16.3) 
From 10.16.2 x cos@+ 10.16.3 x sing, we can get 
dr dé dé 
Ane — res = (10.16.4) 
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From —10.16.2 x sing+ 10.16.3 x cos ¢, we can get 


do dr do 
— +2—.—__ = 0. 10.16.5 
"pa? aan ( ) 
So we have 
Poe fer. (10.16.6) 
od — ae ro or a A 
Now we can get 
1 
Vier =VrOr =0, Vreg = Ver 18g = — 5 + Pol pe =O, (10.16.7) 
V 3e7 = r 'V40r = GL 50% = a V 3&6 = r ?V 404 = A” ane = —r—te;,. (10.16.8) 
So : 
@ sl Pool 
regan, Mygs—rt. (10.16.9) 


All other connection coefficients vanish. 


10.17 ROTATION GROUP: GEODESICS AND CONNECTION COEFFI- 
CIENTS 


[Continuation of exercises 9.13 and 9.14.] In discussing the rotation group, one must make a clear dis- 
tinction between the Euclidean space (coordinates x, y, z; basis vectors 0/0x, 0/Oy, 0/0z) in which the 
rotation matrices act, and the group manifold SO(3) (coordinates w, 6, ¢, coordinate basis 0/0w, 0/00, 
0/0¢; basis of “generators” e), €2, e3), whose points P are rotation matrices. 


(a) Pick a vector 
n =n" 0/0x + n70/Oy + n*0/0z (10.17.1) 


in Euclidean space. Show that 
Rn(t) = exp[(n* Hy + n¥He + n*5H3)t] (10.17.2) 
is a rotation matrix that rotates the axes of Euclidean space by an angle 
t|n| = t[(n?)? + (n¥)? + (n?)? 7”. (10.17.3) 
about the direction n. (H(; are matrices defined in exercise 9.13.) 


(b) In the group manifold SO(3), pick a point (rotation matrix) P, and pick a tangent vector u = u“e, at 
?. Let u be a vector in Euclidean space with the same components as u has in SO(3): 


u=u'e,+u7e,+u3e3; u=u'd/dx + u70/dy + u30/dz. (10.17.4) 
Show that u is the tangent vector (at ¢ = 0) to the curve 
L(t) = RuP. (10.17.5) 


The curve £(t) through the arbitrary point ? with arbitrary tangent vector u = (d£/dt),;~0 is a very special 
curve: every point on it differs from ? by a rotation X,,(¢) about one and the same direction u. No other 
curve in SO(3) with “starting conditions” {P, wu} has such beautiful simplicity. Hence it is natural to decree 
that each such £(t) is a geodesic of the group manifold SO(3). This decree adds new geometric structure to 
SO(3); it converts SO(3) from a differentiable manifold into something more special: an affine manifold. 


One has no guarantee that an arbitrarily chosen family of curves in an arbitrary manifold can be decreed 


to be geodesics. Most families of curves simply do not possess the right geometric properties to function as 
geodesics. Most will lead to covariant derivatives that violate one or more of the fundamental conditions 
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(10.2). To learn whether a given choice of geodesics is possible, one can try to derive connection coeffi- 
cients '“,. (for some given basis) corresponding to the chosen geodesics. If the derivation is successful, 
the choice of geodesics was a possible one. If the derivation produces inconsistencies, the chosen family 
of curves have the wrong geometrIc properties to function as geodesics. 


(c) For the basis of generators {e, } derive connection coefficients corresponding to the chosen geodesics,£(t) = 
Ru(t)P of SO(3). 


Solution: 


(a) HH, are antisymmetric matrix, i.e. H; + He = 0, so we have 


Rn (t) Re (t) = exp[(n™H, + n¥Hy + n7H3)t] exp[—(n*H, + n¥Hy + n?H3)t] = I. (10.17.6) 


Because the determinant of ®,,(t) can not change discontinually as t varies, we must have det R,,(t) = 1. 
So R(t) is a rotation matrix. Since 


(n'H))n = (n'Hy)ijn? = exjn'nd = 0, (10.17.7) 
Rr(t)n = n, ie. the rotation axes of R,,(t)n is n. In a well chosen orthogonal bases (e; = n), 
1 0 0 
Ri(t)={0 cosO sinO], (10.17.8) 


0 -—sinO cosO 


where cos Q is rotation angle. Thus 1 + 2cosO = TrR/, (t) = TrR,(t). We can calculate by brute force 
that 


(n!Hi)ao = netan; (rn! H1)2, = (nana — 1750s); (n'Hy)3, = —n? nl eran - (10.17.9) 
So 
Tr(n'H,)7**1 = 0; ‘Tr(n!H,)?* = 2(—n?)>; (10.17.10) 
and the trace of rotation matrix is 
3+2S°(-1)*(t|n|)?* = 1+ 2cos(|nit). (10.17.11) 
k=1 
So the rotation angle is 
© = t|n| = t[(n®)? + (n¥)? + (n?)?]/?, (10.17.12) 


(b) At the vicinity of t = 0, we have 
Ru(t) & T+ ul det. (10.17.13) 


The definition of {e;} implies that 


lim eae HyP = e}. (10.17.14) 
t0 


So the tagent vector of the curve L(t) = RyP is 


Ru(t)P — P 
lim Suh =u HP = ule;. (10.17.15) 
a 
(c) The geodesic equation of the manifold is 
“ +1%,uPu? = 0. (10.17.16) 


The tagent vector of £(t) at an arbitrary point of the curve is 


ting eS aN yg a EY iy. (10.17.17) 


tT 0 T T—0 F 


ie. du“/dt = 0. So we have I... = 0. On the other hand, P°,,., = —c%4.,/2 = €agy/2. Finally, we can 
get T%,. = —€apy/2. 


109 


110 


Chapter 11 


GEODESIC DEVIATION AND 
SPACETIME CURVATURE 


11.1 [V4, Vg|C DEPENDS ON DERIVATIVES OF C 


Let Cyrw and Copp be vector fields related by 


Cnew(P) = f(P)Corv(P), (11.1.) 
f(P) is an arbitrary function, except f(Po) = 1. Show that 
{[Va, Ve|Cnew} 9, — {[Va, Ve|Cotp} 9, = Corn V4, 8) /- (11.1.2) 


Solution: 


{[V.a, VB|Cnew}, = {[Va, Ve] f(P)Cotp} 2, 
= {VaValf(P?)Cotp] — VaValf(P)Corp] } 
= {ValCotpVef(P) + f(P)VBCotp] — Va[Cotp Val (P) + f(P)VaCotp]} 95 
= {Corp VaVBf(P) + f(P)VaV BCoLp — Corp VBVaf(P?) — f(P) VBV ACoLp} 25 
= f(Po){[Va, VB|Cotp} 9, + Cotp(Po){V 4, Bf}: (11.1.3) 


So we have 
{[Va, Va|Cnew}s, — {[Va, VB|Cotp} 9, = Cop V 4,3) Ff. (11.1.4) 


11.2 PROOF THAT RIEMANN IS A TENSOR 


Show from its definition (11.8, 11.9) that Rtemanzn is a tensor. 
Hint: Use the following procedure. 


(a) If f(P) is an arbitrary function, show that 
R(A, B) fC = fR(A, B)C. (11.2.1) 
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(b) Similarly show that 
R(fA, B)C = fR(A, B)C and R(A, fB)C = fR(A, B)C. (11.2.2) 
(c) Show that R(A, B)C is linear; i-e., 
R(At+a,B)C=R(A, B)C + R(a, B)C; 
R(A,B+b)C =R(A, B)C + R(A, BNC; 
R(A, B)(C +c) =R(A, B)C + R(A, B)c. (11.2.3) 


(d) Now use the above properties to prove the most crucial feature of R(A, B)C: Modify the variations 
(gradients) of A, B, and C in an arbitrary manner, but leave A, B, and C unchanged at Po: 


A> A+a%eq 
Bo B+b%e, a°(P), b°(P), c*(P) arbitrary except they all vanish at P = Po. (11.2.4) 
C3 C+c'e, 


Show that this modification leaves R(A, B)C unchanged at Po. 


(e) From these facts, conclude that Riemann is a tensor. 


Solution: 


From exercise 11.1 we have 


[Va, Ve] fC = f[Va, VB)C + CVia yf. (11.2.5) 
From the definition R(A, B) = [V.a, VB] — V{a,5), we have 
R(A, B)fC = f[Va, VBC + CV a Bf — fVa BC — CVs pf = fR(A, BIC. (11.2.6) 


Because V sa+gB = f[Va+g9VB and [fA, B] = f[|A, B] — (Ve f)A, we have 
R(fA, B)C = [fVa, Vale — Vyea.pi-(ve fac 
= f[Va, VBC — (VBf)VaC — fVia.piC + (VBf)Vac 
= fR(A, B)C. (11.2.7) 
By similar procedure, we can also prove that R(A, fB)C = fR(A, B)C. 
R(A +a, B)C = [Vata, VBlC — ViataBjC 
= [Va, VB|C + [Va, VBIC — Via piC — Via.Bji€ 
= (A, B)C + R(a, B)C; (11.2.8) 


By similar procedure, we can also prove that R(A, B+b)C = ®(A, B)C + 8(A, b)C. Then we also have 
R(A, B)(C +c) =[Va, VB|(C + ©) — Via.pi(C + ©) 
= (Va ValOL Va Viele Vane VIA,BIC 
= R(A, B)C + R(A, B)c. (11.2.9) 
Finally, we have 
R(A + a%e,, B + b%e,)(C + c*eq) 
= R(A, B+ b%e,)(C + cen) + R(a eg, B + b% eg) (C + eq) 
= oe B)(C + c*eq) + R(A, b% eg) (C + ce) + a*R(€q, B+ b°eqg)(C + c%eq) 
R(A, B)C + R(A, B)c“eg + D°R(A, €a)(C + c% eq) + a R(€q, B + b% eq)(C + c%eq) 
R(A, B)C + &oR(A, Bye, + b°R(A, eg)(C + c%e,) + a Reg, B+ b%e,)(C + eq). 
(11.2.10) 


Because a*(P), b*(P), c*(P) arbitrary except they all vanish at P = Po, we have 
R(A + a eg, B + b*eq)(C + cen) (Po) = R(A, B)C (Po). (11.2.11) 


So in conclusion, we have shown that Riemann is a tensor. 
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11.3 COMPONENTS OF RIEMANN IN COORDINATE BASIS 


Derive equation (11.12) for the components of the Riemann tensor in a coordinate basis. 


The detailed solution to this exercise has already been provided in the textbook. 


11.4 COMPONENTS OF RIEMANN IN NONCOORDINATE BASIS 


In a noncoordinate basis with commutation coefficients c, a. defined by equation (9.22), derive the fol- 
lowing equation for the components of Riemann: 


toy _ pa a a be a bb a bu 
R py =U dig ol goa Fl uel gst ae aot Buys . (11.4.1) 


Solution: 


Regus = (Ww, R(ey, €5)es) 

= (w®, (Ve, Ves — Ves Ve, es — Vie.,e5]8) 

= (w%, Ve, (I gs€u) — Ves (I¥5,€u) - Ve, He, &8) 

= (Ww (55 ven tO gl’ yen) — Tg, seu +15 PY sev) — C46 Taper) 
TP ed pepe Te ee, (11.4.2) 


11.5 COPLANARITY OF CLOSED CURVES 


Let f,; and f2 be the bivectors (see Box 11.7) for two small closed curves at the same event. Show that 
the curves are coplanar if and only if f; = af2 for some number a. 


Solution: 


Suppose f; = u, A v; and fz = uz A vo. If the curves are coplanar, we have wy = dyy,U2 + Auyt2 
and V1 = AyyU2 + AyyV2. So 


fi = (duu + QuyV2) x (Ayute + AyyV2) = (Quudvv = QuvAvu)U2 A v2 = (Guu@vv = Auv Guu) f2, (11.5.1) 


Le. f; = afo, where a = AyyAyy — AyyAyu: 


If fi = afo, fo = U2 A v2, then we have f; = (au) A (v)2. Thus the curves are coplanar. 


11.6 SYMMETRIES OF Riemann 


Show that Riemann has the following symmetries: 


RR g5 = Rg ty8)3 RB-8] = 0. (11.6.1) 
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Solution: 


In a local frame with I“, (Po) = 0, we have 
Tt” 348 — I 359 _ eee (11.6.2) 
It is obvious that R%;.; + R%s5, = 0, ie. R°g,5 = R% a). Futhermore, 
SR 5 78) = Rain) + RO yoa + Roan) 
= Reps + Roop + Re spy 
= aera - are + U6, = Pe a4 + ae = Rater (11.6.3) 


et de eee 7 . on ed . . ; 
As T*,, = P%,, we can see that R [876] = 0. Because R“,.; is a tensor, the equation will hold in an 
arbitrary frame. 


11.7 GEODESIC DEVIATION MEASURES ALL CURVATURE COMPO- 
NENTS 


The equation of geodesic deviation, written up to now in the form 
VuVun+ Riemann(--- ,u,n,u) = 0 (11.7.1) 


or 
VuVunt+ Rn, u)u = 0, (11.7.2) 


also lets itself be written in the Jacobi form VuVun + d(u,u)n = 0. Here J(u, v), the Sacobi curvature 
operator,” is defined by 


d(u,v)n = 5(R(n, u)v + Rin, v)ul, (11.7.3) 
and is related to the ‘Jacobi curvature tensor” by 
Jacobi(--- ,n,u,v) = d(u,v)n, (11.7.4) 
which implies 
J op =F vba = age oR aie): (11.7.5) 


(a) Show that J“ ) = 0 follows from Re py = RY al 


(aby By)" 


(b) Show that by studying geodesic deviation (allowing arbitrary u and nin V_Vun+d(u,u)n = 0 one 
can measure all components of Jacobi. 


(c) Show that Jacobi contains precisely the same information as Riemann. Hence, by studying geodesic 
deviation one can also measure all the components of Riemann. 


(d) Show that the symmetry of R” wae! is essential in the equivalence between Jacobi and Riemann 


vaB 
by exhibiting proposed values for R",,, = —R",,, for which R" vag) * 2 and from which one would 
find J") 4g = 0. 
Solution: 
(a) 
BF apy) = (Ro vep + Re pay) + (Ro apy +R ype) + Rega + Raya) 
7 (Rap ae PR Ba) .5 (Re ay nal Re yp) a (Reavy iw Be a) 
=0. (11.7.6) 
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(b) For arbitrary u and n we can get J(u, u)n by studying geodesic deviation. So we have 
d(€a + es, €q + eg)ev = d(€a, €q)ep + d(eg, €p)ev + d(€a, eg)ev + d(eg, €q)ep. (11.7.7) 


By the definition of Jacobi, we have J(€q,e3)e, = d(€g,€a)ev- Thus 


3 1 
Jacobi(:-: ,€y,€a,€s) = d(ea,es)ev = 5 [I(ea + es, €a + ep)er — J(€a, €a)ev — des, €8)er] 
(11.7.8) 
So by studying geodesic deviation one can measure all components of Jacobi. 
(c) 
1 
J seb = JF pou i 5 (Re aws + Rave = Te aie) = RY ye) 
1 
~ 5 (Re aws a BR bow + Rows = RE yiaei) 
1 
a 7 eR we = CRE ei af R* Bc) 
3 
= 5 awp (11.7.9) 
Thus ; 
Re ih = ap TF pew) (11.7.10) 
and ; 
J yap = 3 ave + Bisa): (11.7.1) 


So Jacobi contains precisely the same information as Riemann. 


(d) If R* vob] #0 and RY ob = Re op) we have R",4g + RY a, + R aye = 3R ay" If we let RY) g = 
fe — RH = Rt’ 
PR apy = pve = ® vagy Some 
Sa eee A ee Or ee (1.7.12) 
vap ~ 9 avB pval ~~ 9 aBv Bva/ ~* we 


Thus Jacobi and Riemann are not equivalent in this case. 


11.8 GEODESIC DEVIATION IN GORY DETAIL 


Write out the equation of geodesic deviation in component form in a coordinate system. Expand all co- 
variant derivatives (semicolon notation) in terms of ordinary (comma) derivatives and in terms of I’s to 
show all T and 0 terms explicitly. 


Solution: 


The geodesic deviation equations are 
VuVun+ Riemann(--- ,u,n,u) = 0. (11.8.1) 
In the form of components, we have 
(a? eur a” + Rg. 50 ne =0. (11.8.2) 
Expand all covariant derivatives in terms of ordinary derivatives and in terms of I’s, and we can get 


d 


dn " 
ay ( a T°," ) ea ares (= + ru) + R%g,5u°n ru’ = 0. (11.8.3) 


dX 
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11.9 RIEMANN NORMAL COORDINATES IN GENERAL 


Derive properties (11.27), (11.28), (11.29), (11.31), (11.32), and (11.32’) of Riemann normal coordi- 
nates. 


Solution: 
From definition (11.26) P = G(1;7°%e,), we have 


TN a. gg Ea) GOD) gg ea) Ges) _ (11.9.1) 


Ox py 270 eo 2°40 eo 


For the curve «° = Av® (where the v® are constants), it can be wirtten as §(1; AXv%eq), ie. G(A; v%eq). SO 
it is a geodesic through Py with affine parameter A. The geodesic equation is 


a aa? dat 
tT 35 aC a =0. (11.9.2) 


By substituting «* = v% into the geodesic equation, we have 
Tg. (Po)aru? =O, (11.9.3) 
As v% is arbitrary, we have l',. (Po) = 0. 


Since the curves x* = Av® are geodesics for every choice of the parameters v%, they provide not only a 
geodesic tangent u = (0/0A),« but also several deviation vectors Ni.) = (0/0v%),. In Riemann normal 
coordinates, it is easy to get 


(11.9.4) 


a 
No) = 500° 


Substitute 11.9.4 into the geodesic deviation equation 11.8.3, we have 


a He 
< (= +T%,,Adt,0*) +0%,,v7 (Se ~ Pain + R%gygv"rd70° =0, (11.9.5) 
i.e. 
dv 
due — 8 + ae gv? + AD TM ppv? + AR%p_gv?v? = 0. (11.9.6) 
Using 
Perl emerge = AUT gy u(Po) + OCA), (11.9.7) 
we have 
BAT 09 (Po)veu" + AR%g5,(Po)vev! = O(A?). (11.9.8) 
So we can read out 4 
Top, tT pug = —3(Rppu + Rupp): (11.9.9) 


By renaming the index, we have 


a a 1 OL cz. 
Mbp FO bap = — 3 (R pay + Rap) (11.9.10) 
and ; 
"8,0 ss Pe p,8 = — 3 (Royo ele RP aa) (11.9.11) 
11.9.9 + 11.9.10 - 11.9.11 gives 
20 a, = a(R nay + R gu)» (11.9.12) 
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1 


ye 3 (Raa pts Bis) (11.9.13) 
If spacetime has a metric (as it does in actuality), and if the observer’s frame at Py has been chosen 


orthonormal (e, - eg = jag) then gag(Po) = Nag. We get get 


98, u(Po) =T?a(Po)9pa(Po) +1?4,,(Po)Gap(Po) = 0. (11.9.14) 
Futhermore, 
Gox8 uv (Po) = Tay (Po) Gop (Po) +15, (Po) Gap(Po) 
= ~5 (Raye + Rear + Rapuv + Roysv)(P0): (11.9.15) 
When the Riemann tensor is deduced from metric, we have Rgony = —Ragyr and Rgpov = Rave, Cit will 


be derived in chapter 13). Thus, we have 


1 2 
Jap,pv(Po) = ~ 3 (Ravay hi Rappv) _ ~3 aBpv: (11.9.16) 
Recall that 
2 
Aye — 3S Lap , Dads (11.9.17) 
we can get 
Ryavp(Po) =. Gy,8,0v (Po) +3 Guv,o8 (Po). (11.9.18) 


11.10 BIANCHI IDENTITIES 


Show that the Riemann curvature tensor satisfies the following “Bianchi identities” 


R55: = 0. (11.10.1) 


The geometric meaning of these identities will be discussed in Chapter 15. 


Solution: 
In Riemann normal coordinates, we have I’, (Po) = 0. Thus 
R45 = 55 gy (11.10.2) 


Futhermore, 
Ee ase = Re B5,€ — Rave 7 ase: (11.10.3) 


Then, we can get 
Ro pap Regie Rpg Pt gece TO pe ce Pg gp gees PP OTM pg = 0. (11104) 

Recall that R® 3.5 = R%,,. 5). Now we arrive at the Bianchi identities 
Real 


=O: (11.10.5) 
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11.11 CURVATURE OPERATOR ACTS ON 1-FORMS 


Let R(u, v) be the operator R(u, v) = [Vu, Vo] — Vju,»} when acting on 1-forms o (or other tensors) as 
well as on tangent vectors. Show that 


(R(u, v), w) = —(o, R(u, v)w). (11.11.1) 


Solution: 


R(u, v)(o, W) = VuVo(o,w) — VoVula,w) — Vin (o, w) 
= Vul(Vvo,w) + Vala, Vow) — Vo(Vue,w) — Volo, Vuw) — Viur](F, wv) 
= ([Vu, Volo, w) + (a, (Vu, Volw) + (Voo, Vuw) + (Vue, Vow) 
= (Vuo, Vow) — (Vue, Vuw) = (Viuo]o; w) = (o, V iu,v}W) 
= (R(u, v)o, w) + (a, R(u, v)w) (11.11.2) 


On the other hand, for any scalar function, 


[Vu, Vol f — Viuwlt = [0u, Ov| f — Onan = |u, vu] f — [u,v] f = 0. (11.11.3) 
So we have 
(R(u, v)o, w) + (0, R(u, v)w) = 0, (11.11.4) 
Le. 
(R(u, v), w) = —(o, R(u, v)w). (11.11.5) 


11.12 ROTATION GROUP: RIEMANN CURVATURE 


[Continuation of exercises 9.13,9.14, and 10.17.] Calculate the components of the Riemann curvature 
tensor for the rotation group’s manifold SO(3); use the basis of generators {e,}. 


Solution: 
We know from 9.14 and 10.17 that c.g” = €agy and TP, = —€agy/2. So 
R546 > P56 = DP 94,5 as ae ae a Te al” py ~ hace 


1 
= 4g ooHy€ ups _ 4 conde uBy . 9 SoBue su 


Mie, Mesrases acty 
ata, Haha te (11.12.41) 


The answer given in the textbook might be wrong. 
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Chapter 12 


NEWTONIAN GRAVITY IN THE 
LANGUAGE OF CURVED SPACETIME 


12.1 RIEMANN CURVATURE OF NEWTONIAN SPACETIME 


Derive equation (12.5) for R505 from equation (12.4) for ae 


Solution: 


From (12.4), we have . 
I’ 99 = 00/02); all other ',., vanish. (12.1.1) 


Firstly, as T°, = 0, we have R°,.5 =I g5..— Pg, ¢ +I Pgs — Po sI%g, = 0. 
Secondly, as T°; = 0, we have R',.5 =I 5 — Ty 5 +P yl ig — Pgh jy = 0. 


IY 


Thirdly, Roys = To5,4 al tes Ll gaol ask oy = PM o5,4—P oy, etl oF os Ps! 04 <= To5,4—l"oy,6° 
So R50 I — Ro; = "00,5 = ® 55. 


In conclusion, we have 


Rojo = —F'o0; =Tc0j = Oj; all other R%,,,5 vanish. (12.1.2) 


12.2 NEWTONIAN FIELD EQUATION 


Derive the geometric form (12.8) of the Newtonian field equation from (12.5) through (12.7). 


Solution: 


Arp = V?® = © i; = R'yi9 = R°oa0 = Roo- (12.2.1) 
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12.3 GEODESIC DEVIATION DERIVED 


Produce a third column for Box 11.4, one that carries out the “geometric analysis” in component nota- 
tion using the Galilean connection coefficients (12.4) of Newtonian spacetime. Thereby achieve a deeper 
understanding of how the geometric analysis parallels the old Newtonian analysis. 


The detailed solution to this exercise has been provided in Box 12.1 of the textbook. 


12.4 CONNECTION COEFFICIENTS FOR ROTATING, ACCELERATING 
COORDINATES 


Beginning with equation (12.4) for the connection coefficients of a Galilean coordinate system {x°(P)}, 
derive the connection coefficients (12.14) of the coordinate system {a (P)} of equations (12.13). From 
this, verify that (12.15) are necessary and sufficient for {«°’ (P)} to be Galilean. 


Solution: 
The transformation law for Christoffel symbols is 


Or! Ax Ox” Ox? Ox7 


re... Te esa 12.4.1 
BY AaB’ AxV Axt BY Oxo Ax Ax? ( ) 
The coordinates transform as 

ro — 2, x = Ajpa® + al , (12.4.2) 
where Aj), Aix = 6y/3". The inverse transformation is 

x? = 2°, a” = Ajrpa? gh (12.4.3) 


2 sf . . rf . 
where a* = A,/,a’ . In Galilean coordinates, we have I“, = ® ; and all other terms vanish. Now, we have 
) a 00 ; o) 


/ 


Ox® Ot Ot 


td 
02a" = OAx® 


P* pry — Bn Oat dae + ‘oo Ox* Ox®' Ox” ae) 
In details, we have 
r= Oar OU ax ot Ot Ot _4 
BY Axb’ Ax Oct © Ax Arh" x7" 
2 i i! 2 nt 
T* yor = a= or Too or “ “ = oe Ay, + ® Ai = Ay (Aja? — a) + Dy. 
2 a 7 2 at 
Poy = wow ia +T"oo ie x i ~ soar = AyiAvi. 
F 2 afb 4 ; i 
rie pro aa ? Too gm i ae =" pan 
From this, the necessary and sufficient condition for {2 (P)} to be Galilean is 
Aji =0, 8 =O — Ayia’ a = 6 — wid. (12.4.6) 
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12.5 EINSTEIN’S ELEVATOR 


Use the formalism of this chapter to discuss “Einstein’s elevator” -i.e., the equivalence of “gravity” to an 
acceleration of one’s reference frame. Which aspects of “gravity” are equivalent to an acceleration, and 
which are not? 


Solution: 


Gravity and acceleration can both contribute to the connection, but only gravity can contribute to the 
curvature tensor. i.e. only gravity can cause geodesic deviation. 


12.6 GEODESIC DEVIATION ABOVE THE EARTH 


A manned orbital laboratory is put into a circular orbit about the Earth [radius of orbit = ro, angular 
velocity = w = (M/r2)'/?] An astronaut jettisons a bag of garbage and watches it move along its geodesic 
path. He observes its motion relative to (non-Galilean) space coordinates {x/" (P)} which (1) are Euclidean 
at each moment of universal time [(0/0x") - (0/dx"") = jk], (2) have origin at the laboratory’s center, 
(3) have 0/0x’ pointing away from the Earth, (4) have 0/0x’ and 0/Oy’ in the plane of orbit. Use the 
equation of geodesic deviation to calculate the motion of the garbage bag in this coordinate system. Verify 
the answer by examining the Keplerian orbits of laboratory and garbage. Hints: (1) Calculate R”’ arya’ i 
this coordinate system by a trivial transformation of tensorial components. (2) Use equation (12.14) to 
calculate T°’ gry at the center of the laboratory (i.e., on the fiducial geodesic). 


Solution: 

(1) The transformation law of coordinates is 

xv =axcoswt+ysinwt—r1ro; y! =—axsinwt+ycoswt; 2/ = 2; (12.6.1) 
and 


b= 


, 


x=x' coswt’ —y'sinwt’+rocoswt’; y=a2'sinwt’+y'coswt’+rosinwt’; z= 2’. (12.6.2) 


The Jacobian matrix for transformation is 


; 1 0 0 0 
Ox wy’ coswt’ sinwt’ 0 
Ox® | —w(a’ +79) —sinwt! coswt! 0 eee) 
0 0 0 1 
and 
1 0 0 0 
Ox —wy coswt’ —sinwt’ 0 
Ore’ — sd} swe sinwt’ = coswt’ 0 (12.6.4) 
0 0 0 1 
In the original coordinates, we have 
“ F M(r76;; — 32423) 
R'oj0 = —F'o0; = ©i3 = 3 = (12.6.5) 
In the new coordinates, we have 
, On” Ot (Oe Ot dt dai 
R® Lal Sb R ; a 12.6.6 
aus 99 Oat Ax’ & On ORT oar | ( ) 
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The only nonvanishing terms of curvature tensor in the new coordinates are 


i i , Ox Axi — M[r26y5 — 3(a* — a# )(axF' — a’)| 
R 0’7/0' = —R 0/0'5/ = R50 Oxi Da — po ; (12.6.7) 


where a® = (—ro,0,0) and r? = (2’ +19)? t+y? 4+ 2”. 


(2) Note that 
coswt’ sinwt’ 0 
Ay; = | —sinwt’ coswt’ 0 (12.6.8) 
0 0 1 


and a* = (—r9,0,0). Using the results from exercise 12.4, we have 


/ / / 
Ts = (-*’ +7ro)+ AS ao) wy! 4 my ; sik ) (12.6.9) 
r Tr rT 
and 
0 -w 0O 
TD gies [oe 0! Ole (12.6.10) 
0 O 


(3) We omit the prime notation for new coordinates in this part for simplicity. The geodesic of laboratory 
in the new coordinates is t = t, = 0, y = 0, z = 0. In order to get the equation of motion of the 
garbage in the new coordinates, we only need to know the geodesic deviation of the garbage relative to 
the laboratory. The geodesic deviation equation is 


d (dn® ft 
77 (= + Te,gn"a?) ae (= + rw) + R%,,su'n tu? = 0. (12.6.11) 
Since u = (1,0,0,0), n° = 0, we have 
d {dn' 2 . dni : 
= (= “ Psyn!) aT (= + 1,0") + Rigiont =0. (12.6.12) 
or more explicitly, 
d?n* dn¥ 2M 
ye _ unt n” =0; 
dt? dt rE 
d?n¥ dn 
>) any 4 y 
de dt a” o 
@n* M , 
i (12.6.13) 
As w = (M/r2)/?, we have 
d?n® Mdn¥ 3M , | 0 
dt? re. de ea ae 
d?n¥ 5 M dn? _ 0: 
dt? r3 dé 
@n* M , 
dee + nm — 0. (12.6.14) 
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12.7 FROM NEWTON TO CARTAN 


From the standard axioms of Newtonian theory (last part of Box 12.4) derive the geometric axioms (first 
part of Box 12.4). Suggested procedure: Verify each of the geometric axioms by a calculation in the 
Galilean coordinate system. Make free use of the calculations and results in Section 12.1. 


Solution: 


The first axiom of standard formulation states that there exist a universal time t, a set of Cartesian space 
coordinates x/ (called “Galilean coordinates”), and a Newtonian gravitational potential &. This is equiv- 
alent to the first axiom of geometric formulation: There exists a function t called “universal time”, and a 
symmetric covariant derivative V (with associated geodesics, parallel transport law, curvature operator, 
etc.). We now verify each of the geometric axioms by a calculation in the Galilean coordinate system. 


The third axiom of standard formulation states that the equation of motion for a freely falling particle is 


xi =a® 


<S +55 =0. (12.7.1) 
So in Galilean frame, we have 
nee =@,; all other terms of 1B all vanish. (12.7.2) 
For any vector wu, 
(Vudt)y =I", ,(dt),u? =I gu’ =0, (12.7.3) 


i.e. the second axiom of geometric formulation holds in Galilean frame. As a result, if w is a spatial vector 
field, we have 
(dt, Vuw) = Vu(dt,w) — (Vudt,w) = 0. (12.7.4) 
The curvature tensor in Galilean frame takes the form as 
R'oj9 = — Roo) = ®4j; all other terms of R%,.,; all vanish. (12.7.5) 
So, if w is spatial, for any wu and n, we have 
Ruin = Ro wn? =0. (12.7.6) 
Meanwhile, if v and w are spatial, 
R%,,507w? = R%%,,0'w! = 0. (12.7.7) 
As a consequence, the third and forth axiom of geometric formulation hold in Galilean frame. 


The second axiom of standard formulation states that the density of mass p generates the Newtonian 
potential by Poisson’s equation, 
Vb = 0 5; = Arp. (12.7.8) 


So Roo = R'oi9 = ®ii = 4p and all other terms of Ricci tensor vanish. So the fifth axiom of geometric 
formulation holds in Galilean frame. 


In Galilean frame, we have I’,, = 0, so the metric g;; = 6;; cefined for spatial vector is compatible with 
the covariant derivative. So the sixth axiom of geometric holds in Galilean frame. 


The Jacobi curvature tensor is defined as 


a 1 (e7 a 
J BY6 = alk 786 +R spy): (12.7.9) 
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So in Galilean frame, we have 
; : 2 1 
F900 = ®i33 S003 = S070 = —5 bas (12.7.10) 
And for spatial v, w and any n, u, 
J"g5 voweun® = Figg vivian? — ® jv'wi un? (12.7.11) 


and 


B 0,,0 1, ;0,.0. 


J gy§ Wad wind = J*jq9 wiv? U n= ® ,,w'v won? = ® jw! Un = @ jjv'w wn”, (12.7.12) 


So the seventh axiom of geometric formulation holds in Galilean frame. 


The forth axiom of standard formulation states that “Ideal rods” measure the Galilean coordinate lengths; 
“ideal clocks” measure universal time. This is equivalent to the eighth axiom of geometric formulation. 


12.8 FROM CARTAN TO NEWTON 


From the geometric axioms of Newtonian theory (first part of Box 12.4) derive the standard axioms (last 
part of Box 12.4). 


Solution: 


(1) Pick three orthonormal, spatial basis vectors (e; with e;-e; = 6,;) at some event Po. Parallel transport 
each of them by arbitrary routes to all other events in spacetime. 


(2) The third axiom of geometric formulation states that spatial vectors are unchanged by parallel transport 
around infinitesimal closed curves; i.e. 


R(u,n)w = 0 if w is spatial, for every u and n. (12.8.1) 

So the resultant vector fields e; are independent of the arbitrary transport routes and Ve, = 0. And so 
(ei, e5| = Ve 8; =. Ve; Ee; = 0. (12.8.2) 
(3) Pick an arbitrary “time line”, which passes through each space slice (slice of constant ¢) once and only 


once. Parametrize it by t and select its tangent vector as the basis vector ey, at each event along it. Parallel 
transport each of these €9’s throughout its respective space slice by arbitrary routes. 


(4) The forth axiom of geometric formulation states that all vectors are unchanged by parallel transport 
around infinitesimal, spatial, closed curves; i.e., 


R(v, w) = 0 for every spatialy and w. (12.8.3) 
So the resultant field ep is independent of the transport routes and V-,e9 = 0. And so 
[ei, e€] = Ve;€0 oF V eo €i = 0. (12.8.4) 


(5) Because [e,,eg] = 0 for all pairs of the four basis-vector fields, there exists a coordinate system 
(“Galilean coordinates”) in which e, = 0/0x%. 


(6) At the point Po, we have e; with e; - e; = d;;. As 


Vulei, e;) = (V wei) °€; + e;° (Vue;) = 0, (12.8.5) 
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e;,e; = 4;; holds at every point. And because Veg vanishes unless 6 = 7 = 0, '%,. = 0 unless 


8B = 7 =0. The second axiom of geometric formulation states that Vdt = 0, so we know 9, = 0 holds. 
In conclusion, the only nonzero components of the connection coefficient are Io). 


(7) The seventh axiom of geometric formulation states that the Jacobi curvature operator is “self-adjoint” 
when operating on spatial vectors;i.e. 


v-[d(u,n)w] = w- [d(u,n)v] for all spatial v, w; and for anyu, n. (12.8.6) 
So we have J‘... = Tes As Jhigg = Rigios J7i99 = Roig» we have Rojo =e gg AN 80.1 pg yg: 
From this we can conclude that there exists a potential ® such that Io, = ®j. 


(8) The fifth axiom of geometric formulation states that the Ricci curvature tensor has the form 
Ricci = 4rpdt ® dt, (12.8.7) 
ie. Roo = 4rp. It is easy to get Roo = R'y;9 = ©; from previous analysis, so we have 


® 4, = Arp. (12.8.8) 


(9) The eighth axiom of geometric formulation states that “Ideal rods” measure the lengths that are cal- 
culated with the spatial metric; “ideal clocks” measure universal time t (or some multiple thereof); and 
“freely falling particles” move along geodesics of V. In the coordinates we build, it is equivalent to that 
“Ideal rods” measure the coordinate lengths; “ideal clocks” measure coordinate time. And the geodesics 
equation are 

d*t 9 dx da® d*t 


D2 + o8 Gy ay = De = (12.8.9) 
a d?x* — dx dx® = da" dt dt 
De Moe a ak oe aD a iD ar = 0. (12.8.10) 
It is equivalent to \ = t and 
aaah (12.8.11) 
We a : 8. 


12.9 SPATIAL METRIC ALLOWED BY OTHER AXIOMS 


Show that the geometric axioms (1), (2), and (3) of Box 12.4 permit one to introduce a spatial metric 
satisfying axiom (6). 


Solution: 


Pick three spatial basis vectors e; at some event Po. The first axiom ensures that we can parallel transport 
each of them by arbitrary routes to all other events in spacetime. The second axiom ensures that the 
resultant vector fields are spatial everywhere. The third axiom ensures that the resultant vector fields e,; 
are independent of the arbitrary transport routes and Ve; = 0 holds automatically by construction. 


We define the spatial metric by e; -e; = 6;;. For any spatial w = w'e; and v = v’e;, and for any u 
whatsoever, we have 
Vul(w-v) = Vil: w'v') = So (wt +" ;w')ul. (12.9.1) 


On the other hand, we have 


(Vw): v = Vul(w'e;)-v = (Vuw')e;-v = y, w' vw (12.9.2) 
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and similarly 
(Vuv)-w= Sout jwrul. (12.9.3) 
Now we obtain 
Vulw:v) =(Vuw)- vt (Vuv)-w, (12.9.4) 


i.e. spatial metric satisfying axiom (6). 


12.10 SPACETIME METRIC FORBIDDEN BY OTHER AXIOMS 


Show that in Newtonian spacetime it is impossible to construct a nondegenerate spacetime metric g, 
defined on all vectors, that is compatible with the covariant derivative in the sense that 


Vug(u, p) =g9(Vun,p) +9(n, Vup). (12.10.1) 


Solution: 


We first assume the existence of such a metric g which is compatible with the covariant derivative. The 
compatible condition is equivalent to Vg = 0, and in components form we have 


Gee8,y — Tay Gus — Tg, Jay = 9. (12.10.2) 


In the frame we build in exercise 12.8, the only nonzero components of the connection coefficient are Ig). 
It is easy to verify that g;;. = 0 so that g;; is a constant. There must exist a rotation x’ > A a that can 
bring g;; = 6;; and the only nonzero components of the connection coefficient are still I’), = ©. The 
only non vanishing components of gag,7 are 


900,0 = 28 i90i, Goi = Py- (12.10.3) 


So 0 = goi,jo = 9oioj = ®4;. This implies that p = 0 everywhere in this spacetime. So for a non-empty 
Newtonian spacetime, the metric compatible with the covariant derivative can not exist. 
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Chapter 13 


RIEMANNIAN GEOMETRY: METRIC AS 
FOUNDATION OF ALL 


13.1 TEST WHETHER SPACETIME IS LOCAL LORENTZ 


Prove that the above two-step procedure for testing whether spacetime is locally Lorentz is valid: i.e., 
prove that if the procedure says “yes,” then there exists an orthonormal basis with 9,5 = Nog at the event 
in question; if it says “no,” then no such basis exists. 


Solution: 


(1) If there exit a timelike vector u, then we choose eg = u/,/—u-u and so we have e)- eg = —1. 
Choose an arbitrary vector v; perpendicular to u. After that, we choose an vector vs perpendicular to 
u and v;. Finally, we choose an vector v3 perpendicular to u, v; and v3. As all non-zero vectors per- 


pendicular to u are spacelike, if we define e; = v;/,/—v;-v;, we have e; - e; = 1. In conclusion, we 
have 
Jap = ea &B = NaB- (13.1.1) 


So the spacetime is locally Lorentz. 


(2) If the spacetime is locally Lorentz, then wu = eg is a timelike vector. The vector perpendicular to e5 
must take the form as 


Vv = ©j}ej + T5e5 + T3E3. (13.1.2) 


So we have 


v-v=ai+a5 +03 > 0, (13.1.3) 


i.e. all non-zero vectors v perpendicular to u are spacelike. 


13.2 PRACTICE WITH METRIC 


The calculation in the exercise is straightforward and answers to this exercise have been given in the 
textbook. 
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13.3 MATHEMATICAL REPRESENTATION OF LOCAL LORENTZ FRAME 


By definition, a local Lorentz frame at a given event 9 is the closest thing there to a global Lorentz frame. 
Thus, it should be a coordinate system with g,,,(Po) = n,, and with as many derivatives of g,,,, as possible 
vanishing at Py. Prove that there exist coordinates in which g,,,(Po) = Nv and gyv,o(Po) = 0, but that 
Juv,po(Po) = 0 cannot vanish in general. Hence, such coordinates are the mathematical representation of 
a local Lorentz frame. 


Solution: 


. . . . . Ui 
For an arbitrary coordinate frame, the metric is g,,,. In the new coordinate frame x" , we have 
Ox" Ox” 


Ga! pt = 5 at 5p Suv (13.3.1) 
As a result, at the point Po, we have 5 , 
Ja! p! = oe ow’ (13.3.2) 
Ox" Ox” Ox? CPx" Ox’ Or" =O? x 
Dol Bi! = Baal OB Oey FMP : Ox dav axe 2 as da” dal Oxy 2h” eae 
and 
Ox" Ox” Ox? Ox? OPa! = Ax” Ox? Ox = O?x” = Ox? 
Gal Bl y'5! = Baal Bak Ox Bah FHM 07 , Ax” Oa" Oxh Oar FH"? ss Ax’ OxF Ox" Oxy IH? 
Ox" Ax” A? xP O22" Ox” Ox? Or4# = APa” = Ox? 
T Ox" OxF" Ax7 Aa” 9? . Ax” Ox Oxk” Onw IH” a Ax’ OxF OxT Ox® IH? 
OP xh O72" Pat Ox” OP xt O72” Ox" Ox” 
da’ Oa On One I + Geen Oa™ Oak IY + Sze Oa™ Oa Oat I” + Bae Bak anv ane I" 
(13.3.4) 
As for the equations 
Ja'p'(Po) = Nap, Ja'p’,y' (Po) = 0, (13.3.5) 


we have 10 + 10 x 4 = 50 independent equations. And we also have 4 x 4+ 4 x 10 = 56 unknown 
constants Oa!/Ax% (Po) and d?a/Ax~ dx® (Py). So the equations must have solutions. However, if we 
further demand that 

Gap" y'6' (Po) = 0, (13.3.6) 


we have 10 x 10 = 100 more equations. But we only have 4 x 20 = 80 more unknown constants 
Ox" /Ox~ Ax® Ax? (Po). So the total number of equations is more than the the total number of unknown 
constants and equations have no solution generally. 


13.4 CONSEQUENCES OF COMPATIBILITY BETWEEN g AND V 


(a) From the condition of compatibility Vg = 0, derive the chain rule (13.20). (b) From the condition 
of compatibility Vg = 0 and definitions (13.21) and (13.22), derive equation (13.23) for the connection 
coefficients. 


The detailed solution has been given in the “answer” part attached to exercise 8.15 of the textbook. 


13.5 ONCE TIMELIKE, ALWAYS TIMELIKE 


Show that a geodesic of spacetime which is timelike at one event is everywhere timelike. Similarly, show 
that a geodesic initially spacelike is everywhere spacelike, and a geodesic initially null is everywhere null. 
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Solution: 


The tangent vector of a geodesic satisfies the geodesic equation 


Dy = (13.5.1) 
ds 
So we have al ey ’ a 
uu uu u 
oh = SE =u "= 0, (13.5.2) 


i.e. a geodesic of spacetime which is timelike at one event is everywhere timelike, a geodesic initially 
spacelike is everywhere spacelike, and a geodesic initially null is everywhere null. 


13.6 SPACELIKE GEODESICS HAVE EXTREMAL LENGTH 


Show that any spacehke curve linking two events A and 8 is a geodesic if and only if it extremizes the 
proper length 


B 
a= (Gurda"da”)*/?, (13.6.1) 
A 


Solution: 


For a variation «“(A) > «(A) + da"(A), we have 


B v\ —1/2 Vy V 

1 dx" dx dx" da dx! dbx 
Recall soli 2 EE ee Oye ea 
. [5( an x) ome Dot A) + 29m ay |e 


Bi det dxe”\~? da dx” —d de! dxe”\~? dat : 
, Qi a Qii.G aa aa ~~ Civ a a Juco Fz bx (A)dA 
2 dy dX dy dy dX dy dX dX 
B 
1d\ — da#dx” = d (dd da - 
- | E dae ak OX. a (ane dy )| ee 
B 
1 dx" dx” d dx! a 
Fa ds ds ds (46 ds )| Der Ee 


B Vv 2 
dx" dx d“x? 
= —Goo |T?,,, — —.| dx? (A)d 
i too [Pa i + Ge | be" Ads 


(13.6.2) 


So 6s = 0 is equivalent to 


= 0. (13.6.3) 


13.7. METRIC TENSOR MEASURED BY LIGHT SIGNALS AND FREE 
PARTICLES 


(a) Instead of parametrizing a timelike geodesic by the proper time 7, parametrize it by an arbitrary 


parameter ju, 
7 = F(p). (13.7.1) 


Write the geodesic equation in the p:-parametrization. 
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(b) Use now the coordinate time t as a parameter. Throw out a cloud of free particles with different 
“velocities” v’ = dx’ /dt and observe their “accelerations” a’ = d?' /dt?. Discuss what combinations of the 
components of the affine connection I’, . one can measure in this way. 


(c) Show that one can measure the conformal metric j,,, i.e., the ratios of the components of the metric 
tensor g,,, to a given component 
Gin =Agurs A= (—g00)~*, (13,7.2) 


using only the light signals moving along the null geodesics g,,,.da'dx" = 0. 


(d) Combine now the results of (b) and (c). Assume that I’... is generated by the metric tensor by (13.22), 
(13.23), in the coordinate frame x’. Show that one can determine A everywhere, if one prescribes it at 
one event (equivalent to fixing the unit of time). 


Solution: 
(a) As 
d?x? “py dx dx” = d (dx? du\ du pe dx dx” du du 
dr? BY dr dr du \ du dr) dr EY du du dr dr 
du (da? dx" dx” d? 
= ({ — Tr? 13.7.3 
($) (s+ BY du dit 1 ee ad) 
the geodesic equation can be written as 
du { d?x? dx! dx” d (du 
— {| —— +I? = 0. 13.7. 
+ (So+ BY di )+a(F " a4) 
(b) Let . = ¢ and define dt/dr = +, then we have 
a’ + Ty + IIo ,v4 + T*,,vu" +y7'y¥=0 (13.7.5) 
and 
Mo + 20% ;07 + T°, v* + yy =0. (13.7.6) 


(c) (d) I have not figured out how to set up the measurements yet. Any help is appreciated. 


13.8 RIEMANN ANTISYMMETRIC IN FIRST TWO INDICES 


(a) Derive the antisymmetry condition (13.43). 


(b) Explain in geometric terms the meaning of this antisymmetry. 


Solution: 


(a) For a scalar field f, we have 


VuVof _ VoVul = OuOy f — Oy Ou f = Cac t = Viuwlt (13.8.1) 
by the defination of [u,v]. So we have R(u, v)f = 0. As Vg = 0, we have 
0=R(u,v)(s:w)=s-R(u,v)w+w-: Ru, v)s. (13.8.2) 


In terms of components, we would arrive at that Rag+5 = Rjaglys- 
(b) Parallel transport a vector A around a path. When A gets back to the starting point, the difference 


with original A is 6A. Now we parallel transport the vector A around the same path in inverse direction. 
When A gets back to the starting point, the difference with original A must be —dA. 
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13.9 NUMBER OF INDEPENDENT COMPONENTS OF RIEMANN 


(a) In the absence of metric, a complete set of symmetry conditions for Riemann is R°,,; = R®& Biy6] 
and R%,,5 = R ees)" Show that in four-dimensional spacetime these reduce the number of independent 
components from 256 to 80. 


(b) Show that in a manifold of n dimensions without metric, the number of independent components is 
n(n? — 1)/3. 


(c) In the presence of metric, a complete set of symmetries is R35 = Riygi,s5) ANd Ragys = Rayos: 
Show that in four-dimensional spacetime, these reduce the number of independent components to 20. 


(d) Show that in a manifold of n dimensions with metric, the number of independent com ponents is 
n?(n? — 1)/12. 


Solution: 


(a) The condition R*gy5 = R Bly5] contains 4 x 3/2 + 4 = 10 independent constraints for each a and 


8. The condition R“,, 5 = R® g.5) imposes C? independent constraints for each a. So we have 
256-4x4x10-4x4=80 (13.9.1) 
independent components. 


(b) In a manifold of n dimensions without metric, the number of independent components is 


n?2(n2 — 1) 


3 (13.9.2) 


n* —n?(C?2 +Ch) —nOC3 = 


(c) The condition R,5..5 = Rrafllv6] indicates that the pair (a, 6) and (7,6) are unordered and unequiva- 
lent. So the number of remaining independent components are 6 x 6 = 36. The condition R%,.5 = R aes] 
imposes C? more independent constraints for each a. So we have 36 — 16 = 20 independent components. 


(d) In a manifold of n dimensions with metric, the number of independent components is 


n?(n? — 1) 


202 7 
C2C2 — nc? D 


(13.9.3) 


13.10 RIEMANN SYMMETRIC IN EXCHANGE OF PAIRS; COMPLETELY 
ANTISYMMETRIC PART VANISHES 


From the complete set of symmetries in the presence of a metric, Ragyg = Riagyiys) and Rajgys) = 0, derive 
(a) symmetry under pair exchange, Ragy5s = Rysag, and (b) vanishing of completely antisymmetric part, 
Rjapys] = 0. Then (c) show that the following form a complete set of symmetries: 


Robs = Riasiys] = Ry5a8, Rags) = 9- (13.10.1) 


Solution: 
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(a) Since Ro 4,56 = —Reays = —Ragsy and Rages + Raye + Rasgy = 0, we have 


Rapys = —Raysp — Raspy 
= Ryasp + Rasy 


= —Ry gas — Ry5pa — Riyap — Rspya 

= (Rayas + Rasya) + 2Rys08 

= —Rgosy + 2Rysap 

= Rosys + 2Rysa8; (13.10.2) 


i.e. Rapys = Ry sap: 


(b) 
AR faa75) = Rajpys] — Rapysa + R509] — Rsfap~ = 9- (13.10.3) 


(c) If Raps = Rashys] = Rysap> we have 


AR io8+6] = Kalas] — Ra[ysa] + Ry[5a8] — Rs[apy] 
= 2Rajaya] — 2Rs[y6a] 
= 2Rajaya] — 2R[ay6] 
= 4Ra pays}: (13.10.4) 


If Riagys) = 0, we have 
Rojas] = 0. (13.10.5) 


13.11 DOUBLE DUAL OF RIEMANN: EINSTEIN 

(a) Show that G = *Riemann* contains precisely the same amount of information as Riemann, and 
satisfies precisely the same set of symmetries. 

(b) From the symmetries of G, show that Einstein is symmetric. 

(c) Show that the Bianchi identities (13.42), when written in terms of G, take the form V - G = 0. 


(d) By contractIng the Bianchi identities V -G = 0, show that G = Einstein has vanishing divergence. 


Solution: 


(a) The defination of G is 


1 1 
aig Ra cays (13.11.1) 
So we have 
ap 1 aBuv po 1 LV po po 
a V5 EaBRA = 7oo8ns Ruy €pays — — 5 oma €pays = —R,y Enos" (13.11.2) 
Further more, we have 
GO eine OS OR es et SOR MO aR (13.11.3) 


Now we can see that G contains precisely the same amount of information as Riemann. From the 


defination of G, it is easy to see that G°” v5 = ale? Te 5): And we also have 


kiya = qoabuv’ pays” C= 4oeBpa ev yo” i Zopaase yop tt p = Gy sap- (13.11.4) 
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If a, 8, y and 6 are all different, then it is easy to see that 


1 : 
Gaps = TooBuvepayster? = eugueaper (no summation) = RY°°? = R%7°, (13.11.5) 


a[Byd] — i = 
R61] — 0 would imply that @ 1346] = 0: 


If 6, y and 6 are not all different, then Go846] = 9 can be obtained directly. 


If a is the same as one of 3, 7 and 6, say a = @, then we have 


G4045 + Fase + Fasay = Gays + Fesay = 0- (13.11.6) 


In conclusion, G = *Riemann‘* satisfies precisely the same set of symmetries as Riemann. 


(b) 
Gg5 _ GO bas — Oe Saas = Gr Gass = F528 = Gsa- (13.11.7) 
m 1 1 
a to) abv feat = aBuv o; = 
GP 6 OM Rayo gangs = ZEN Ry lO leggy = 0. (13.11.8) 
d) 6 5 
Gas =F gas) = 9. (13.11.9) 


13.12 RICCI AND EINSTEIN RELATED 


(a) From the symmetries of Riemann, show that Ricci is symmetric. 


(b) Show that Ricci is related to Einstein by equation (13.49). 


Solution: 


(a) 
Ras = A g05 = Cas Ne = GY Rag ip = Re sep — Rsz. (13.12.1) 


(b) 
B 1 co Byv po L byw po 168 cuy B spy B spy po 
G i= — qoaspa Ruy a — 72590 Ruy zs — 485 Ong ae 3, O55 a OF Oh) ro 


1 
— B o B o B o 
= — 5055 Ryo? HOG Roe Ole, 


1 
= —505R+ Rs (13.12.2) 


13.13 THE WEYL CONFORMAL TENSOR 


(a) Show that the Weyl conformal tensor (13.50) possesses the same symmetries [(13.40), (13.41), 
(13.43) to (13.45)] as the Riemann tensor. 
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(b) Show that the Weyl tensor is completely “trace-free”; i.e., that contraction of C%,.; on any pair of slots 
vanishes. Thus, C“,.; can be regarded as the trace-free part of Riemann, and R®,, can be regarded as the 
trace of Riemann. Riemann is determined entirely by its trace-free part C%,.; and its trace R®,. 


(c) Show that in spacetime the Weyl tensor has 10 independent components. 


(d) Show that in an n-dimensional manifold the number of independent components of Wey] is 


n2(n2-1)  n(n+1) 
12 2 


forn >3, Oforn <3. (13.13.1) 


Thus, in manifolds of 1, 2, or 3 dimensions, the Weyl tensor is identically zero, and the Ricci tensor 
completely determines the Riemann tensor. 


Solution: 


(a) The defination of Weyl tensor is 


ab _ paB [a pf] 1 fa 66] 
C ye =H nee [yt sj + 39 [vo 5 P- (13.13.2) 


So it is easy to see that C, 4.5 = Crasjys} We can expand the Wely tensor to 


CM p76 = Re ays — 5 (5; Ros — 984 RS — 55 Ray + gesRy) + 5 (9) 985 — 98795) R. (13.13.3) 
So 
fa a Oe a 1 a 
(b) F i 
C%ba5 = Res 5 (4Rps Res — Res + gesR) 4 g (4985 ge65)R = 0. (13.13.5) 


(c) The symmetries of C°” 46 left Wely tensor with 20 independent components. The vanishing of C%,,,; 
imposes 10 more constraints. So in spacetime the Weyl tensor has 10 independent components. 


(d) The symmetries of C®’ 5 left Wely tensor with n?(n? —1)/12 independent components, as indicated in 


exercise 13.9. The trace part of R°? 5 has n(n+1)/2 independent components when n > 3, 1 independent 
components when n = 2 and vanishes when n = 1. So in an n-dimensional manifold the number of 
independent components of Wey] is 


forn > 3, Oforn <3. (13.13.6) 


n2(n2-1)  n(n+1) 
12 2 


13.14 INERTIAL AND CORIOLIS FORCES 


An accelerated observer studies the path of a freely falling particle as it passes through the origin of his 
proper reference frame. If a 
v = (da! /dx° Je: (13.14.1) 


is the particle’s ordinary velocity, show that its ordinary acceleration relative to the observer’s proper 
reference frame is 7 
d? x4 

“2 

dx® 


es = —-a-—2wxv+2a-v)v. (13.14.2) 


aan 
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Here a is the observer’s own 4-acceleration, and w is the angular velocity with which his spatial basis 
vectors e; are rotating. 


Solution: 


The geodesic equation in observer’s frame is 


d2x° i dx dx? 

Ape eb ae de (13.14.3) 
and : 
d? 4 - & d B 

Me hae Oe OEE te (13.14.4) 


d?x° edz’ dx® 
+ 2a* =0 13.14.5 
dr? “dr dr ( ate. 
and 
Q ant dx® d 6 ed jd 6 
a a a 2eygu = 0. (13.14.6) 
Now we can get 
d2x° - > dxo 
2a'v'(—)? =0 13.14. 
qe t 2a'v'(——) (13.14.7) 
and 
B a 2 mn 
dex Fs eon dx® + q2x9 
( 3 ab deggie (=) +i =0. (13.14.8) 
dx® T ‘T 
Finally, we would arrive at 
xt 
C3 =—a—2wxvt2a-v)v. (13.14.9) 
dx® 


13.15 ROTATION GROUP: METRIC 


Show that for the manifold SO(3) of the rotation group, there exists a metric g that is compatible with the 
covariant derivative V. Prove existence by exhibiting the metric components explicitly in the noncoordi- 
nate basis of generators {e,}. 


Solution: 


The compatible metric is gag = g(€a, €8) = Jag. We have 


1 
Gex8:y = 58.7 — Tg bau — TM aySup = 5 (Cab + Bary) = 0. (13.15.1) 


So the metric is compatible with the connection. 
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Chapter 14 


CALCULATION OF CURVATURE 


14.1 CURVATURE OF A TWO-DIMENSIONAL HYPERBOLOID 


Compute the curvature of the hyperboloid t? — x? — y? = T? = const in 2 + 1 Minkowski spacetime with 
ds = —dt? + dx? + dy’. First show that intervals within this two-dimensional surface can be expressed 
in the form ds? = T?(da? + sinh? ad@?) by a suitable choice of coordinates a, ¢, on the hyperboloid. 


Solution: 


If we define 


x=Tsinhasing; y=Tsinhacos4¢, (14.1.1) 
then we have t = T'cosha. In this coordinates, we have 
ds* = T?(da” + sinh? ad@”), (14.1.2) 
ie. ; 
T 0 
ae, ( 0 T?sinh? a) : Che) 
The nonvanishing components of connection are 
te | on es ae ¢ noe _ cosha 
P34 = —sinhacosha; TP og = go = Saha (14.1.4) 
Now, we can get 
RR” goed = DP de = ine ae =i sinh? Qt: (14.1.5) 
All other components of Riemann can be got by using symmetry of Riemann. And so we can get 
1/1 0 
es ete 
RY = 7 G ) ; (14.1.6) 


The Ricci scaler is R = —2/T?. 


14.2 RIEMANNIAN CURVATURE EXPRESSIBLE IN TERMS OF RICCI 
CURVATURE IN TWO AND THREE DIMENSIONS 


In two dimensions, there is only one independent curvature component, Rj212. Evidently the single scalar 
quantity R must carry the same information. The two-dimensional identity Ryvag = $R(Gua9ve —IupIva) 
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is established by noting that it is the only tensor formula giving R,,,,. as a linear function of R, constructed 
from R and the metric alone, and with the correct contracted value R“”,,,, = R. Establish a corresponding 
three-dimensional identity expressing R;,,. in terms of the Ricci tensor R,, and the metric. 


Solution: 


The corresponding three-dimensional identity expressing R;,,. in terms of the Ricci tensor Rj, and the 
metric is 


Rize = Gir Rj — g3rRi — Gihjr + gj Rin + 5 Raixajn — Gilgjk)- (14.2.1) 
It is easy to verify that 
Rijrt = Rugyey, Rien = 9, (14.2.2) 
and 
Rj = 8Rj — Ra — Rut gnR+ 5 R(3qjn — 951) = Ry. (14.2.3) 


14.3. CURVATURE OF 3-SPHERE IN ORTHONORMAL FRAME 


Compute the curvature tensor for a 3-sphere 
ds” = a?|dx? + sin? y(d6? + sin? 0d¢”)] (14.3.1) 


or for a 3-hyperboloid 
ds? = a?[dy? + sin? y(d6? + sin? 6d¢”)]. (14.3.2) 


Convert the coordinate-based components R ipl to a corresponding orthonormal basis, Rie Display 


RY reg as a 3 x 3 matrix with appropriately labeled rows and columns. 


Solution: 
The nonvanishing components of R* jm. for a 3-sphere are 


i gee Hie, Soe csee Dt Ty a ee a De Ba Ce ee Oe 
Roig = —R oo, =sin® x;  Ro3i3 = —R’331 = sin” ysin® 6; R°393 = —R°339 = sin” x sin’ 6; 


Ri —Ri15 =1; Bis = -Rii3 =1; Rag = — RP o03 = sin? xX: (14.3.3) 


We can convert it to a corresponding orthonormal basis and we have 


re 1 [i 9 9 
Rv) coe | 0" A Os (14.3.4) 
[kil] @? 
001 
The labels for each row and column are [12], [23], [31]. 
In the case of a 3-hyperboloid, we have 
2 a ee 
Rel =-+/0 1 0}. (14.3.5) 
[kl] a? 
001 
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14.4 EINSTEIN EQUATIONS FOR THE CLOSED FRIEDMANN UNI- 
VERSE CALCULATED BY USING THE GEODESIC LAGRANGIAN 
METHOD 


The line element of interest here is (see Chapter 27) 

ds? = —dt? + a?(t)[dx? + sin? y(d6? + sin? 0d¢”)]. (14.4.1) 
(a) Set up the variational integral (14.10) for a geodesic in this metric, then successively vary t, y, 6, and 
¢ to obtain, after some rearrangement, four equations 0 =t+---,0=x+---, etc. displaying the I’s in 


the form of equation (14.8). 


(b) Use this display as a table of I’s to compute R*,,,,, and R*,_,, which only R*,,, and Ray6 are non-zero 
(consequence of the complete equivalence of all directions tangent to the .¢ sphere). 


(c) Convert to an orthonormal frame with w’ = dt, wX = ady, w? =?, w® =?, and list ieee and ues 5 
Explain why all other components are known by symmetry in terms of these two. 


(d) Calculate, using equations (14.7), all independent components of the EinsteIn tensor GP. 


Solution: 
(a) The action integral is 
I= ; [oe + a?(t)x? + a(t) sin? y6? + a?(t) sin? x sin? 66?)dr. (14.4.2) 


The variation of dt(7) gives 


t+ ay? + adsin? x6? + aasin? y sin? 6¢? = 0. (14.4.3) 
So we have 
i, wor Ta aa sin? y; ae = aa’ sin” y sin? 0. (14.4.4) 
The variation of 5y(7) gives 
a?X + 2aa'tx — a? sin y cos x6? — a? sin x cos x sin? 06? = 0. (14.4.5) 
So we have ; 
TX, =T%,=—; I% gg =—si ; PX, =—sin? ysin 6 cos. 14.4.6 
oy a 00 sin y cos x; ie sin* y sin 8 cos ( ) 
The variation of 0(7) gives 
a? sin? \6 + 2aa’ sin? yt + 2a? sin y cos yx — a? sin? y sin @ cos 0¢? = 0. (14.4.7) 
So we have ‘ 
@ _po _@, 6 _7poe _ COSX, @ _ | 
Mie =? ot ~ 7? Pye =P 0x sin’ T ¢¢ = — Sin @cos 0. (14.4.8) 


The variation of $(7) gives 


a? sin? y sin? ¢ + 2aa’ sin? y sin? 6é¢ + 2a? sin x cos y sin? 6y¢ + 2a? sin? x sin 8 cos 60¢6=0. (14.4.9) 


So we have 
/ 
¢ _ ¢ a. ¢ __ ne _ COS xX. o _ nd _ cosé 
T ig =T oe T wot ox = Siny’ 6g = 09 = ang: (14.4.10) 
(b) 
Ry = Rye = 00"; Rg = —R%o9, = sin? y(1 +a’). (14.4.11) 
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(c) 


RS , Rey = es (14.4.12) 
By complete equivalence of all directions tangent to the ,@¢ sphere, we have 
an 1 
RM = RP. = RR = — (14.4.13) 


and all other R‘@ aS vanish. By complete equivalence of all directions tangent to the y@¢ sphere, we have 


~ eR 1+a’? 
éb 6¢ 6 
R* fe R a8 R* a5 2 (14.4.14) 
and all other R** Ba and R?4 ays vanish. 
(d) 
¢ <6 34+ 3a? ° ‘ 3 iy <6 Qaa"” +a’2*+1 
a XO : X 70 _ pe _ tx XO 
G'; = —3R a Gh = Gg =G" 5 = 2k Ft 6 (14.4.15) 


14.5 EXTERIOR DERIVATIVE OF A PRODUCT OF FORMS 


Establish equation (14.13a) by working up recursively from forms of lower order to forms of higher order. 


Solution: 
Suppose 
Of = Ay, ---u,(|d0™ A+++» A date (14.5.1) 
and 
B= Blvy-v_|Ee"* A+++A dx”?, (14.5.2) 
Then we have 
ON B= Opis ---prp| Bry -vq| de Ao A dat? \ dx” A\-+- A dx’. (14.5.3) 


So 


Tae A B) = (Otyy---up| oF |vr-vg| + Upr-up|Flvr--vg| op) dr? A da A---A date Adz’ A... Ndx¥s 
= Qyy--pp|,pbr” \ da A--- A dat? A Bi,...1,,d2"* A+++» N dx" 
HH 1)P Opi, |e Ae Aida? WN Bin ccng | pda” Ada Aaa K-dg 
=da/ B+ (-1)?aAdBg. (14.5.4) 


14.6 RELATIONSHIP BETWEEN EXTERIOR DERIVATIVE AND COM- 
MUTATOR 


Establish formula (14.21). 
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Solution: 


Since both sides in (14.21) are linear with respect to a, we may assume that a a monomial: 
a = gdf, (14.6.1) 


where f, g are smooth functions on M. Therefore 


da = dg df. (14.6.2) 
So we have 
Z _ |(dg,u) (dg,v)} _ 
(da,u Av) = (dg Adf,uwAv) = i dpe = OugOvf — Ouf Ovg. (14.6.3) 
On the other hand, 
(a,v) = (gdf,v) = gOvf; (a,u) = (gdf,u) = gduf. (14.6.4) 
So we have 
Ou (OL, V) — Oy (OL, U) = OugOv f — Ou fOvg + G(OuPv — OvOu) f. (14.6.5) 
Note that 
(a, [u, v)) = g(af, [u, v)) — 90 u,v f a G(Ou0y a OyOu) f. (14.6.6) 
We can conclude that 
(da,u/A v) = Oy(a,v) — Oy(a,u) + (@, [u, v)). (14.6.7) 


14.7. CHRISTOFFEL FORMULA DERIVED FROM CONNECTION FORMS 


In a coordinate frame w" = dx’, show that equation (14.31a) requires ',, =I", and that, with this 
symmetry established, equation (14.31 b) gives an expression for 0q,,,/0x° which can be solved to give 


the Christoffel formula 
1 Ogva , 9Ge — OGap 
Lb _ pV | 
Mog = 59 ($5 Pare ee be (14.7.1) 


Solution: 


In the coordinate frame w' = dx“, we have 


w!, =P", da’. (14.7.2) 
So 
0 = dus + uw! Nw” =I", da? \ do’, (14.7.3) 
which implies I",,, =I“,,. We also have 
Gpv pdx? = dguy = Wy, + Wry = (Ppp $V iyp)dx?, (14.7.4) 
i.e. 
Gip= Pagel es (14.7.5) 
which can lead to 
1 Ogva , 9Ge — OGaB 
I ,==g'” . 14.7.6 
ap ~ 99 ( One Out. Oar eo 


141 


14.8 RIEMANN-CHRISTOFFEL CURVATURE FORMULA RELATED TO 
CURVATURE FORMS 


Substitute w",, = ['",,,dx? into equation (14.18), and from the result read out, according to equation 
(14.25), the classical formula (3) of Box 14.2 for the components R",,, B 


Solution: 


Xr 
RY, = dwt, +wh, Aw", 
= ga Ada? +1", T* pda Ada? 


= RM de? \ dx". (14.8.1) 


14.9 MATRIX NOTATION FOR REVIEW OF CARTAN STRUCTURE EQUA- 
TIONS 


Let e = (e€1,--- ,€,) be a row matrix whose entries are the basis vectors, and let w be a column of basis 
1-forms w'. Similarly let 2 = ||w”,,|| and R = ||R“,,|| be square matrices with 1-form and 2-form entries. 
This gives a compact notation in which de, = e,w”,, and dP = e,w" read 


de = eQ and d? = ew, (14.9.1) 
respectively. 


(a) From equations 14.9.1 and d?P = 0, derive equation (14.31a) in the form 

0=dw+QAw. (14.9.2) 
(b) Compute d?e as motivation for definition (14.18), which reads 

R=dQ+0AQ. (14.9.3) 


(c) From d?w, deduce R A w = 0 and then decompress the notation to get the antisymmetry relation 
ne = 0. 
[oA] 


(d) Compute d& from equation 14.9.3, and relate it to the Bianchi identity R” “i = 0. 


aB;7] 


(f) Let v = {v’} be a column of functions; so v = ev = e,,v" is a vector field. Compute, in compact 
notation, dv and dv to show d?v = eRv (which is equation 14.17). 


Solution: 
(a) 
0 = dP? = d(ew) = deAw + edw = e(QN Aw + dw), (14.9.4) 
i.e. 
0=OQAw+ dw. (14.9.5) 
(b) 
d’e = d(eQ) = de \Q + edX = e(2AN+4 dQ). (14.9.6) 
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As de, = e,,R",,, we have 
R=dQ+0NAQ. 


(c) 
0 = d(dw+QAw) =dQAw-OQA dw =(dQ+QNAN)Aw=RAw. 
As 
Re = 5 api? Aw", 
so we have 
RY Nw? = FR apaie? Aw? \w* =0, 
ie. 
Ri apy =? 
(d) 


dR = d(dQ+.QAQ) 
=dQAQ—-2AdQ 
=(R-QAAVAN=-DA(R=-AAQ) 
=RAQ-QAR. 


It can be expanded as 


R apy’ Awe Aw? + RY gdw* Aw? — RY, gw A dur” 


= piel ae 2 at cape ROT A wh 
On the other hand, we have 


Et yeiBey = apa By De at eis a gh pep _ DO eye yop - TR Lap: 


From (a) we know 
Tw Aw? + dw = 0. 


So we have 
RE ear! NW Aw? 
= (RY ope tI oy Ro vap — TPR pag)? Awe Aw? 
- RY go LEE st we Sn ata IN PP gui? Aw? 
= (Reb tO oy Ro yap — TPL gp Roya )w? Aw Aw? + RP, gw” A dw? — Rt 
== Caen ae ok ae ce = PE gE ope) Aw A w? ae Reva 
— 0, 
[ 
ie R ieee 0. 


(f) Firstly, we have 
dv = dev + edv. 


Then we can get 
d’v = d’ev — de \ du + de A du + ed*v = d’ev = eRv. 
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vap 


(14.9.7) 


(14.9.8) 


(14.9.9) 


(14.9.10) 


(14.9.11) 


(14.9.12) 


(14.9.13) 


(14.9.14) 


(14.9.15) 


w* A dw? 


dw® \ w? — Re pe A dw? 


(14.9.16) 


(14.9.17) 


(14.9.18) 


14.10 TRANSFORMATION RULES FOR CONNECTION FORMS IN COM- 
PACT NOTATION 


Using the notation of the previous exercise, write e’ = eA in place of e, = e, A” ,,,, and similarly w’ = 
A~tw, to represent a change of frame. Show that dP = ew = e'w’. Substitute e’ = eA in de’ = e'M to 


deduce the transformation law 
Q = A'0NA+ Ald A. (14.10.1) 


Rewrite this in decompressed notation for coordinate frames with A”, = 0x”/ dx” as a formula of the 


form Lp =(?). 


Solution: 
AS 
de’ = d(eA) = deA + edA = e(0A +dA) = €'(A7'0A + A7'dA), (14.10.2) 
so we have 
Q' = A'0NA+ Ald A. (14.10.3) 


The equation above can be written as 


' » Oat Ox Ox” Ox 
Le eo fod B | 
pee = Ox! Dept re Ort! : (==) 


_ (3 On” OR? =, Or!’ 2a ) a. 


(14.10.4) 


- / + “A, Da! DR’ 
Ox! Aa Arb’ °F Axk Ax Ax8 


So we have : : ; 
' Ox" Ox Ox Ox Axl 
ae ee _T# es, 14.10.5 
a! B Ox! Ax” Arb’ 7 Ort Ox OxP OF 102) 


14.11 SPACE IS FLAT IF THE CURVATURE VANISHES 


If coordinates exist in which all straight lines (d?x“/d\) are geodesics, then one says the space is flat. 
Evidently all 1", g and Le cs , vanish in this case, by equation (14.8) and equation (3) in Box 14.2. Show 
conversely that, if R = 0, then such coordinates exist. Use the results of the previous problem to find 
differential equations for a transformation A to a basis e’ where 2’ = 0. What are the conditions for 
complete integrability of these equations? Why will the basis forms w“” in this new frame be coordinate 
differentials w"” = dat’? 


Solution: 


If 0’ = 0 in new bases, the transformation matrix would satisfy that 


dA=—QA. (14.11.1) 
Because 
R=dQ+QNAN=0, (14.11.2) 
we have 
@A=-dOA+NAdA=N.A(QA+dA) = 0. (14.11.3) 
As a result, the solution of 14.14.1 exists. In the new bases, we have 
du’ = —O' Aw’ =0. (14.11.4) 


So the basis forms wé’ are coordinate differentials w”” = drt’. 
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14.12 SYSTEMATIC COMPUTATION OF CONNECTION FORMS IN OR- 
THONORMAL FRAMES 


Deduce equation (14.32) by applying equation (14.21) to basis vectors, using equations (8.14) to define 


Care Then show that, in an orthonormal frame (or any frames with g,,, = const), equation (14.33) 


provides a solution of equations (14.31), which define w",, [Compare also equation (8.24b).] 


Solution: 


From equation (14.21), we have 


(dw, €,, \ ey) = OW, ey) — O, (Ww, Ey,) — (w™, [En,, Ev]) = —(w, Cu ep) = —Cyy°- (14.12.1) 
So we have 
dw* = a @w" = See Aw”, (14.12.2) 
If i 
One = 9 (Cura ee te STS cee (14.12.3) 


then we can derive that 
dw® +w%, Aw” 


1 
oh 4 Qa, Vv (a a _ Q), spb Vv 
= Oy, )°W Aw” + (c a ak RA ame CTT Jw! Aw 


2 
= Oy wh Aw” — C1 )%w" Aw” 
=0 (14.12.4) 
and i 
Wry + Wry, = 5 (Cave POan = Gran + Cue Cre Cape =O. (14.12.5) 


So equation (14.33) provides a solution of equations (14.31). 


14.13 SCHWARZSCHILD CURVATURE FORMS 


Use the obvious orthonormal frame w! = e® dt, w* = edr, wo = rdé, w? = rsin 0d¢ for the Schwarzschild 
metric 
ds? = —e7? dt? + e? dt? + r?(d6” + sin? 6d¢”), (14.13.1) 


in which © and A are functions of r only; and compute the curvature forms ae and the Einstein tensor 
G" , by the methods of Box 14.5. 


Solution: 


(a) From the defination of w“, we have 

dwt = e? ®'dr \ dt =e 4 8'u* Aw; 

dw” = e*A'dr A dr = 0; 

dw? = dr \ do =e 4r-!w* A w? 

dw? = sin 6dr A d¢ + rcos6d0 \ do = e~*r7w" A w? +r! cot dw? A w?. (14.13.2) 
(b) From dw! + w',, Aw” =O and w,, + w,,, = 0, we can infer that 


= e Arty? w?, = e Ar lwe, w? 


wi, =e AG'w!, we, a= r—! cot Ow?. (14.13.3) 
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(c) From R",, = dw, +w", \w*,, we have 


(4) From equation (14.7), we have 


Re = dus’, = er aN + 6" + ®?)uy? Aw = Ew Awe 
Re = wi, A ws = —p te A @lust A w? = Ew! A w? 
Ris = wi, A ws = pe AGl wt Aw? = Ew’ Aw? 


R*, = dw", + ws A w® = ple Nas? A wo = Fo? Aw? 


Rog = dws 4 


ee 
Reg = dw’; 


All other components vanish. 


ig wr" A ws = ple A Nas? Aw? = For Aw? 


+ hoe A ws => os eA) us? Aw? = Fw® \w?. 


(14.13.4) 


(14.13.5) 


14.14 MATRIX DISPLAY OF THE RIEMANN-TENSOR COMPONENTS 


Use the symmetries of the Riemann tensor to justify displaying its components in an orthonormal frame 


in the form 


31 —HT F 


(14.14.1) 


where the rows are labeled by index pairs fi = 01, 02, etc., as shown; and the columns ab, similarly. 
Here FE, F, and H are each 3 x 3 matrices with (why?) 


E=E', F=F", TrH =0, 


3 


where ET means the transpose of FE. 


Solution: 


So we have 


Or 0. 
R93 = —oia3 = — Rojo; = B63 
ig ki 
Re gg = Pagar = Raa = 23 
61 62 03 
R 53 +h 31 +R 1.3; 
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(14.14.2) 


(14.14.3) 


(14.14.4) 


14.15 RIEMANN MATRIX WITH VANISHING EINSTEIN TENSOR 


Show that the empty-space Einstein equations G“ , allow the matrix in equation 14.14.1 to be simplified 


to the form 
ad E H 
Rt a= (4 B) : (14.15.1) 
where now, in additIon to the equality E = F that this form implies, the further conditions 
TrE=0, H=HT™T (14.15.2) 
hold. 
Solution: 
If G", = 0, we have 
Re, = RP ., =0, (14.15.3) 
i.e. 
i0 20 30. = 
20 30 02 O54. _ 
R53 + Rg = R45 — Rog, = Hos — H32 = 0, 
i0 30 61 63 - 
Reig + 9g = — Bag + R53 = — His + Ha = 0, 
10 30. __ poi 02 = 
Rig + R53 = Rogj — Ro'g3 = Ha — Ho = 0, 
RR”; aT Ry; R* 4, = Fu + Foo + F33 = 0, 
62 13 3200 = 
R ga Tt 14 R 4g = Hoo t+ Pog t+ i = 0, 
63 13 O38. _ 
Sega eh ag en gas Sear Sa 
61 31 Oi 3i 
Fe 9g + RY gg = Bo 9g — R53 = Fa — Fo = 0, 
62 12 03 12s. 2 
Re 9g + R43 = R93 — Rg] = oa — F32 = 0, 
chert a x = Rs: — Rs — E31 — Fig = 0. (14.15.4) 
We can conclude that 
E=F, H=H"', TrE=0. (14.15.5) 


14.16 COMPUTATION OF CURVATURE FOR A PULSATING OR COL- 
LAPSING STAR 


Spherically symmetric motions of self-gravitating bodies are discussed in Chapters 26 and 32. A metric 
form often adopted in this situation is 


ds? = —e?? dT? + e?4dR? + r?(d6? + sin? 6d¢”). (14.16.1) 


where now ®, A, and r are each functions of the two coordinates R and T. Compute the curvature 2-forms 
and the Einstein tensor for this metric, using the methods of Box 14.5. In the guessing of the w“,, most of 
the terms will already be evident from the corresponding calculation in exercise 14.13. 


The exercise can be solved straightforwardly following the procedure in Exercise 14.13. And the answer 
is already provided in the textbook. 
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14.17  BIANCHI IDENTITY IN d® = 0 FORM 


Define the Riemann tensor as a bivector-valued 2-form, 


1 
R= sey A eR, (14.17.1) 


and evaluate dR to make it manifest that dR = 0. Use 
REY = dwt” — wh Aw", (14.17.2) 


which is derived easily in an orthonormal frame (adequate for proving dR = 0), or (as a test of skill) ina 
general frame where R“” = R“,g°” and (why?) dg” = —gt'*(dgas)g®”. 


Solution: 


As g#“gag = 63, we have 


0 = d(g“ gas) = (dg) gap + gM“ dgas- (14.17.3) 
Thus, 
dg” = (dg"")gaag*” = —9"*(dgag)g*” - (14.17.4) 
Recall that 
du! + wh Aw" =0,  dguy = Wy + Wp; (14.17.5) 
and 
RY, = dw" + whi Aw. (14.17.6) 
Thus, 
dg” = —g" (wap + wea)g” = —(wh” + w"), (14.17.7) 
Rev — Rego" 


= (dwg +h, Awe” 
= (dio! )9% — wl A (dg +0") 
= dw” — wh, Aw", (14.17.8) 


Now we have 


2dR = de, \ e,) RM +e, \ ey dR 


= (€qw™, \ ev + ey A eaw,)(dul” — wit, A wP) + (e, A e,)(—dwt, Aw? + wh, A dw”). 


(14.17.9) 
Note that 
du, = d(w"? gga) = d(wh? gba — wh? A (Wag + Wea) (14.17.10) 
and 
diw”* + duw®” = —d?g” =0. (14.17.11) 
So we have 


2dR = (€qw”, Ney + ey, A €qw%,)(—w"', A wB) + (e, A e,)(wH? A (wag + Wea) Aw”) 
4 (14.17.12) 
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14.18 LOCAL CONSERVATION OF ENERGY AND MOMENTUM: d*T' = 
0 MEANS V -7' = 0 


Let the duality operator x, as defined for exterior differential forms in Box 4.1, act on the forms, but not 
on the contravariant vectors, which appear when the stress-energy tensor T or the Einstein tensor G is 
written as a mixed (1, 1) tensor: 

T =e,T", wy (14.18.1) 


or 
G =e,,G",w,. (14.18.2) 


(a) Give an expression for *T (or *G) expanded in terms of basis vectors and forms. 


(b) Show that 
ul Ba Pn Ray, be (14.18.3) 


where d?Xy = €yjapy|w* Aw? Aw, 
(c) Compute d*T using the generalized exterior derivative d; find that 


d*T =e,T, V/|glwo Aw Aw? Aw’. (14.18.4) 


Solution: 


(a) 
* 1 v a 
T= a Iglevas vent" we Aw Aw, (14.18.5) 


(b) As 1/3lerapyw? Aw? Aw? = Evjagyw® Aw Aw = d?d,, we have 
Pp =e, Led. (14.18.6) 
(c) For simplicity, we perform the calculation in the frame where e,, are coordinate basis. 


AT = [e,(V|glT*”) p + Col pp VIG TO Jevrjapyw? A w® Aw? Aw 
= e,[(VIgIT”) po top VI glF levjapyw? Aw Aw? Aw? 


1 —_ 
7 —xeul(VIgIT"”),0 ges lg’ evap w® A wt Aw? Aw? 
= ep[(/\glTe”) v tI op VlglT 7? Aw! Aw? Aw? 
=e, esau Te re Te) g\w? Kets Rede Ras? 
= Cul es Sy Rae! bee oo Rey Ba g\w? Mgt Reheat se 


=e,T,V/|glw° Aw Nw? Aw. (14.18.7) 
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Chapter 15 


BIANCHI IDENTITIES AND THE 
BOUNDARY OF A BOUNDARY 


15.1 THE BOUNDARY OF THE BOUNDARY OF A 4-SIMPLEX 


In the analysis of the development in time of a geometry lacking all symmetry, when one is compelled to 
resort to a computer, one can, as one option, break up the 4-geometry into simplexes [four-dimensional 
analog of two-dimensional triangle, three-dimensional tetrahedron; vertices of “central simplex” conve- 
niently considered to be at (t, 7, y, z) = (0,1,1,1), (0,1, —1,—1), (0, —1, 1, —1), (0, -1, -1, 1), (V5, 0, 0, 0), 
for example], sufficiently numerous, and each sufficiently small, that the geometry inside each can be 
idealized as flat (Lorentzian), with all the curvature concentrated at the join between simplices (see dis- 
cussion of dynamics of geometry via Regge calculus in Chapter 42). Determine (“give a mathematical 
description of”) the boundary (three-dimensional) of such a simplex. Take one piece of this boundary 
and determine its boundary (two-dimensional). For one piece of this two-dimensional boundary, verify 
that there is at exactly one other place, and no more, in the bookkeeping on the boundary of a boundary, 
another two-dimensional piece that cancels it (“facelessness” of the 3-boundary of the simplex). 


Solution: 


Suppose the vertices of the simplex are A;, Az, A3, 44 and As. The boundaries are 1234, 1253, 1245, 
1354 and 2345. 


¢ The boundaries of 1234 are 123, 142, 134 and 243. 


¢ The boundaries of 1253 are 125, 132, 153 and 235. 


¢ The boundaries of 1245 are 124, 152, 145 and 254. 


¢ The boundaries of 1354 are 135, 143, 154 and 345. 


¢ The boundaries of 2345 are 234, 253, 245 and 354. 


Then we can see that the boundaries of boundaries are zero. 
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15.2 THE BEL-ROBINSON TENSOR 


Define the Bel-Robinson tensor by 


Lagy5 = Ropyolig’ 5” - "Rapyo Res - 


Show that in empty spacetime this tensor can be rewritten as 
T _ po po 1 
aByo — Repyotig 6 1 Rosch, Y g IB Ivo Roory 
Show also that in empty spacetime 
T"375;0 = 9 


T..3y6 is symmetric and traceless on all pairs of indices. 


a 


Solution: 


hee, 


(15.2.1) 


(15.2.2) 


(15.2.3) 
(15.2.4) 


The solution is base on the paper A simple tensorial proof for the completely symmetric property of the 


Bel-Robinson tensor (Lau Loi So, 2010). 


(1) Firstly, we can derive that 


* _ ATP * 
12° Raps] = 29875 Rarop 


2% : 

= HR cane Ry 
Xr 

= Eyre ap 


= Eugene we 


= €upys(Ohd,5¢ — 6502 Of + bE 68 — SR Ogde + bf 6555 — deo On) Rs, 


= €upy6 (206 R — ARM) 
= —4€,875G" 4. 


(15.2.5) 


Thus in empty space, where G' = 0, we have “R875 = 9. Note that “Rog.s5 = *“Riasl[ys] We can further 


derive that 


"Ropys = —"Raysp — “Rasy 

= "Ryose + “Reapy 
—*Rypas — “Ryspa — “Ryap — “Repya 
= CReya5 + “Resya) + 2" Ry 508 
"Ready + 2° Rosas 
ee Ld: 


So in empty space, we also have *Ryg.5 = “Ry sag- 


(2) From 


oO 
pvyo* 6K 6 


. 1 
“R, Rees’ = Gap 


mn 
— ae mae R 
1 oA L 
_ ~ 798 Sein F "we tex 


1 LoS LoS LS v a 
= —798.(5a5p0 + gare + a i gel tnae 


1 1 1 
_ 598g Rvs ~~ 798 u RN yo Ry as” a 798 Rays” 


1 
=] — 5908 RO Ruvas + Rapielta 4. 3 
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(15.2.6) 


(15.2.7) 


we can get 


o o 1 vo 
Levi =R Re’ s + Heaps lg = 7 9an RY ae cee (15.2.8) 


apyo 


It is easy to see that T,4.5 = T(4)(y5) from equation 15.2.8. 


(3) From the definition of Bel-Robinson tensor, we have 


TL bns = Dien = Biante (Rg? 5” > Rss”) + "Hayek Be a “Re? a’). (15.2.9) 
Employing identity R,.,,5) =O and R345 = R153. we have 
R R,°,° — R;?,°) = RB R,,7 =+(R R R,?? <iR Rigs?” (15.2.10) 
are Bo *6 B ) —~ “Y“apyot'B6 = 5 apyo nae) BS _ 9 aypo*'BS ° as 
In empty space, we also have the identity “Raters, = 9 and *R.g.5 = “R,s.g- Similarly, we can get 
*R *R,z°,” — *R,? 2° _lkp “Rage? (15.2.11) 
| Bo 5 Bp )= 9 aypa *"B6 * es 
Furthermore, we can deduce that 
*R *R po __ *R * Ree — 1 Rey pogk P = | spog pay R 
aypo Bo paay BS ~~ 4 Secu ay& EKBS | po pv ay* EK Bd 
1 K V Vv o 
= — 5 Sin R oy Renps = — RM oy Ryvps = —RaypoRgs” - (15.2.12) 
Go back to 15.2.9, we can obtain 
Dip: (15.2.13) 


Recall that 71,5 = T,o,)(45)- We now prove that T,,.,5 is symmetric on all pairs of indices. 


(4) From equation 15.2.8, we have 


1 
teed _ Ficiedtg a Rstalts -_ Ie OR uvop 


1 
= Ryeaphs’p? + Ryopphs a? — 5978RM” oR 


youp yo Bp pvaB 
1 
= po po vo 
= Ronotte ¢ + Hapielty 4 = gore eigen (15.2.14) 
In empty space, we have T,,.5 = T5.,- So we can get 
946 RY” Rives = Gap Rt” yRuvos- (15.2.15) 
Contracting index + and 6, we have 
1A Feo On a (15.2.16) 
Bring it into 15.2.8, we have 
o o 1 or 
fink = Tapcltd s  aptelias = 3928915 Rp ryt a (15.2.17) 
(5) From the Bianchi identitiy R° Blpo:a} = 0, we have 
RB oerses + Fe gis + TL” Beek = 0 (15.2.18) 
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by contracting a and A. In empty space, we have R®,,,.. = 0. Thus, we have 


1 
fon _ toy po fon po a vo 
T py5;0 = (x prakg's +R psohe' — 555 RY Fuves 


re 


1 1 
= taped Tne re 7 Re pole + v0 = gah avo 7 ye Rave 88 
1 1 
= Ree Re pasa a Re” SRp panic — gp Rapes = gt  Raposip 
1 if 
— HE (Fspose a = Rapes: agit Res (Fase 7 = Rapes: 


1 Aa Po 1 Apo 
— aft ji y (2Respp;0 ae spate) a at ° 6 (28 oe + Hn syoce) 


1 Po 1 A Po 
= ait é Y (Respp:a + Rosapip + Re dpacp) + art : 6 (RevBpsa + Rovapip + Respasp) 
= 0. (15.2.19) 


(6) Contracting index a and @ in T.345, we have 


1 
OL ae apo ap o por 
i ayo — Ropyolt 6 Fig gio tt 1 ZI Roark 


youp 
1 


ie 1 
= 195 Rory Fe pe 15 ork 


=0. (15.2.20) 


1 
= Ry ashe! Hipage r= 591 R pon RO 


Reo 


porAy 


> 1 
eee Aw 595k 


Since T’, 3.5 is symmetric on all pairs of indices, 7’, ,.; must be traceless on all pairs of indices. 
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Chapter 16 


EQUIVALENCE PRINCIPLE AND 
MEASUREMENT OF GRAVITATIONAL 
FIELD 


16.1 HYDRODYNAMICS IN A WEAK GRAVITATIONAL FIELD 


(a) In section 18.4 it will be shown that for a nearly Newtonian system, analyzed in an appropriate nearly 
global Lorentz coordinate system, the metric has the form 


ds” = —(1 + 26)dt? + (1 — 20)(dx? + dy? + dz?) (16.1.1) 


where ® is the Newtonian potential (-1 << ® < 0). Consider a nearly Newtonian perfect fluid [stress- 
energy tensor 
T°? = (p+ p)uru? + pg’, p< p; (16.1.2) 


see Box 5.1 and section 5.10] moving in such a spacetime with ordinary velocity 


vw) = da) /dt <1. (16.1.3) 


Show that the equations T””.,, = 0 for this system reduce to the familiar Newtonian law of mass conser- 
vation, and the Newtonian equation of motion for a fluid in a gravitational field: 


do Ov) dvs O® Op 
a - a - 16.1. 
dt Port’? Pat Port Aas’ Sata 
where d/dt is the time derivative comoving with the matter 
d_O - O 
1 ayd 
Ho Bt” Bal (16.1.5) 


(b) Use these equations to calculate the pressure gradient in the Earth’s atmosphere as a function of 
temperature and pressure. In the calculation, use the nonrelativistic relation p = nyyjsm, where ny, is the 
number density of molecules and j:.y is the mean rest mass per molecule; use the ideal-gas equation of 
state 

p=mnukT (k= Boltzmann’s constant ); (16.1.6) 


and use the spherically symmetric form, 6 = —M/r, for the Earth’s Newtonian potential. If the pressure 
at sea level is 1.01 x 10° dynes/cm?, what, approximately, is the pressure on top of Mount Everest (altitude 
8,840 meters)? (Make a reasonable assumption about the temperature distribution of the atmosphere.) 
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Solution: 


Keep the first order of the small value, we have 


—14 206 0 0 0 
0 1+20 0 0 
ab _ 
os 0 0 1426 0 mene) 
0 0 0 1+20 
and 
Moe =F ig = Oa, Moo = 8, I yg = Oadjn — © 5 bin — © nds. (16.1.8) 
The stress-energy tensor is 
ap _{ P pul 
GP (Bios) 6.19) 


Then we have 
Op . Opv' _ dp Ov" 
ae ae eae (16.1.10) 


0=T", +I, = 


and 
i Opv' Ob = Opd) + pu'v4 (Op . Opvi Out .Ov' O06 Op 
ee tae on hee =e ; — 
0 TS a > oe Pai Buri "Vat aar) TP OE TP” Out TP Ont * Bai’ 
(16.1.11) 
ie. 
do Ov) dvi O® Op 
= - = -. 16.1.12 
dt Pai’ Pat P Axi Oxd ( ) 
(b) Assume the atmosphere is static. We have 
Od Op 
—+—=0 16.1.13 
Or - Or . ( ) 
ie. - 
p co) GMu p 
= = 16.1.1 
Or ? Or r2 kT” ( 9 
Assume temperature is a constant and the height of Mount Everest is much smaller than radius of the 
earth. We can get 
p\ GMpuh 
In (4) = Rp (16.1.15) 
Suppose T ~ 300K, we have 
p © 0.36p9 = 3.7 x 10° dynes/cm?. (16.1.16) 


16.2 WORLD LINES OF PHOTONS 


Show that in flat spacetime the conservation law for the 4-momentum of a freely moving photon can be 
written 


Vpp =0. (16.2.1) 


According to the equivalence principle, this equation must be true also in curved spacetime. Show that 
this means photons move along null geodesics of curved spacetime with affine parameter \ related to 
4-momentum by 

p=d/dx. (16.2.2) 
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Solution: 


Because p is conserved, we have p“ = constant in flat spacetime, i.e. 


V pp = 0. 


(16.2.3) 


In curved spacetime, we have p- p = 0 when photon is emitted. Then we have p- p = 0 along the path 
of photon, i,e, photons move along null geodesics of curved spacetime with affine parameter \ related to 


4-momentum by 
p=d/dy. 


16.3 NONCOM MUTATION OF COVARIANT DERIVATIVES 


Let B be a vector field and S' be a second-rank tensor field. Show that 
TY LL v, 
Bop = B ipa t Ry paP 
[LV — Quy LL Vv V 
a8 = pa + BR ppg + BR’ ppaS. 


From equation 16.3.1, show that 
Bee — BAO + Re Be, 


Solution: 
Since 
ww _ pL im v v 
B ;aB B 30,8 +T vpB 3a =o age as 
= BY wp sg (a2 ),6 + TM p(B" a + YY a") = ae ger 
we have 


BP ok _ BP a _ haere + Rage Bian = TY ie - Dial ayo = pig?” 


By contraction, we have 


7 Ho _ pH vy yi v 
Bp — BF py = pay = —RpB” = —RgB’, 


ie. 
Bee = Be Pane Be, 
Since 
SO as a se 8 + Pe po sa + pt _ er er 
— ae + ge + ad + agen Cae a air aad + ee 
ty. ae ee PEE gg EL ge) ae ae 
=" gE go ed Ye gee 
+ terms whose indexes are symmetric in a and £3, 
we have 


[Ly 
Dl ke 


BW pa = Re pS +R ppaS™. 
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(16.2.4) 


(16.3.1) 


(16.3.2) 


(16.3.3) 


(16.3.4) 


(16.3.5) 


(16.3.6) 


(16.3.7) 


(16.3.8) 


16.4 PRECESSION OF THE EQUINOXES 


(a) Show that the transport law for the Earth’s intrinsic angular momentum vector S“ in curved spacetime 
is 
DS® 
“Dr 
Here d/dr = wu is 4-velocity along the Earth’s world line; [,,, is the Earth’s “reduced quadrupole moment” 
(trace-free part of second moment of mass distribution), defined in the Earth’s local Lorentz frame by 


= PP Ta RY cua ue (16.4.1) 


7, 1 
Jig = 197 = Oy = fois! = gh Sin) as (16.4.2) 


and R" y¢ is the Riemann curvature produced at the Earth’s location by the moon, sun, and planets. 


(b) Rewrite equation 16.4.1 in the Earth’s local Lorentz frame, using the equation 
Ri, = 0°0/deI Auk (16.4.3) 
for the components of Riemann in terms of the Newtonian gravitational potential. 


(c) Calculate di /dé using Newton’s theory of gravity from the beginning. The answer should be identical 
to that obtained in part (b) using Einstein’s theory. 


(d) Idealizing the moon and sun as point masses, calculate the long-term effect of the spacetime curvatures 
that they produce upon the Earth’s rotation axis. Use the result of part (b), together with moderately 
accurate numerical values for the relevant solar-system parameters. 


Solution: 


(a) We would derive this result in the Earth’s local Lorentz frame, ignoring the spacetime curvature due 
to the Earth. In this essentially Newtonian situation, curvature components due to the Earth, sun, moon, 
and planets superpose linearly; i.e. gravity too weak to be nonlinear. The acceleration at 2/ relative to 
center of mass (x/ = 0) produced by tidal gravitational forces is 


Pa! noe 
an R592 - (16.4.4) 
The force per unit volume due to this acceleration, relative to center of mass is 
Pa! -_— 
The torque per unit volume relative to center of mass is 
7; = €53507 (—oR* jr’). (16.4.6) 
So the total torque about center of mass is 
a / eigatl (—PR ge!) (16.4.7) 
On the other hand, we have 
iB~és 73k0 ? 
PY Tay R* eure’ ut = — "LR ano 


3 dk6 


bs 1 sage wy 
_ gi * tgkO a2 DI 3 4 
=i [oF Ri goat 


ae A 1 Oy 
= = 88 f pasa; — #5) Ri. .d°h 


ee 
_ dst 


ae 16.4.8 
a (16.4.8) 


158 


in the Earth’s local Lorentz frame. Then 16.4.1 would hold in any frame. 


(b) We have - 
ds’ OPb +74. 
F = —egg f sa quiel@a. (16.4.9) 


(c) The gravity exerted on the point a relative to center of mass per unit volume are 


ps ( 


Oxk 


O7® 


» Oxk aa! 


o') (16.4.10) 


So the torque exerted on the earth is 


ao 
ee ae hy ee ences 
| cine a con |? dak Ac! 


which is equivalent to 16.4.9. 


aa! Be, (16.4.11) 


(d) Please see the wikipedia for a detailed calculation. 


16.5 GRAVITY GRADIOMETER 


The gravity gradiometer of Box 16.5 moves through curved spacetime along an accelerated world line. 
Calculate the amplitude and phase of oscillation of one arm of the gradiometer relative to the other. 


The detailed solution has been provided in “hint” attached to the exercise in the textbook. 
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Chapter 17 


HOW MASS-ENERGY GENERATES 
CURVATURE 


17.1 UNIQUENESS OF THE EINSTEIN TENSOR 


(a) Show that the most general second-rank, symmetric tensor constructable from Riemann and g, and 
linear in Riemann, is 
aRog + bRgag + Agap, (17.1.1) 


where a, b and A are constants. 
(b) Show that this tensor has an automatically vanishing divergence if and only if b = —a/2. 


(c) Show that, in addition, this tensor vanishes in flat spacetime, if and only if A = 0, i-e., if and only if it 
is a multiple of the Einstein tensor Gag = Rag — $Rgap- 


Solution: 

(a) The contrcation of the first and second index of Riemann vanishes because Ryvag = —Rvpag. SO 
the only second rank tensor constructable from Riemann and linear in Riemann must be multiple of 
Ricci tensor and so the only scalar must be Ricci scalar. Then, the most general second-rank, symmetric 
tensor constructable from Riemann and g, and linear in Riemann, is 


aRag + bRgag + Agag; (17.1.2) 


where a, b and A are constants. 


(b) 
(aRag + bRgas + Agas)” = a(Rap — 5Rgas)” + (b- 5) RR gas 
= (b- 5) Ra: (17.1.3) 
So this tensor has an automatically vanishing divergence if and only if b = —a/2. 
(c) In flat spacetime, we have 
aRag + bRgag + Agasp = Anas. (17.1.4) 


So this tensor vanishes in flat spacetime if and only if A = 0. 


161 


17.2 NO TENSOR CONSTRUCT ABLE FROM FIRST DERIVATIVES OF 
METRIC 


Show that there exists no tensor with components constructable from the ten metric coefficients g.g and 
their 40 first derivatives 9. ,,, except the metric tensor g, and products of it with itself; e.g., g ® g. 


Solution: 


In the local Lorentz frame, we have gag, = 0. So it is easy to see that tensors with components con- 
structable from the ten metric coefficients and their 40 first derivatives are metric tensor and products of 
it with itself. 


17.3. RIEMANN AS THE ONLY TENSOR CONSTRUCTABLE FROM, AND 
LINEAR IN SECOND DERIVATIVES OF METRIC 


Show that (1) Riemann, (2) g, and (3) tensors (e.g., Ricci) formed from Riemann and g but linear 
in Riemann, are the only tensors that (a) are constructable from the ten gag the 40 gag,,, and the 100 
Jap,nv and (b) are linear in the gog pv. 


Solution: 


In an orthonormal, Riemann-normal coordinate system, we have 


1 
JoB =NaBs, Jab = 0, JaB,pu = ~ 3 (Ranay + Rovpp): (17.3.1) 


The only tensors that are constructable from the ten gag the 40 gag, and the 100 gag,,, and are linear in 
the gag... must be of the form 


Ag + BRiemann + C contraction of Riemann, (17.3.2) 


ie. (1) Riemann, (2) g, and (3) tensors (e.g., Ricci) formed from Riemann and g but linear in 
Riemann. 


17.4 UNIQUENESS OF THE EINSTEIN TENSOR 


(a) Show that the Einstein tensor is the only second-rank, symmetric tensor that (1) has components 
constructable solely from gag, Ja8,s JaS,uv3 (2) has components linear in gag; (3) has an automatically 
vanishing divergence, V - G = 0; and (4) vanishes in flat spacetime. This provides added motivation for 
choosing the Einstein tensor as the left side of the field equation G = 87T. (b) Show that, when condition 
(4) is dropped, the most general tensor is G + Ag, where A is a constant. 


Solution: 


(a) From Exercise 17.3, the only tensor that (1) has components constructable solely from gag, gas,y> 
Jap,uv3 (2) has components linear in gog,,, must be (1) Riemann, (2) g, and (3) tensors formed from 
Riemann and g but linear in Riemann. From Exercise 17.1 (a), the most general second-rank, sym- 
metric tensor constructable from Riemann and g, and linear in Riemann is 


aRag + bRgap + Agag; (17.4.1) 
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where a, b and A are constants. From Exercise 17.1 (b) and (c), if we demamd that the tensor (3) has an 
automatically vanishing divergence, V - G = 0; and (4) vanishes in flat spacetime, the tensor must be a 
multiple of the Einstein tensor. 


(b) From Exercise 17.1 (b), when condition (4) is dropped, the most general tensor is G + Ag, where A 
is a constant. 


17.5 MAGNITUDE OF COSMOLOGICAL CONSTANT 


(a) What is the order of magnitude of the influence of the cosmological constant on the celestial mechanics 
of the solar system if A ~ 10~°’cm~?? 


(b) Show that the mass-energy density of the vacuum p‘VY4©) = A/82 ~ 10~29g/cm?, corresponding to 
the maximum possible value of A, agrees in very rough magnitude with 


rest mass of an elementary particle ie m mm? m§ 
- x ( gravitational fine-structure constant) = =. 
(Compton wavelength of particle)? (h/m)3 fh h4 
(17.5.1) 
This numerology is suggestive, but has not led to any believable derivation of a stress-energy tensor for 
the vacuum. 


Solution: 


(a) The magnitude of curvature generated by sun at earth is of the order 


GMo 


cr 


Rw 


~ 107% em7?. (17.5.2) 


The order of magnitude of the influence of the cosmological constant on the celestial mechanics of the 
solar system if A ~ 10-°’cm~? is 10772. 


(b) In cgs units, we have 
mS m Gm? Gm*c? 
= = 17.5.3 
RA (h/mc)? fie nA O72) 


The value is 10~*1g/cm? for electron and 10~2!g/cm? for proton. 


17.6 RAMIFICATIONS OF CORRESPONDENCE FOR GRAVITY IN A 
PASSIVE ROLE 


From the correspondence relation goq = —1— 2, and from conditions (17.15) and (17.17) for Newtonian 
physics, derive the correspondence relations 


Too = d®/Az", R'o50 = 20 /dx' dx. (17.6.1) 


Solution: 


Keep the first order of the small value, we have 


g) = (14+ 20)64 (17.6.2) 
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and | 
Moo = (1+ 2) = 06/dz'. (17.6.3) 


Because all velocities small compared to c implies time derivatives small compared to space derivatives, 
we have 
Riogo = T0053 —To5,0 = F003 = 0° 8/02 Oe". (17.6.4) 


17.7 CORRESPONDENCE IN THE LANGUAGE OF CURVED SPACE- 
TIME 


Cartan’s curved-spacetime formulation of Newtonian theory can be fond in Box 12.4 of the textbook. The 
formulation of the Einstein theory can be found in section 12.5 of the textbook. 


17.8 EINSTEIN-FOKKER REDUCES TO NORDSTROM 


The vanishing of the Weyl tensor [equation (13.50)] for a spacetime metric g guarantees that the metric 
is conform ally flat-i.e., that there exists a scalar field ¢ such that g = ¢7n, where 7 is a flat-spacetime 
metric. [See, e.g., Schouten (1954) for proof.] Thus, the Einstein-Fokker equation (17.24), Ces = 0, 
is equivalent to the Nordstrom equation (17.23b). With this fact in hand, show that the Einstein-Fokker 
field equation R = 247T reduces to the Nordstrom field equation (17.23a). 


Solution: 


If g = ¢?n, we have 
Dopy = O(NaBd,y + Nay,8 — 187,a)- (17.8.1) 
And so 
Pr .., = b (536, + 650.8 _ neyn" bu). (17.8.2) 
We can obtain the curvature 
R guy =O "(57 b,8u — 1vN?Y,on) — & “b,n(57b,8 — navn”? >.) 
_ "(68,6 — npn? >, pv) + b "bv (Ord, — npn’ dp) 
+ 67 (SRG p + 5b. — mun?d,p) (Sadr + 56,8 — Navn” d,c) 
— ody + 674,. — mun?d,9)(53b,n + 9nd,8 — Ney b,0)- (17.8.3) 


By contraction of a and ju, we have 


Re, =o *(¢,6v — npr” b,pu) — & *(¢.¢,6 — navn"? d,n6,p) 
— 367'b gp +3677 br¢,6 
+ 467? (26,86,0 — navn’ ¢,09,n) 
— 9? (69,691 — ng” b,06,r) 


= —6"'(26,1 + nso!” d,pu) + *(4b,86,v — Nav? b,09,r): (17.8.4) 
So 
R= $n” Rg, = 66° $08. (17.8.5) 
On the hand, we have T = ¢~?1n°°Tyg. So R = 24rT is equivalent to 
7°? b,08 = Anon? Tap. (17.8.6) 
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Chapter 18 


WEAK GRAVITATIONAL FIELDS 


18.1 GAUGE INVARIANCE OF THE RIEMANN CURVATURE 


Show that in linearized theory the components of the Riemann tensor are 


1 
Rappv a 3 Paw,us + AyB,ve = yv,ob ~~ happy): (18.1.1) 


Then show that these components are left unchanged by a gauge transformation of the form discussed in 
Box 18.2 [equation (4b) ]. Since the Einstein tensor is a contraction of the Riemann tensor, this shows that 
it is also gauge-invariant. 


Solution: 


The connection coefficients are 


1 
be be Be +H 
T ap = 5 (Me pte a ~ tag ). (18.1.2) 
So the curvature tensor is 
[ey a a 1 a a ed 1 a a red 

BO py = Oy. — PS yay = 5 tap te a — Pu” a) — 5 ue ay + hp wy — Pye”), (8.1.3) 

i.e. - 
Rappv a 3 (hav.u8 + AyB,ve = yv,b . hoppy): (18.1.4) 


By gauge transformation hj > hyv — €n, — &v,n, we have 


1 
bRepev = ~ 5 Sanus ar by, cpB “+ Eu,Bve at €8,uva En vos by, pooB ba, Buy EB ,.apv) =0. (18.1.5) 


So these components are left unchanged by a gauge transformation. 


18.2 JUSTIFICATION OF LORENTZ GAUGE 


Let a particular solution to the field equations (18.7) of linearized theory be given, in an arbitrary gauge. 
Show that there necessarily exist four generating functions €,,(t,x’) whose gauge transformation [Box 
18.2, eq. (4b)] makes 

ae aes (18.2.1) 
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Also show that a subsequent gauge transformation leaves this Lorentz gauge condition unaffected if and 
only if its generating functions satisfy the sourceless wave equation 


et eG: (18.2.2) 


Solution: 


oe 1 as 
Ee eae, = Ge aoe EMO Cee ie -_ DEG = jold aoe _ Ebom (18.2.3) 


If we demand that £" satisfy the equation £"°, = hOLP#° ., then we have 
fee et, (18.2.4) 


And if €-*, = 0, the gauge transformation would leave this Lorentz gauge condition unaffected. 


18.3. EXTERNAL FIELD OF A STATIC, SPHERICAL BODY 


Consider the external gravitational field of a static spherical body, as described in the body’s (nearly) 
Lorentz frame-i.e., in a nearly rectangular coordinate system |h,,,| < 1, in which the body is located at 
x=y=2z=0 for all t. By fiat, adopt Lorentz gauge. 


(a) Show that the field equations (18.8b) and gauge conditions (18.8a) imply 
hoo = 4M/(x2? + y?+27)/?, hoy = yx = 0, 
hoo = hen = hyy = hoz = 2M/(a? +9? +27)"7, hep =O0ifaF 8, (18.3.1) 


where J is a constant. 


(b) Adopt spherical polar coordinates, 
x=rsinécos¢?, y=rsinésing, z=rcosé. (18.3.2) 


By regarding h,,, and h,,, as components of tensors in fiat spacetime (see end of Box 18.2), and by using 
the usual tensor transformation laws, put the solution found in (a) into the form 


= 4M = = 
hoo = re hoj = hyx = 9, 
2M 2M 
hoo = a hoj =0, jn = Sika (18.3.3) 


where ga,,, are the components of the fiat-spacetime metric in the spherical coordinate system 


900na = —1; Grrnae = 1, 9O0nae = oe 
Ibe = r? sin? 0, JoBaa, = 9 When a # f. (18.3.4) 


Thereby conclude that the general relativistic line element, accurate to linearized order, is 


ds? = —(1—2M/r)dt? + (1+ 2M/r)(dr? + r7d0? + r? sin? 6d¢”). (18.3.5) 


(c) Derive this general, static, spherically symmetric, Lorentz-gauge, vacuum solution to the linearized 
field equations from scratch, working entirely in spherical coordinates. 


(d) Calculate the Riemann curvature tensor for this gravitational field. The answer should agree with 
equation (1.14). 
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Solution: 


(a) From (18.8b), we have 


— hoo,” = 167M6(r), —h,, .* =0if uAOory £0. (18.3.6) 


pV, 


So we have the solution 
hoo = 4M/(a? + y? +2°)¥?, hog = hjx = 0, Gee) 


and it satisfy the equation (18.8a). Since hy = hyv — 1/2 mvh and h = —4M/(a? + y? + 2?)!/?, we can 
get 


hoo = hex = hyy = hoz = 2M/(a? +y? +27)¥?, hog =OifaF f. (18.3.8) 


1 0 0 0 
M ; ; ae : 
To, = Ox = 0 sin 0 cos $ r cos 8 cos p rsin@ sin @ (18.3.9) 
= 0x5 0 sin@singd rcosésing rsindcosd 
0 cos 6 —rsin@ 0 
So we have 
Reig = T%y hapl as (18.3.10) 
The calculation is straight forward and we can get 
1 0 0 0 
2M@;0 1 O 0 
ha't=—|9 go 9 (18.3.11) 
0 0 0 fr?sin?¢@ 
(c) In spherical coordinates, we have 
SO) hae 16a Ty: (18.3.12) 


The components of coefficients are calculated from the metric tensor in spherical coordinates: 


1 1 
I" 59 =—1, I" gg = —rsin? 6, 1.9 =I% 5, = m 14g = —cosdsiné, I? ,=1%,, = = Tp aol peat 


(18.3.13) 
Then we can get 
lia: = hegee = iad Ore, 
= hoo,a* — (97° Tag + 9°°T 44) Ro0,r — 9°9T * ggh00, 
ee cos 6 
= hoo,a + ;Po0,r + ain g 1008 = —167Md(r). (18.3.14) 
The solution will be 
= 4M 
hoo = —. (18.3.15) 
Similarly, we will get ho; = hj, = 0. 
(d)We have 
1 
Roppv = = (Ravn + Rusa _ Ryv,xB _ Rapp) (18.3.16) 


2 
and hy, = 2M/ré,,. If we demand that r = (0,0, z), we can get the equation (1.14). 
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18.4 SPACETIME CURVATURE FOR A PLANE GRAVITATIONAL WAVE 


Calculate the components of the Riemann curvature tensor [equations (18.9)] for the gravitational plane 
wave (18.11). 


Solution: 


On the one hand, we have 


a 


_ 7 a _ 1 x 7 _ _ 
Rapp = 5(Rav,us + hyp.va — Ruv.a8 — has,uv) — 7 Movh,ns + Nysh.va — Mvh,as —Naghpv)- (8.4.1) 


On the other hand, we have 
ire = healt — 2), Ry — hig (t — 2), figs — hig (t —2z) (18.4.2) 


and all other first order components of metric vanish. So we have 


he 1 = l= 7 
Ratat = — 5 hlew,tt + qiech te = — 7 hve — yy) tes 
ts 
Retyt — —ahey tt» 
Ratzt om 0, 
Retry = 0, 
i he 
Ratyz = — 5 hay,tz = ghiey,tt, 
1 1 = 1 = 
Retza = 5 ltea,tz = Tiel tz = — 7 (hex = yy) tt» 
a 1 & doa S 
Rytyt = — 5 htyy.te P qiuy hte = q hae = hyy),tts 
Rytzt = 0, 
Rytzy = 0, 
1 dis os ee = 
Rytyz = — 5 hawt aN qiul te = —ylhae ~ hyy) tts 
1 1. 
Rytzx = a heute —s — 5 hey.tes 
1 ay = 
Raz = q itech te + nth,z2) = 90, 
Retxy = 0, 
Retyz =0, 
Retzx = 0, 
Rayry _ 0, 
Rayyz = 0, 
Reyze =0, 
1. 1 Ti 5s s 
Ryzyz = — 5 htyyex + qiuy ex = qe = hyy) tt, 
1. 1. 
Ryzza = ghtey,z2 = ghiey.te, 
1. 1 Ls = 
Rozaz bom ghee ze qieah Zz — 4 has = hyy),tts (18.4.3) 


All other components vanish except those obtainable from the above by the symmetries of Riemann tensor. 
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18.5 A PRIMITIVE GRAVITATIONAL-WAVE DETECTOR 


Two beads slide almost freely on a smooth stick; only slight friction impedes their sliding. The stick falls 
freely through spacetime, with its center moving along a geodesic and its ends attached to gyroscopes, 
so they do not rotate. The beads are positioned equidistant (distance //2) from the stick’s center. Plane 
gravitational waves [equation (18.11) and exercise 18.4], impinging on the stick, push the beads back 
and forth (“geodesic deviation”; “tidal gravitational forces”). The resultant friction of beads on stick heats 
the stick; and the passage of the waves is detected by measuring the rise in stick temperature. Neglecting 
the effect of friction on the beads’ motion, calculate the proper distance separating them as a function of 
time. 


Solution: 


Let € be the separation between the beads; and let n = €/|&| be a unit vector that points along the 
stick in the stick’s own rest frame. Then their separation has magnitude / = € - n. The fact that the stick 
is nonrotating is embodied in a parallel-transport law for n, Vin = 0. Thus, 


dl 

5 = Vul€n) = (Wud): 
d?l 
FSD) = Vul(Vu) : n) = (VuVué) 7n. (18.5.1) 


where 7 is the stick’s proper time. But geodesic deviation € satisfy that 
VuVu€ = —R(E,u)u. (18.5.2) 


So we have 
d?l 
dr? 


In the stick’s local Lorentz frame, we have 


= —Riemann(n, u, &,u) (18.5.3) 


d?l ij 
To —1Rigjon'n’. (18.5.4) 


Orient the coordinates so the waves propagate in the z-direction and the stick’s direction has components 
n* = cos8, n®* = sin cos ¢, n¥ = sin sin ¢. So we have 


d?l fe S ee 2 2 
a | zee — lyy),t1 sin? 6 cos” @ + qlhee — hyy) tt sin? Osin” ¢ — hey st sin” 6 sin ¢ cos b 
(18.5.5) 
Assume 61 < lg. The solution is 
1; a - 2 1. - 2 : 
l=Ip J1+ q how — hyy) sin“ 9 cos 2¢ + ghey sin’ Osin 2d] , (18.5.6) 
where hj x are evaluated on the stick’s world line (2 = y = z = 0). 
18.6 BENDING OF LIGHT BY THE SUN 
To high precision, the sun is static and spherical, so its external line element is (18.15c) with ® = —M/r; 
ie. 
ds* = —(1— 2M/r)dt? + (1 + 2M/r)(dx? + dy? + dz”) everywhere outside sun. (18.6.1) 


A photon moving in the equatorial plane (z = 0) of this curved spacetime gets deflected very slightly from 
the world line 
c=t, y=b= “impact parameter,” z= 0. (18.6.2) 
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Calculate the amount of deflection as follows. 


(a) Write down the geodesic equation (16.4a) for the photon’s world line, 


dp“ . 


Here p = d/d\ = (4-momentum of photon) = (tangent vector to photon’s null geodesic). 
(b) By evaluating the connection coefficients in the equatorial plane, and by using the approximate values, 


|p’| < p® = p*, of the 4-momentum components corresponding to the approximate world line 18.6.2, 
show that 


y —2M Z : 
dp 2Mb_ ade p® =p? 1 +O (+)| = const F +O ($)| (18.6.4) 


dy (a2 +62)3/2” Gy’ oD 
(c) Integrate this equation for p’, assuming p” = 0 at 2 = —oo (photon moving precisely in x-direction 
initially); thereby obtain 
4M 
pY(a = +00) = — =p. (18.6.5) 


(d) Show that this corresponds to deflection of light through the angle 

A@d = 4M/b = 1".75(Ro/Dd), (18.6.6) 
where Ro is the radius of the sun. For a comparison of this prediction with experiment, see Box 40.1. 
Solution: 


(a) The non vanishing components of connection coefficients are 


Mo =P 9p = G4, Moo = Ba, Ij = big ®n — Fin ® 5 + Fyn 3. (18.6.7) 


The geodesic equation of the photon is 


—— + 26 ;p°p’ = 0, 

dX wee 

dp' os - 

a + © ;pp® — 2 ;p'p’ + Bpip! = 0. (18.6.8) 


(b) Using the approximate values, |p’| << p? ~ p”, we have 


dp¥ —2Mb dx 


—— = -26,,(p")? = . 18.6. 
and a 
2 ne Ye 
a 2® yp p. (18.6.10) 
Integrate 18.6.10 and we can get 
x 0) 0 M 
Ap” = —-2p A®~ p-O (+) ; (18.6.11) 
And so ae a 
p’ =p +0 (=)| = const f +O (+)| (18.6.12) 
(c) Integrate 18.6.9 and we can get 
cc —2Mb 4M 
y — — 7X — 2 
p' (a = +00) =p [. (a? + payee ane al (18.6.13) 
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(d) 


= = (Ro /b) = 8.49 x 107 °(Re/b) = 1.75" (Ro /b) 
b Ro 


p¥ (a2 = +00) | 4M 4M 


18.7 GRAVITATIONAL REDSHIFT 


(a) Use the geodesic equation for a photon, written in the form 


Wp 


Dy 7 Pe usPap® = 0, 


(18.6.14) 


(18.7.1) 


to prove that any photon moving freely in the sun’s gravitational field [line element (18.16)] has dpo/dA = 


0; Le., 
po = constant along photon’s world line. 


(18.7.2) 


(b) An atom at rest on the sun’s surface emits a photon of wavelength \., as seen in its orthonormal frame. 
An atom at rest far from the sun receives the photon, and measures its wavelength to be \.. Show that 


the photon is redshifted by the amount 


Solution: 


(a) The time component of geodesic equation is 


dpo a 
Dy 7 FM osPap”. 


From equation 18.6.7, we have 


dpo i i i 
a T° ;pop’ + Ioopiv® = © i(pop' + pip) = 0 


by keeping the term linear in ®. So po is constant along photon’s world line. 
(b) For observer at rest on the sun’s surface, we have u. = (1 — ®,0,0,0) and 
h/Xe = P* Ue = po(1 — 8). 
For observer at rest far from the sun receives the photon, we have u,. = (1,0,0,0) and 
h/A; = p+ Uy = po. 


So 
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(18.7.3) 


(18.7.4) 


(18.7.5) 


(18.7.6) 


(18.7.7) 


(18.7.8) 
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Chapter 19 


MASS AND ANGULAR MOMENTUM OF 
A GRAVITATING SYSTEM 


19.1 DERIVATION OF METRIC FAR OUTSIDE A WEAKLY GRAVITAT- 
ING BODY 


(a) Derive equation (19.5). 


(b) Prove that the system’s mass and angular momentum are conserved. 


Solution: 


(a) The outline of the derivation is given as “Hint” in the textbook. However, the complete derivation 
is so tedious that I can not figure out the solution here. Any help is appreciated. 


(b) For a weakly gravitating source, self-gravity has negligible influence. So 
ab map __ 
T Bt T 3 = 0. (19.1.1) 


Then, we have 


a = eae r= - fr, vie -{ Tay =0 (19.1.2) 
: : x00 


and 


dS, 


_ l 0) 3 
- [ cvime fide od x 


Ekimair” h er 


ae dS +0 


= =f (cuima'T™) nia + f comm Td 


x00 


fh (19.1.3) 
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19.2 GYROSCOPE PRECESSION 


Derive equation (19.10) for the angular velocity of gyroscope precession. 


Solution: 


For the axis of gyroscope, we have 


DL\! dL fe Ds 
(a) = ap te = ae ae (19.2.1) 
keeping the first order of velocity and gravitaional potential. So we have 


dLi 
dt 


TY oL* = Ph OLy, (19.2.2) 


where (; is the angular velocity of the axis of gyroscope relative to the coordinate axis, which is tied 
rigidly to the “fixed stars”. We can get 


dee Tes A pe ia, 
OF = = SENT ing = FET jxo = FE" (Gin,0 + 90,4 — 940.5) = 57" 950,%- (19.2.3) 
As 4 
m= 
950 = —2€jmnS ye? (19.2.4) 
we have r 
of 8a"a"™ 
Jj0,k = —2€jmnd”™ (3 = ro ) : (19.2.5) 
Now we can get 
. 6m 3a"ak i 39% apa! 
L_ gk m { % _ l 
Of =F ej nS ( 5 ) =3 ( s+ 2 ) ; (19.2.6) 
ie. : ae 
ae | s+% ) (19.2.7) 


19.3. GRAVITATIONAL FIELD FAR FROM A STATIONARY, FUIIY REL- 
ATIVISTIC SOURCE 


The outline of the derivation given in the textbook is very detailed. A few steps omitted in the textbook is 
not hard to follow. Sorry for not writing down the complete derivation here. 
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Chapter 20 


CONSERVATION LAWS FOR 
4-MOMENTUM AND ANGULAR 
MOMENTUM 


20.1 FLUX INTEGRAL FOR TOTAL MASS-ENERGY IN LINEARIZED 


THEORY 


Show that the flux integral (20.6) for P° reduces to (20.7). Then show that, when applied to a nearly New- 
tonian source [line element (18.15c)], it reduces further to the familiar Newtonian flux integral (20.2). 


Solution: 


By the definition of H°°, we have 


770105 — = (1nd 4.1 hid — fg 5 — 7% 9°) = SAL Ais = 545% 4 pti_giipy, = nid sp, (20.1.1) 


So 


phat f nics 
T Is ® 
a 49 
——y 167 Al 7 —h*, dS; 


1 
=— ik.k— )d?.S:;. 
sag _f (ine Ikk,j) J 


As hi; = —286,;, we have 


P= a 
167 8 


1 
=. Osa? Ss: 
al Jj J 


(26 ; + 6@ ;)d?S; 
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(20.1.2) 


(20.1.3) 


20.2 FLUX INTEGRAL FOR ANGULAR MOMENTUM IN LINEARIZED 
THEORY 


Derive the Gaussian flux integral (20.8) for J“. 


Solution: 
From the Hee = 16xT"”, we have 
CeO sy ere oO ead os AOS ae OO tas Ei oe Aba (20.2.1) 
So we have 
yaa han” — aT) Ba 


be ppvadk vjOp vOOpu vy pywaok pjOv pOOv 3 
a Nae karen ete Cs ae slag ade 
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1 : . 
Te [Cea = Hm = (a” HHO), or | apex 
1 ; : : . 
= Gee Cae PU ROY 5 EP aS (20.2.2) 
TIS : . 


20.3 FLUX INTEGRALS FOR AN ARBITRARY STATIONARY SOURCE 


(a) Use the flux integrals (20.9) to calculate P* and J*” for an arbitrary stationary source. For the 
asymptotically flat metric around the source, use (19.13), with the gravitational radiation terms set to 
zero. 

(b) Verify that the “auxiliary equations” (20.10) to (20.12) give the correct answer for this source’s total 
mass-energy M and intrinsic angular momentum S“. 

Solution: 


(a) 


F059 = hv _ oon, 
pois — _ gtk p05 “ 5'5 _Ok 
HOM — — (phos! + pstoe® — piho™ — ne geP) (20.3.1) 


The asymptotically flat metric around the source with the gravitational radiation terms set to zero is 


2 l 
ds? = f a = + O ( =)| dt? tenis" +0 (=)| dtd! 
r r r 


r r 
2M M? 1 
+ (2 + Spe + a) Ojk +O (=)| dri dx" (20.3.2) 
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So we have 


Now we have 


1 M 
P?® eet car Pg eats Eves lg 2 
167 oe An eee 
; 1 
— ae 29 nk) Qe os Ay 
ri .@S zl 
TT 
aie 1) — xix! f(r) + 9(r)o"| 
= én A rz) 4 ba bs r Gr 4 
Ji Te Hes, = a yO Ste log HI!) Sy. 
As 
4 pps kl 7S, = bike gmn be kmn S Onk 3LnLk 
ae % Els a ) m™\ 73 re 
—Jeimng [G sta oy xe as 
r 
a 
8 Tr 
=A dns, f egg 
a S 3r2 
and 
putes ant “fC jit mn + OJ pie) Se == Tl — d's 
rs) 8 
QeMN GF [2 dS 
—263 cS ff eas 
8a 
= img. 
3 
We have i ‘ , ; 
ij _ = ijm SL jim + ijm _ = jim _ ijm 
J 3¢ Se, 3° Sim + ra Sm 6° Sy = er Sy. 
(b) We have 
(—P¥P,)/? = P?=M, Y" =—J*’P,/M? = J*°/M =0, 
and so 


2 


HOG = baal + O : 
r r2 


Oijk ik jmn ij -kmn In 1 
ANY =2(-6 é + 6% } 5n2¢ +0 (=) 


oe 1 
ijkl __ 
HY -0(3). 


1 1 fe 
=Epwop( Ie” —Y"Pp” +Y"P")P?/M = 5 Cio” = (0, Si). 


(20.3.3) 


(20.3.4) 


(20.3.5) 


(20.3.6) 


(20.3.7) 


(20.3.8) 


(20.3.9) 


So the “auxiliary equations” give the correct answer for this source’s total mass-energy and intrinsic angular 


momentum. 
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20.4 FORM OF HH!" FAR FROM SOURCE 


Show that the entities ee of equations (20.20) reduce to H“°”® (20.3) in the weak-field region far 
outside the source. 


Solution: 


In the limit of weak field, keeping the first order of h,,,, we have 


g= —€°F 1 954918927935 


=-—l]-— 7? (hoamaneyN36 + noahisneynss + Noon gh2y136 + Noam BN27h36) 
= —1+ hoo — hii — hoe — h33 
=-l-Ah. (20.4.1) 


So we obtain h 
g°? = (—g)/? 9%? = (1+ ar — A?) = 9 — he. (20.4.2) 


And so 
FBOE — git go _ gov gh — _ (pv AoP 4 nob pny — phBpay — po pAb) 4 pty OP — pH) (20.4.3) 


So in the limit of weak field, H/'°"" differs from H““”8 with only a constant term, which will vanish when 
taking derivatives. 


20.5 TOTAL MASS-ENERGY IN NEWTONIAN LIMIT 


(a) Calculate ae , for the nearly Newtonian metric 
ds* = —(1+ 2@)dt? + (1 — 20)5j,dxIdax". (20.5.1) 


Assume the source is slowly changing, so that time derivatives of ® can be neglected compared to space 
derivatives. 


(b) Let the source of the gravitational field be a perfect fluid with 
TY’ =(p+p)utu’ + pot”, p/p~ v? = (dx/dt)? ~ ||. (20.5.2) 
Let the Newtonian potential satisfy the source equation 
® 5; = Arp. (20.5.3) 


Show that the energy of the source is 


1 i 
Pe = fer +e-gate= f [of] + 500? + 508] (Geetyytes)'dedyde 20.5.4 


(c) Show that the “equations of motion” Ty"; .¢ ,, = 0 reduce to the standard equations (16.3) of Newto- 
nian hydrodynamics. 


Solution: 


(a) According to 20.4.2, we have 7 
ge? = nv — Are 4. O(®?), (20.5.5) 
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where 


Ah° =-46, h°? =O0ifa40o0rf 40. 


So we have 
g°? , = 40, + O(8?) ifa = 0,8 =0,7 =i, 


and all other components of g*? , all vanish up to the first order of ®. 


According to (20.22) in the text book, we have 


(20.5.6) 


(20.5.7) 


1 7 1 P 7 
00 = 00 (77 ~00 00 00.4 00 00 3) _ : 3 
{i= gen 0 es oh gt gig 9" )go0go09 iG / + O(") = eae s + O(®?), 
it? Lo O(® - 


aj 1 1 ik ig 1 lt aay 
toy = 6 Re rg —g 9) goosn08™ 40° | + O(®*) = 4 (@ ;® ; _ 5° I ,® x) a5 O(®*). 


T 


(b) It seems that the equation 20.5.4 in the textbook is not correct. 


(c) From the definition Tf”, .¢ = (—g)(T"" + ti" ,,), we have 


if 
Trees = p+ pv? — Bp eee — 4p, 
The Let = pv", 
ij ee ae Lg 
Ty Leg = pu'v’ + po” + = (8405 — 56% OO x), 
Ags 2 a 
keeping the first order of ®, p/p and v?. From 77 5 oo + Tr Ler i = 0, we have 


Op  Opv' 


Ot Ox? 


noting that 0; is of the order of v. From TP!) og ¢ + Ty hog ; = 0, we have 


Opv'  Opv'v) ~~ Op 1 


~ (® 4,8; + ® (@ 5; = ® iP x) = 0. 


Ot - OxI is Ox' Ar 


Recall that ® ;; = 4p, we have 


(20.5.8) 


(20.5.9) 


(20.5.10) 


(20.5.11) 


(20.5.12) 


20.6 SIMPLE FEATURES OF THE ELECTROMAGNETIC FIELD AND 


ITS STRESS-ENERGY TENSOR 


(a) Show that the “scalar” 1/2F°° F., CGnvariant with respect to coordinate transformations) and the 
“pseudoscalar” 1/4F,3*F°° (reproduces itself under a coordinate transformation up to a + sign, according 
as the sign of the Jacobian of the transformation is positive or negative) have in any local inertial frame 
the values E? — B? and E - B, respectively (“the two Lorentz invariants” of the electromagnetic field). 


(b) Show that the Poynting flux (E x B)/4z is less in magnitude than the energy density (EF? + B?)/87z, 
save for the exceptional case where both Lorentz invariants of the field vanish (case where the field is 


locally “null”). 
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(c) A charged pith ball is located a small distance from the North Pole of a bar magnet. Draw the pattern 
of electric and magnetic lines of force, indicating where the electromagnetic field is “null” in character. Is 
it legitimate to say that a “null field” is a “radiation field”? 


(d) A plane wave is traveling in the z-direction. Show that the corresponding electromagnetic field is 
everywhere null. 


(e) Show that the superposition of two monochromatic plane waves traveling in different directions is null 
on at most a set of points of measure zero. 


(f) In the “generic case” where the field (F, B) at the point of interest is not null, show that the Poynting 
flux is reduced to zero by viewing the field from a local inertial frame that is traveling in the direction of 
E x B with a velocity 

v = tanha (20.6.1) 


where the velocity parameter a is given by the formula 


25Ex B 


tanh 2a = 
(g) Show that all components of the electric and magnetic field in this new frame can be taken to be zero 
except FE, and By. 


(h) Show that the 4 x 4 determinant built out of the components of the field in mixed representation, F'%, , 
is invariant with respect to general coordinate transformations. 


(i) Show that this determinant has the value —(E - B)? by evaluating it in the special local inertial frame 


of (f). 


(j) Show that in this special frame the Maxwell stress-energy tensor has the form 


-1 0 00 
E?+B?{]0 -1 0 0 
BS, Gls x x 
1a ase me Qo a (20.6.3) 
0 0 01 


(Faraday tension along the lines of force; Faraday pressure at right angles to the lines of force ). 


(k) In the other case, where the field is locally null, show that one can always find a local inertial frame 
in which the field has the form E = (0, F,0), B = (0,0, F) and the stress-energy tensor has the value 


—1 
Fe] 4 

Pl ae 
vy Ar | O 
0 


0 
0 
0 (20.6.4) 
0 


oor Ke 
ooo oO 


(1) Regardless of whether the electromagnetic field is or is not null, show that the Maxwell stress-energy 
tensor has zero trace, 7, = 0, and that its square is a multiple of the unit tensor, 


ou ou 
TY T%, = —“.|(E? — B’)? + QE. B)*) = —“4|(E? + B’)? — (2E x B)’). 20.6.5 
oT = Gaal + QE. BY] = Gal(E? + BY? — QE x By’ (20.6.5) 
Solution: 
(a) In a local Lorentz frame, we have 
1 : ; af 
a a Fas = —F" Fy, — FYB, = E'E, — €*¢,;.B,B' = E? — B? (20.6.6) 
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and 


1 1 te ie 
qrop Fe = ge Fas Frys = 50" FoiFin = —FoiB* = E- B. (20.6.7) 


(b) Suppose the angle between E and B is alpha, then we have |E x B| = |E||B|sina. And so 
E? + B? — 2|E||B|sina = (|E| — |B)? + 2|E||B\(1— sina) > 0, (20.6.8) 
the equality holds when |£| = |B| and a = 7/2, in which case 
E?—- B’=0, E-B=0. (20.6.9) 
(c) The drawing is eliminated here. It is not legitimate to say that a “null field” is a “radiation field”. 
“Radiation field” must be null everywhere. 


(d) The E-M field for a plane wave traveling in the z-direction is 


E = (Acos(kz — wt),0,0) B= (0, Acos(kz — wt),0). (20.6.10) 
So we have 
E?-B’=0, E-B=0. (20.6.11) 
(e) We have 
E = E, cos(k- @ — wt) + Ep cos(k- x + wt) (20.6.12) 
and 
B= B, cos(k- a@ — wt) + By cos(k- a+ ut). (20.6.13) 
So 
E.B=(E,:Bo.+ Ey): Bi) cos(k- x — wt) cos(k: « + ut) £0, (20.6.14) 
and 
E’ — B® = 2(E, - E, — B,- By) cos(k- x — wt) cos(k- x + wt) £0. (20.6.15) 
(f) The velocity is 
ExB 
v= NO eB] = tanhan. (20.6.16) 
And we have 
E'=7(E+vnx B) (20.6.17) 
and 
B’=7(B-vun~x E). (20.6.18) 
So 


E'x B'=7°|Ex B+v(nx B) x B—vEx (nx E)—v*(n x B) x (nx E)| 
= {Ex B-0(B? + B?)n-v?[(n x B)- Eln} 
=7[E x B—0(B? + E’*)n—-v’E x B] 
tanh 
= Ex B-—""_(B? + B?)n 
1 — tanh* a 
B+E? ExB 
2 |E x B| 

= 0. (20.6.19) 


= Ex B-—-tanh2a 


(g) By the Lorentz transformation described in (f) we can make EF and B parallel. Then a pure rotation 
in space can bring E and B to the z direction, i.e. all components of the electric and magnetic field in this 
new frame can be taken to be zero except EF, and By. 
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(h) In a general coordinate transformations, we have 


' Ox™ Ox? 
F° ,, = ——F™, ——_. 20.6.2 
BY Aa~” 8 xh (20:020) 
So 
3; Ax’ Ox? _ 7 
det F 3, = det Aaa - det ane -det F 3 = det F%;, (20.6.21) 


i.e. the determinant built out of the components of the field in mixed representation is invariant with 
respect to general coordinate transformations. 


(i) In this special frame, we have 


Be 1G 0 
ole oO 
Pa=!oq 9 OB (20.6.22) 
0 oO -B* 0 
So 
det F*, = —(E*)*(B*)? = —(E” - B*)? = -(E- B)’. (20.6.23) 
(j) We have 4nT#, = FHP F,, — 764 FoF °°. As 
O: «Be. 30) SOA Ocak 0), SO fe: 205 4. 0 
“Filip |- EPO 30> 0) ee 0 Oi 208) Ve Oe BE Os <0 
PES ON Oe a SBR OR 30 OF BERS Oe 0 URE 0 
0 o -B* 0/\0 oO -B* 0 0. 0 (0 “Be? 
(20.6.24) 
and 
FoF, = —2(E? — B?), (20.6.25) 
it is easy to obtain 
-1 0 00 
E2+B2/0 -1 0 0 
7) x x 
Le a act. (20.6.26) 
GO <0) Gea 


(k) If the E-M field is null, then we let the direction of E x B be the direction of x axis. In this frame, we 
have E = (0, F,0), B = (0,0, F’). And so 


0 0 F O 
0 0 F O 
a8 
Be oF aR HY 0 (20.6.27) 
0 0 O 0 
As 
0 0 +F O 0 O -F 0 -1 10 0 
0 0 +F O 0 0 F 0O -1 10 0 
_ Fre ae — F2 
Bees -F -F 0 0 F -F 0 0 a 0 0 0 0 (20229) 
0 0 O 0 0 60 0 0 0 0 0 0 
and 
Bet (20.6.29) 
it is easy to obtain 
-1 10 0 
F?/}-1 1 0 0 
Pe fae 
et oe ane eee (20.6.30) 
0 0 0 0 
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(1) If the E-M field is not null, then we can go to the special frame in (f), and the energy-momentum tensor 
is 20.6.26. It is easy to see that T“, = 0, and 


E2 + B2]? ov 
je a x x eo Z 2 2\2 : 2 
ii aig | a 5u Cone Hy + On: By, (20.6.31) 


If the E-M field is null, then we can go to the special frame in (k), and the energy-momentum tensor is 
20.6.30. It is easy to see that 7“, = 0, and 


oy 


T4,T*%, =0= 


[(E? — B’)? + (2E- B)). (20.6.32) 


Since the |.h.s. and rh.s. of T“, = 0 and 20.6.5 is invariant under Lorentz transformation, so it holds in 
any frame. 


20.7 THE STRESS-ENERGY TENSOR DETERMINES THE ELECTRO- 
MAGNETIC FIELD EXCEPT FOR ITS COMPLEXION 


(a) Given a non-zero symmetric 4 x 4 tensor 7” which has zero trace 7“, = 0 and whose square is 
a multiple, M*/(87)?, of the unit matrix, show that, according as this multiple is zero (“null case”) or 
positive, the tensor can be transformed to the form (20.60) or (20.59) by a suitable rotation in 3-space or 
by a suitable choice of local inertial frame, respectively. 


(b) In the generic (non-null) case in the frame in question, show that T“” is the Maxwell tensor of the 
“extremal electromagnetic field” €,,,, with components 


Ecxtremal = (M, 0, 0), 

Boxtremal = (0, 0, 0). (20.7.1) 
Show that it is also the Maxwell tensor of the “dual extremal field” *€,,,, with components 

* Frextremal = (0, 0, 0), 

* Bextremal = (M, 0, 0). (20.7.2) 


(c) Recalling that the duality operation « applied twice to an antisymmetric second-rank tensor (2-form) 
in four-dimensional space leads back to the negative of that tensor, show that the operator e** (“duality 
rotation”) has the value 

e*“ = cosa + (sina)*. (20.7.3) 


(d) Show that the most general electromagnetic field which will reproduce the non-null tensor T“” in the 
frame in question, and therefore in any coordinate system, is 


Pup _ CE is (20.7.4) 
(e) Derive a corresponding result for the null case. 
Solution: 
(a) If T° = 0, then a suitable rotation in 3-space can bring T'; into diagonal form. So T“, will also 


be diagonal. In generic case, the diagonal elements must be +M?/8z and their sum must be zero. So they 
are of the form (20.59). In null case, 7“, must be a null matrix. 


If T° 4 0, by a suitable rotation in 3-space, we can make T's vanish unless i = 1. As T#,T°%, = 
M*/(87)?5", we have 
Mes Mecano ls Rare a! Se ea (20.7.5) 
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For 7 = 1, 2,3, we can obtain 
= Bea Oe eae, (20.7.6) 


So T“,, is diagonal in block (0,1) and (2,3). And a suitable rotation in 2 — 3 plane can bring (2,3) block 
into diagonal form. 


We also have 
M4 


0 ma _ (0 2 0 \2 _ 
Pel 9 = Eo) ~O a) ~ (erp (20.7.7) 
So in null case, we have |7% | = |T°, | = |T', |, and (2,3) block is null. If we demand that T°° and T” is 
positive, then T“” is of the form (20.60). 
For a boost in 1-direction, we have 
1+ 6? B 1+ 6? 28 
pol pol 00 il _ pol _ 00 . 20.7. 
= Are p ip! * ) 1— 6? 1+ B (20.7.8) 


In generic case, |T%| > |T°, |. So a suitable choice of 6 can bring T°! to zero, and so bring T, to be 
diagonal, of the form (20.59). 


(b) For “extremal electromagnetic field”, we have 


0 M 00 
—-M 0 0 0 
a Be 
Por = 0 0 0 0 (20.7.9) 
0 0 0 0 
As 
0 M OO 0 -M 0 0 -1 0 00 
-M 0 0 0 M oO 00 0 -1 0 0 
_ pee a _ yf 
ay a 0 0 0 0 0 0 O 0 ~ae 0 O 0 0 Q710) 
0 0 0 0 0 0 O 0 0 O0O 0 0 
and 
FoF, = —2M?, (20.7.11) 
it is easy to obtain 
-1 0 0 0 
M? | 0 =1 0 6 
fe 
Pe ao lo. 0 dso (20.7.12) 
0 0 01 
For “dual extremal field”, we have 
00 O 0 
ap _{9 0 O 0 
Bor — 00 0 mM (20.7.13) 
00 -M O 
As 
00 O 0 00 O 0 0 0 0 0 
00 O 0 0 0 O 0 00 0 0 
_ pre at a _ 4f2 
Be ga 00 0 M 00 0 M aa 001 0 20:7 244) 
00 -M O 00 -M O 000 1 
and 
PPE FMA, (20.7.15) 
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it is easy to obtain 


-1 0 00 
A? | Or 1) 0 
Pe ee, 
Re = Sn 0 0 10 (20.7.16) 
0 0 O01 
(c) 
nee love) (xa)” 7 oo ‘ q2zk oo i q2ktl = : . 2 
e oe eT at 1) (mi | «S( 1) (Ok+ 1 cosa + (sina)*. (20.7.17) 
n=0 k=0 k=0 
(d) In generic case, we have 
E? 4+ B? M2 
0 = = 0. = 65; J k = 
To an Re? TY, = €ijrE7B 0, 
(oR PEER By. Mg PER es Bee 
ae 8a An en a= 8a An Sr’ 
E?+B? B3E3+B3B3 M2? Ai, dagen 
eS = Ti, =—E'E) — B'BI =0(i# j). 20.7.1 
7 87 Ar 87’ J 0G F3) 2OTNS) 
Then we can obtain E, = E3 = By = Bz; = 0 and E? + B? = M?, ie. 
E = (M cosa, 0,0), 
B = (Msina,0,0). (20.7.19) 
And so 
Fig =O" bay. (20.7.20) 
(f) In null case, we have 
-1 100 
PF chy VIN se 
Pe ee 
re Z|0 000 (20.7.21) 
0 0 0 0 
We can obtain the solution 
E = (0, F cosa, —F sina), 
B = (0, Fsina, F cosa). (20.7.22) 
Define “extremal electromagnetic field” ¢,,,, as 
Eextremal == (0, F, 0), 
Berremal — (9,0, F) (20.7.23) 
Then we have 
Ege e Eos (20.7.24) 


20.8 THE MAXWELL EQUATIONS CANNOT BE DERIVED FROM THE 
LAW OF CONSERVATION OF STRESS-ENERGY WHEN (£-B) = 0 


OVER AN EXTENDED REGION 


Supply a counter-example to the idea that the Maxwell equations, 


Fe, =0, 
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(20.8.1) 


follow from the Einstein equation; or, more precisely, show that (1) the condition that the Maxwell stress- 
energy tensor should have a vanishing divergence plus (2) the condition that this Maxwell field is the curl 
of a 4-potential A,, can both be satisfied, while yet the stated Maxwell equations are violated. 


Solution: 
As indicated by the “Hint” in the textbook, I refered to the paper of Teitelboim, C. (1970). 


We take as the field of a moving charge the retarded Lienard-Wiechert solution 


Qevi'r4l 2 
Pay = TS (aqulltr + alr) (20.8.2) 
p p 
of the Maxwell equations 
O, FRY = —474", On. Fuv + OnE yr + Op PE xn = 0, (20.8.3) 
with the current oe 
j¥(a) = | drd(a — z(r))v"(r). (20.8.4) 
We use the following notation: Retarded quantities are written in orange color. The vector r“ is defined 
by r# = a2 — 2! and satisfies r“r,, = 0. The scalar p = —v''r,, is the spatial distance between the field 


point and the retarded point in the Lorentz frame in which the charge is at rest at the retarded time r. 
We write al"b" for (a“bY” — a”b") /2 and a, = «''r,,/p. The electromagnetic field tensor is de6ned in such 
a way that F°' = +E. 


The field 20.8.2 may be decomposed in a natural way into two parts: 


Fe = pe 4 pee (20.8.5) 
where 7 
Qeyllir 
rey = (20.8.6) 
p 
is the velocity field, and 
2 
Beas = (anvl'r” + alr) (20.8.7) 
p 


is the acceleration field. This separation is relativistically invariant because both FY” and Fy” are tensors. 
The following results which are valid off the world line of the charge are obtained from 20.8.6 and 20.8.7 
by the usual methods for differentiating retarded quantities: 


Vv Vv 2 Vv Vv Vv Vv 
0,Ft” = —8,,FH = spent ; OFM + OM FYA + OY FM = 0. (20.8.8) 


So potentials A“ exist for both parts of the field. 


The symmetric energy-momentum tensor for the field 20.8.2 can be decomposed as 


where TJ} and Ty;;, are the tensors obtained when energy-momentum tensor is evaluated with the fields 


LV 


Ff” and Fit’, respectively, and Ty; is the result of the interference between both fields. 


Since potentials A” exist for both parts of the field, we have 
Vv 1 Vv a 
cag o Oa F%g (20.8.10) 


for Ti and T/;. Then we obtain 


Vv e Vy Vv 
OnTT = ~ Oper” 5 OT itn = 0. (20.8.11) 


So E-M field F/;” meets the stated requirements, arisen from the fact that the acceleration field det Fi,” = 
—(E}, - By) = 0 everywhere off the worldline. 
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20.9 EQUATION OF MOTION OF A SCALAR FIELD AS CONSEQUENCE 


OF THE EINSTEIN FIELD EQUATION 


The stress-energy tensor of a massless scalar field is taken to be 


1 


1 
Tw = An (xz a 510 00") : 


Derive the equation of motion of this scalar field from Einstein’s field equation. 


Solution: 


From Einstein’s equation, we have 


= 40 = PEO TPP — G9 PR G.0 =P" Le" = 0. 


So the equation of motion is 
gp”, =0. 
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(20.9.1) 


(20.9.2) 


(20.9.3) 
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Chapter 21 


VARIATIONAL PRINCIPLE AND 
INITIAL-VALUE DATA 


21.1 VARIATION OF THE DETERMINANT OF THE METRIC TENSOR 


Recalling that the change in the value of any determinant is given by multiplying the change in each 
element of that determinant by its cofactor and adding the resulting products prove that 


i 
6(—g)'/? = ~(-g)!/?g"”dgu, and 6(—g)!/? = =5(-9)"? gud. (21.1.1) 


1 
2 
Also show that ‘ 
g = det g” and 6(—g)'/? = 59g. (21.1.2) 


Solution: 


Linear algebra theory tells us that 
Odet A 


34, = (det A)(A7")ap- (21.1.3) 
So 
6g = 99" O9uv- (21.1.4) 
Then we have 
5(—g)N? = S(-9) P69 = 5(—9) 2p (21.1.5) 


As 9!” Guy = 4, we have g! guy + Juvdgh” = 0. So 
1 1 
8(—9)? = 5 (—9) M769 = — 5 (9) Gado. (21.1.6) 


From g'” = ,/—gg"”, we can get 


det g"” = (\/—g)4 det g'” = g. (21.1.7) 
And since 
bgt’ = gt" 5./—g + /—gog"”, (21.1.8) 
we have ; , 
5 Iu ba = 28/—9 + 5V— 99g” = b/—9. (21.1.9) 
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21.2 STRESS-ENERGY TENSOR FOR A SCALAR FIELD 


Given the Lagrange function (21.34) of a scalar field, derive the stress-energy tensor for this field. Also 
write down the field equation for the scalar field that one derives from this Lagrange function (in the 
general case where the field executes its dynamics within the arena of a curved spacetime). Show that as 
a consequence of this field equation, the stress-energy tensor satisfies the conservation law, T’,, PQ, 


Solution: 
As ; 

L= 3 (9 b.04,8 — m¢°), Quo) 
SO 


éL 
Tag = -2<<5 + Gash 


bg%? 
aos 1 1 pv 242 
a ae + Gape—(-9 OpPwv —m 7) ) 
1 1 ih 1 Bo 
= ae (06 oA 5908? uP’ = 7Jo8™ @ ) : (21.2.2) 


The equation of motion is given by 


hr ae a = 
aa ae On ve =-7(v-gm'¢ uv/—96") =X 4 (m2 ~ 6, (21.2.3) 


Meanwhile, we have 


An Tg = OG g +P go? — GG, ud™ 4 — g°? m7 $9, p 
= $b, + 9° b.5,6" — 9M b"b.45 — moo? 
= $ (Gg — md) + 9° O* (b.54 — Pus) 
= #°(g", — m4) (21.2.4) 


So as a consequence of this field equation, the stress-energy tensor satisfies the conservation law. 


21.3 FARADAY-MAXWELL STRESS-ENERGY TENSOR 


Given the Lagrangian density —F” F,,,,/16a, reexpress it in terms of the variables A,, and g,,,, and by 
use of (21.33) derive the stress-energy tensor as discussed in section 5.6. Also derive from the Lagrange 
variation principle the field equation F’,,,°” = 0 (curved spacetime, but-for simplicity-a charge-free region 
of space). As a consequence of this field equation, show that the Faraday-Maxwell stress-energy tensor 
satisfies the conservation law, Tog = 0. For a more ambitious project, show that any stress-energy 
tensor derived from a field Lagrangian by the prescription of equation (21.33) will automatically satisfy 
the conservation law T,, , BQ, 


Solution: 


As 
Lv: Od 


167 87 


(AMA, — AYA.) = 9g Ayol Ani oe (21.3.1) 
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sO 


6b 
Tog = -2—— ag L 
B 6g% + Gop 


1 OV 
= ares) Ago Fev + 9" Apol yg) + gaph 


1 o 
T? ~ 4 (Acie Fe = Apial'g”) + gap 
1 1 7 
— Ae ( Fook" aa qgenF" i) . 


The equation of motion is given by 


nee O/—gL 9 O/-gL 1 


OAy " OAny An 


Meanwhile, we have 


. ot 
3B : 3B Vv; 
AnT ig” = Fy? Fa? + FapF,?" — 59ank" Pry 


a 


1 
= Vy Vy pp 
= a eer Fue 3 Fava" Pool ae) 


1 


= v B 

_ gf CP es + ee + Fyy;a) 2% Fug F? ye 
B 

Sgn. 


=i ov 1 Vv 1 vy 
= Ov(V ggg Foe) — Tovlv —gk ) = ia —gF we 


(21.3.2) 


(21.3.3) 


(21.3.4) 


So the Faraday-Maxwell stress-energy tensor satisfies the conservation law as a consequence of this field 


equation. 


Generally, for a variation in metric tensor, we have 
i aB 1/274 
Ol ficla = 5 Tapdg” (—g) /d'a. 


For a purelly coordinate transformation r\py = 2" — €", we have 


O9uv ae Eu a Obit: 


The action is a scalar, which is invariant under coordinate transformation. So we have 


1 : : 
0= dT gela = 5 | Tuten + 64) (9) dta = [Tu @t(-g)2ate. 


Thus we obtain 
Te 4 =); 


(21.3.5) 


(21.3.6) 


(21.3.7) 


(21.3.8) 


21.4 SCALAR CURVATURE INVARIANT IN TERMS OF AREA DEFICIT 


It being 10,000 km from North Pole to equator, one would have 62,832 km for the length of the “equator” 
if the earth were flat, as contrasted to the actual - 40,000 km, a difference reflecting the fact that the 
surface is curved up into closure. Turn from this “pre-problem” to the actual problem, a 3-sphere 


ds” = a?[dx? + sin? y(d0? + sin? 6d¢”)]. 


(21.4.1) 


Measure off from . = 0 a 2-sphere of proper radius « = ay. Determine the proper area of this 2-sphere as 
a function of x. Verify that relation (21.50) on the area deficit gives in the limit « — 0 the correct result 
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R= 6/a?. For a more ambitious exercise: (1) take a general (smooth) 3-geometry; (2) express the metric 
near any chosen point in terms of Riemann’s normal coordinates as given in section 11.6; (3) determine 
the locus of the set of points at the proper distance « to the lowest interesting power of ¢ in terms of the 
spherical polar angles 6 and ¢ (direction of start of geodesic of length «); (4) determine to the lowest 
interesting power of « the proper area of the figure defined by these points; and thereby establish (21.50) 
[for more on this topic see, for example, Cartan (1946), pp. 252-256]. 


Solution: 


For a 3-sphere, we have 


1 
S = 4na’ sin? (x) = 47a? G = 3‘) + O(x*). (21.4.2) 
So ae 
; Ara*x°-S _ 6 
R= lim 18 ie (21.4.3) 


Take a general smooth 3-geometry. In a Riemann’s normal coordinates with metric, we can choose the 
proper length as the affine parameters for geodesics. Suppose P; is a point near the orgin Po. We find the 
geodesic P(s) connecting Po and 1. If the proper length of the geodesic is s and the tagent vector of the 
geodesic at Po is 

v'ei(Po), (21.4.4) 


the coordinate of P, in Riemann’s normal coordinates will be (sv', sv”, sv*). And if we choose g;;(Po) = 
e; (Po) - e;(Po) = 4:7, then we have - 
digu'v? =1. (21.4.5) 


Futher more, we also have 


1 
9ij,K(Po) =0; — gij,ea(Po) = -3 (Rizji(Po) + Rije(Po)) - (21.4.6) 


In this coordinates, the set of points at the proper distance « is 
(o1)? + (2°)? + (2? PP =e. (21.4.7) 


Let z! = esin@ cos ¢, x? = esin@sin d, 2° = ecos@. So we have 


Ox* OxI 
JAB = Iii FA OB (21.4.8) 
at the sphere, where 
1 
Gi3 = iy + 5 Giirnt(Po)vrv! + Ole"); (21.4.9) 
Now we can get 
etl 0 es ~., Ox" OxI 5 
GAB=€E € sin? 6 + 5 Iii nt (Po) xv ar4 Orb + Ole yi (21.4.10) 
The determinant of g4p is given by 
1 i Od tad 
det gap = ‘sin? 6+ 5° is.b(Po)ae a! (SH + sin? (om a) O(e"), (21.4.11) 
and so 
1 1 Ox Oxi Ox' Ox 
VJGAB = € sind |1 + —9i; Ra} 2); 21.4.12 
PAB 8ING ET ga tanslOne'e \ mG Og. Op" 80. 09.)| PO? ee) 
The area is given by 
S= | vanwdoue, (21.4.13) 
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Define 


‘ 1 1 Ox? OxI Ox? OxI 
ijkl — kl . 
Ave = af? x (4 6 Od + sind 0 ) dodd. (21.4.14) 


We have 


. 1 ae 4 7 
S=4ne + Gij,nu(Po)AM™ = 4ne? — = (Rinjt(Po) + Rijn (Po)) Atak! — Age? — = Rishi (Po) B™ + O(e°), 


3 
(21.4.15) 
where 
Bish = Atha 4 Athy (21.4.16) 
With the help of SageMath, we can get 
4 2 8 
pie. Bue. * pus * ava pe 
15” i 15 15” 15” 
Bisis _ a5 B31 — = prii2 _ ag, B2i21 — Se Brit — = 
15 15 15 15 15 
B2222 — & x, 22233 = 2 7, B33 — 8 x, B33? — 2 7. Bots 2 F 
15° i * 15’ ip-” 15” 
B313l _ ae 3223 _ oe 3232 _ ae BB — ee B82 33333 _ a 
15 15 15 15 15 15 
All other componets vanish. So we have 
2 ec An 9 0 4 5 
S = 4re 3 x 3 (Ri212 t Ry1313 + R2323) = Are" — 9g FlPo)e + Ole ). (21.4.17) 
Thus 
. 4ne? — § 
lim eee eo = R(Po). (21.4.18) 


21.5 EXTRINSIC CURVATURE TENSOR FOR SLICE OF FRIEDMANN 
GEOMETRY 


Confirm the result (21.70) for the extnnsiC curvature by direct calculation from formula (21.67). 


Solution: 


In Friedmann geometry, we have 


ds? = —dt? + a?(dx? + sin? x[d6? + sin? 6d¢”)). (21.5.1) 
So we have N? = 0. Thus ; 
Kin = - sis = oy “ ae Va (21.5.2) 
i.e. ; 
K= ee (21.5.3) 
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21.6 EVALUATION OF 8(e;,e;)n 


Evaluate this quantity along the model of (21.74) or otherwise. How can it be foreseen that the coeffi- 


cient of n in the result must vanish identically? Comparing coefficients of e,, find OR jr and test for 
equivalence to equation (21.76). 


Solution: 


Oy, OV n= OV, (Kyles) = Kyijer t+ Ky! (Pr' jer e cK,jn) (21.6.1) 
So we have 
i i 3)pi 3)pi i i i i 
[Ves Ov, |n = (kK; Gg Tye +K;,!' ue 4-H," an nei te(Ky, Kijy—K; Kix)n = (Ky 7485 1 ei, 


ie. 
4) pm m m 
OB ge a (21.6.2) 


21.7 EVALUATION OF THE COMMUTATOR |[e,, 7] 


The evaluation of this commutator is a first step toward the calculation of a quantity like R(e;,n)e;. 
Expressing e,; as the differential operator 0/0x’, use (21.49) to represent n also as a differential operator. 
In this way, show that the commutator in question has the value —(N,j/N)n — (N™; /N)em.- 


Solution: 


We have e¥ = 6%, n° = gno = 1/N and n* = g’°no = —N*/N. So 


[e;, n]* = din® , —nP5% 9 =n 5, (21.7.1) 
ie. by 
[e;,n]° = aoe, [e;,n]” = ue - a (21.7.2) 
As 
e9 = Nn+N'e;, (21.7.3) 
we have 
[e;,n] = — Stn t N™en) 4 (“ _ ) em = “in - aie Em- (21.7.4) 


21.8 LIE DERIVATIVE OF A TENSOR 


Define the Lie denvative of a tensor field and explore some of its properties. The Lie derivative along a 
vector field n is a differential operator that operates on tensor fields T of type (r,s), converting them 
into tensors Y,,T, also of type (r,s). The Lie differentiation process obeys the usual chain rule and has 
additivity properties. For scalar functions f: one has %,, f = [n]f = f,,n”. The Lie derivative of a vector 
field u along a vector field v was defined in exercise 9.11 by 


Luv = [u, v}. (21.8.1) 
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If the action of -¥,, on 1-forms is defined, the extension to tensors of general type will be simple, because 
the latter can always be decomposed into a sum of tensor products of vectors and 1-forms. If o is a 1-form 
and v is a vector, then one defines -¥,,0 to be that 1-form satisfying 

(Lro,v) = n[(a,v)| — (a, [n, v]) (21.8.2) 
for arbitrary v. 


(a) Show that in a coordinate basis 


Lyo = (oa,an” + oan” ,)dx®. (21.8.3) 


(b) Show that in a coordinate basis 
Lol = (Top pnt + Tyan" « + Ton” g)dax* ® dP (21.8.4) 
where T is of type (0, 2). 


(c) Show that in (a) and (b), all partial derivatives can be replaced by covariant derivatives. 


Solution: 


(a) First, we have 
(Zndx*, eg) = n|(dx*, eg)| — (dx, [n, eg]) =n g (21.8.5) 


ie. Y,dx° = n® gda®, Thus 


Lye = Ly(ogdx®) = Ly(oq)dx* + og Ly (dx®) = Oo,an? da + Tan pda? a (oo, + ogn® ,)dx®. 


(21.8.6) 
(b) 
LqrT = Ln (Topdx® ® dr®) 
= L(Topdx*) ® dx? + Tagdx* ® L,(dx*) 
= (Tea + wer” dx @ dx? + Togdx* & nF axl 
= (Top un? + Tren « + apn” g)da* ® dx’. (21.8.7) 
(c) For (a), we have 
Ta,gn” + apn” = Oo,an” - i yay + apn? a + opl" i n 
= Oa,an” - Teen + apn? 4 + Gal aan 
= Oa,an” + apn? 4. (21.8.8) 


For (b), we have 


Topper + Typn® 4 + Tan" g 
= Toe un — PM oplvan” - PY’ gy tavn™ + Tuer a+ Taplin + opr” 6 + Tol", gr” 


=Tag an = 1 lug = T4, Tam + Tap + ivel aan + Tar” 9 + Tol” jen" 


Vv 
ap 


— aB,pler + Typr + Topn” 9. (21.8.9) 


Generally speaking, if all partial derivatives can be replaced by covariant derivatives, the left hand size 
and right hand side of equations are invariant under coordinate transformation. Since it holds in local 
Lorentz frame, it will hold in any coordinate frame. 
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21.9 EXPRESSION FOR DYNAMIC COMPONENTS OF THE CURVA- 
TURE TENSOR 


The Gauss-Codazzi equations can be viewed as giving 14 of the 20 algebraically independent components 
of the spacetime curvature tensor in terms of the intrinsic and extrinsic geometry of three-dimensional 
(non-null) hypersurfaces. In order to accomplish a space-plus-time splitting of the Hilbert Lagrangian 
V—g“R, one must express, in addition, the remaining 6 components of the curvature tensor in an anal- 
ogous manner. It is convenient for this purpose to express all tensors as spacetime tensors, and to use Lie 
derivation in the direction of the time like unit normal field of the spacelike hypersurfaces as a generalized 
notion of time differentiation. A number of preliminary results must be proven: 


(a) 
Luguv = Up + Uvip (21.9.1) 


(b) 
SG at UpUy) = Lud = Ups + Uni + Upav + Uap, (21.9.2) 


where 7,,, is the metric of the spacelike hypersurface, expressed in the spacetime coordinate basis, and 
a“ = u°V yu" is the curvature vector (4-acceleration) of the timelike normal curves whose tangent field 
is u". 


(c) Prove that the extrinsic curvature tensor is given by 


1 
Ky = — 5 Su Iw. (21.9.3) 


(d) The unit tensor of projection into the hypersurface is defined by 


Lh= 6h + ula. (21.9.4) 
In terms of | show that one can write 
Yass = —Kap — Wap — Gattis, (21.9.5) 
where 
Kog = — L616 Uuv) (21.9.6) 
and 
Wop = — a 3 Ups] (21.9.7) 


(e) From the fact that u is the unit normal field for a family of spacelike hypersurfaces, show that wag = 0. 


(f) The needed tools are now on hand. To obtain the result: 
(i) Write down %,.K,,, (see exercise 21.8); 
(ii) Insert this expression into the Ricci identity in the form 


UVeVuty = UV Vou, — YR ouP: (21.9.8) 


pupa & 


(iii) Project the two remaining free indices into the hypersurface using |, and show that one obtains 


nae CR care = LukKag + Ko, K3 + OF 48) + agp, (21.9.9) 


where OV ag =1hl% Vue can be shown to be the three-dimensional covariant derivative of ag. In 
Gaussian normal coordinates, show that one obtains from this result 


0 
Roioj = api aE Kip Kh. (21.9.10) 
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(g) Finally, in the construction of ‘4)R, one needs to show that 


fe [OF uy te AyAy] =e gh ; easy + OyQis| = rane 


Solution: 


(a) 


= p p —— 
Lu Juv = Juv;pn” + Ipv et Gp! sy = Up + Usp: 


(b) 


= p p po _ 
Lully = (Upty),pu? + Upuyul.., + Upupu?., = (Upty),pU? = Upay + Uv ay. 


Thus 
Lu Vay = Up + Uni + Updy + Up ap: 


(21.9.11) 


(21.9.12) 


(21.9.13) 


(21.9.14) 


(c) In coordinates where spacelike hypersurfaces are t = constant, we have u,, = (—V,0,0,0). Thus 


Lu lig = Vig + Uj = 2Ua,j = —2KG;. 
And also 
Ut Lay = UP Uy + UU, + Muay, + ulula, = 9, 
(Luy)” = (2a = Sa" = 0. 
Now we can write the extrinsic curvature tensor in four dimensiona space as 


1 


Ky = “9 up: 


(d) 


LE LB Up = (65 + ubua) (6g + UUs Up = (65 + uMua)(Uy;8 + aug) = Uap + Gots. 


Thus we have 


Kop + Wap = — Lele (Umi) + Uar]) = — LOLB Ua = —(Uass + Gets), 


1.€; 
Ua;B = —Kag — Wap — Aqlg- 

(e) 

Wag = —Ua:8 — Aalg + Up.a + ABUa- 
Since up = (—N,0,0,0) and u°uq = —1, we have 

ie apts og = Pog + T?.-u = 0 

Wij Ujyi — Uirg jit 7 ij UO ’ 
and 
U"Weg = UUs. — ag = 0. 

So we have 


0 = urwe; = uw wo; + uw wi = Uo wo;. 


Thus wo; = 0, i.e. wag = 0. 


(21.9.15) 


(21.9.16) 


(21.9.17) 


(21.9.18) 


(21.9.19) 


(21.9.20) 


(21.9.21) 


(21.9.22) 


(21.9.23) 


(21.9.24) 


(21.9.25) 


(f) The sign of equation 21.9.8 in the textbook might not be correct. So The equations below 21.9.8 also 


has mistakes in the sign. I corrected them in the solution manual. 
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(i) The definition of Lie derivative gives 


Luk yy = Kyou? + Kovt? sy, + Kyo’ y- (21.9.26) 
The vanishing of w,,,, indicates that 
Kyy = —Upyy — OyUp- (21.9.27) 
Thus 
Lu Ky = —Upyow? — Ayiot? Uy — Ayay + Koy", = (Ups + Aye )U" 
= —UpvoW” — Upjo Uy — ApjoU Uy — AyAy + Kou’, 
= —Upyot? + Upavt? — Qyy — Gy@y — Apt’ Uy + Kop’, (21.9.28) 
(ii) 
OH 5 hte =U Upve + WU Uyov = Luk + Quy + Opn + Oyov? ty — Kou’... (21.9.29) 
(iii) We have 
wl Zoe = 2a ie”) = Boyer a0; 
uayav = 0; 
Leu’, =U? ,, + Ur", ulus = U., + a°Up = —KG; 
Le GyjcU" Uy = 0. (21.9.30) 
Thus 
Ree OR gua? = Kg Ka Ke (OV ag + deag. (21.9.31) 
As 1h Ls OR wou uP, Lu Kop, KayK} and aoa are all symmetric in a and 8, we have 
181s OR yg? ul =F. Kap + Kay KG + OF 08) + doug. (21.9.32) 
(g) As 
OCS GE UE (21.9.33) 
we have 
vp(3 v v a 
“yt! (‘ V (slr) + Ayay] = (g'” + uty Gees V (Mp) + Ayr) 
= gi (LELE V qa) + auar) 
1 
= 59 (On + Uy) (Dp + UP tty) (dass + OB:a) + aM, 
= (9° + u% uP )ao.g + aay 
a a’. - Uru 500, + aan 
Sh, (21.9.34) 


21.10 EXPRESSION OF “)R’,, IN TERMS OF EXTRINSIC CURVA- 
TURE, PLUS A COVARIANT DIVERGENCE 


Let a’ be an arbitrary smooth set of four coordinates, not necessarily coordinated in any way with the 
choice of the 1-parameter family of hypersurfaces. 
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(a) Show that 


utes ao nh (Mat sary" — Nay" 8") (21.10.1) 
(b) Show that the covariant divergences 
(nn) xy (21.10.2) 
and 
(n? n7 .,),60 (21.10.3) 


can be removed from this expression in such a way that what is left behind contains only first derivatives 
of the unit normal vector n. 


(c) Noting that the basis vectors e; and n form a complete set, justify the formula 


yh oF it! +(n-n)in? nl, (21.10.4) 
where w’ is the 1-form dual to e;. 
(d) Noting that Net pin™ = 0 and 
Ki = Cian ge? , (21.10.5) 
show that 
OR! ,, =(IrK)? — TrK? plus a covariant divergence. (21.10.6) 
Solution: 


(c) Note that e®’ and n®’ form a complete set, and w, is dual vector of 9’, i.e. e%'w!, = 5, nw! = 0. 
As n is perpendicular to the e;, we have nge® = 0, where ng = gargin® . Suppose X is an arbitrary 
vector. It can be decomposed as 

XU = 9% 4 aie. (21.10.7) 


So we have 
(e2 wi + (n-n)~'n™ ng) X® 


= (ef wh +(n- n)~!n™ ngi)(2n® + we?) 


= 2°(n- n) n® ngin® + wi eF wy 2 
= xn + ate, (21.10.8) 
indicateing that 
e% wh, + (nn) n® ng = 5%, (21.10.9) 
i.e. 
gh! =F wi! + (nen) nn". (21.10.10) 
(a) 


ORs = (w’, R(e;,n)n) 

= ORFs jamie) none 
= ce (57, —(n- nyo nT ny|n® n® 
=n? ORT Gigi 


ey cy ne Saget 
= AF (0% ray = 0 op) 


= 9 Vn (Merpiyt — Naty pr): (21.10.11) 
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(b) 


acre = nh Colon =n" +8) 
= (nP' nt ary? — 7 yn vs (non _,).ar +n pitt a 
— a ae = eae i + (n?'n™ 5, — nn ar)ia! (21.10.12) 
(d) We have 
Kf = —e2' ny? wh. (21.10.13) 
Note that nq/,g/n™ = 0, we can get 
he eS SEF ng? asi = [-53, +(n- nn? ng|ng® = eee (21.10.14) 
and 
Kp Kj! = ef ny” whe; ma Ws) 
= ny? n,/? (8% — (nn n)—1n® ng|[5p, — (2-2) Nn ng] 
ay ag : 
Se gel ack (21.10.15) 
So 
OR. = (TrK)? — TrK? plus a covariant divergence. (21.10.16) 


21.11 FIRST EXPLOITATION OF THE ADM VARIATIONAL PRINCIPLE 
FOR THE ELECTROMAGNETIC FIELD 


Extremize the action principle (21.100) with respect to the &* and derive the result (21.103). 


Solution: 
We have 
jOAi i i —1/2 i ej i ops ites i gpk 
AtLeea = —€ Fi + 66; - Ng Gj (COI + BAB) + N jk|E7B". (21.11.1) 
The variation of &* gives 
OA; —1/2 4 dag ke a 
AtéLgela = | — at oi—Ng GigE? + N71 [jik]|B™” | 6&* =0, (21.11.2) 
and so 
OA; _ —1/2 gi ak) NI BE 
re —¢;,—Ng GigE? — [tGk| NPB. (21.11.3) 


21.12 SECOND EXPLOITATION OF THE ADM VARIATIONAL PRINCI- 
PLE FOR THE ELECTROMAGNETIC FIELD 


Extremize (21.100) with respect to the A,’s and verify that the resulting equations in any Minkowski-flat 
region are equivalent to (21.107). 
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Solution: 


OA; : re Ae ae ; ; 
At Ligeia = ge + $6", - 5Ng 1/29,,(6°6) + BiB) + N*ijkle7B, (21.12.1) 


where 4 = [ijk] Ax,;. So we have 


Ob A; = aoe ey : 
And £ fiela = oe ~s Ng 26, B [Imn]OAnm oe N* [ijk] é4 [kmn]b An m 
oe” -1/2 i . . i pj 
= ay OAn + (No Gig B Ve Limn]oA,, — [kmn] [ijk] (N'E ie An, 
O&” : re 
Sra = [nm] (NBj) .», + [nmk] ([kij]N*E") |, | 6An = 0, (21.12.2) 
ie. 
O&” ; heehee 
ae [nmj] (NB;) », — [nmk] ([kig]N'E?) |, (21.12.3) 
In flat spacetime, we have g = 1, N = 1 and N* = 0. So we can get 
OE” 
Sar = [nm 9] (B5) ns (21.12.4) 
ot UE 
Le. dE 
— = B. 21.12.5 
es : : 


21.13 FARADAY-MAXWELL SOURCE TERM IN THE DYNAMIC EQUA- 
TIONS OF GENERAL RELATIVITY 


Evaluate the final indicated source terms in (21.115) from the Lagrangian (21.100) of Maxwell electro- 
dynamics, regarded as a function of the A; and the g;;. 


Solution: 


1 ae net 1 ae at 
Aro Lfiecla = —gNg (ee + BB) ogi; + Ng gi (ES + BB) gg" Sox (21.13.1) 
So the source terms arising from fields other than geometry is 


—2Ng7 1/7 (66) + BB) + Ngo gu (ErE! + BB") gs, (21.13.2) 


2Ng \/? ag EOE! + BBG! — EE! — BB), (1.13.3) 


21.14 THE CHOICE OF © DOESN’T MATTER 


Prove the statement in the text that the dynamic development of the electric and magnetic fields themselves 
is independent of the choice made for the scalar potential ¢(t, x, y, z) in the analysis (a) in flat spacetime 
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in Minkowski coordinates and (b) in general relativity, according to equations (21.103), and (21.107) as 
generalized in exercise 21.12. 


Solution: 


From equation 21.11.3 
OA; 


a eee Ng? 9:;67 — [igk]NIB*, (21.14.1) 
we have 
‘ OAs m - : —1/2 j : “8 i ook 
[imn] Dt = —[imn]¢im — [imn] (Ng gis") — [imn] ([igk] N? B") m, (21.14.2) 
i.e. ; 
OB" fae ss m me 
ies —[ijk] (NEx) ; — [29k] ([kmn]N™B") 5. (21.14.3) 
Equation 21.12.3 tells 
O&' . .. 
ae [ijk] (N Bx); — [tg] ([kmn|N™E") (21.14.4) 


So the evolution of EM field is determined by the initial value of &' and #' rather than ¢. 


21.15 THE CHOICE OF SLICING OF SPACETIME DOESN’T MATTER 


Given a metric Og. (x, y, z) and an extrinsic curvature K;;(x,y,z) on a spacelike hypersurface 5, and 
given that these quantities satisfy the initial-value equations (21.116) and (21.117), and given two alter- 
native choices for the lapse and shift functions (IV, N;) and (N + dN, N; + 6N;), show that the curvature 
itself (as distinguished from its components in these two distinct coordinate systems), as calculated at a 
point P a little way (first order of small quantities) off the hypersurface, by way of the dynamic equations 
(21.114) and (21.115), is independent of this choice of lapse and shift. 


Solution: 


In the reference frame generated by (N, N;), denote the point (0,z,y,z) and (At,z,y,z) as O and P. 
So we have the tagent vector t* = (At,0,0,0). By the defination of lapse and shift, we have 


tng =—-NAt, gapt%e? = NiAt. (21.15.1) 


In the reference frame generated by (N +6N, N; +6N;), suppose the coordinate of P is (At+6t, x’ +62"). 
And we have 


tne =—(N +45N)(At+ dt), gargit%e? = (N; + 6N;)(At + 6t) + gij6a4. (21.15.2) 


Thus, we can obtain 
Nét+5NAt=0, Njét + 6N;At + gi;509 =0, (21.15.3) 


keeping the firsr order of 6. 


In the reference frame generated by (NV, N;), we have for P 


Gig (P) = Gig (2") + 8 (x', N, N,)At (21.15.4) 


and 


mig (P) = maj (w*) + a (x', N, N;)At, (21.15.5) 
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keeping the first order of A. 


While in the reference frame generated by (VN + 6N, N; + 6N;), we have for P 


gi (P) = gig (a + O20") + 8 (xt + da*, N + ON, N; + 6N,)(At + 6t) (21.15.6) 


and 
Oni; 


a (a? + 6a’, N+ 6N,N;, + 6N;)(At + 6t), (21.15.7) 


Ti (P) = Ti (x + 6x") + 
keeping the first order of A. 
The value of 0g,;/Ot and O7;;/Ot is given by equations (21.114) and (21.115) in the textbook. Then we 


must chech whether the curvatures at ? in two frame are the same. The calculation here is too tedious for 
me to perform. Any help is appreciated. 


21.16 POOR MAN’S WAY TO DO COSMOLOGY 


Consider a spacetime with the metric 
ds* = —dt? + a?(t)[dx? + sin? x(d0? + sin” 6d¢”)], (21.16.1) 


corresponding to a 3-geometry with the form of a sphere of radius a(t) changing with time. Show that the 
tensor of extrinsic curvature as expressed in a local Euclidean frame of reference is 


K =—a™'(da/dt)1, (21,16.2) 


where 1 is the unit tensor. Show that the initial value equation (21.77) reduces to 


6 (da\? 6 
a (=) + an 16zp(a), (21.16.3) 


and explain why it is appropriate to write the term on the right as 6ao /a® for a “dust-filled model universe”. 
More generally, given any equation of state, p = p(a), explain how one can find p = p(a) from 


d(pa®) = —pd(a*); (21.16.4) 
and how one can thus forecast the history of expansion and recontraction, a = a(t). 
Solution: 


From the defination of extrinsic curvature, we have 


1 ida? : o 
Kj = — nig = —(—9™) 7 = 59,0 = ge [0 sin? x 0 (21.16.5) 
0 O . sin? ysin?6 
So we get 
. lda., 
ews 21.16. 
J a dt - ( ee) 
i.e. 
K =~—a~'(da/dt)1. (21.16.7) 
From equation (21.77) 
if 1 _ 
-Go= ae 5 (n -n)~'|(TrK)? — Tr(K?)], (21.16.8) 
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we have 


Sep ae: 
8rp(a) = : ; (*) 3 (=) | ; (21.16.9) 


6 (da\” 6 
s=|[— sz=1 : 21.16.10 
a (F) ee 67 p(a) (21.16.10) 


From energy conservation, we have dE + pdV = 0. For a comoving volume, E = pa® and V = a®, and so 


d(pa®) + pd(a?) = 0. (21.16.11) 


21.17 THIN-SANDWICH VARIATIONAL PRINCIPLE FOR THE SCALAR 
POTENTIAL IN ELECTRODYNAMICS 


(a) Choose the unknown U™ in the expression 


1 Op Oo Og 
—g™" —— —_ + U™ —_ 21.17.1 

87 Ox™ Ox” Ox” ( os) 
in such a way that this expression, multiplied by the volume element g!/?d*x, and integrated over the 
simultaneity 1, is extremized by a ¢, and only by a 4, that satisfies the initial-value equation (21.108) of 
electrodynamics. 


(b) Show that the resulting variational principle, instead of having to be invented “out of the blue”, is 
none other than what follows directly from the action principle build on the Lagrangian density (21.100) 
of electrodynamics (independent variation of ¢ and the three A; everywhere between the two faces of a 
sandwich to extremize J, subject only to the prior specification of the A; on the two faces of the sandwich, 
in the limit where the thickness of the sandwich goes to zero). 


Solution: 


(a) 


1 mn do do f m do 1/2 43 
of (ga da™ Aan | - vm) ae 


- | ( 1 mn 856 30 pn S28) ohne 


An Ox™ Ox” Ox” 


= 0 («” 1 gn dg +9?u") bod x 
Ox™ 


An Ox” 
1 
= ip A ans OP +U™) gh? 6¢d3 x. (21.17.2) 
dn Ox” mA 
So we have the equation 
1 
(a a u™ =0. (21.173) 
An “5 

If we choose U™ = —A™° /4z, we can arrive at E”.,,, = 0, which is the initial condition equation (21.108). 


(b) A simplified initial value variational principle equivalent to the initial value equation is obtained at 
once from the more general variational principle already on hand by considering the thin sandwich limit: 
the ratio [/Azx® as Ax® — 0, or as the range of hypersurfaces under consideration, is narrowed down. 
That certain terms drop out in the simplified action integral is seen at once. In electrodynamics, in the 
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thin-sandwich limit, the giving of “nearby” B’ and B” at nearby t’ and t” (actually, the giving of B and 
OB /dt at one time), leaves no possibility of adjusting the term 


2: 
xt (21.17.4) 


in the action integral. Therefore we drop it. For the same reason A and A are determinate up to a gauge, 
or up to VA and V4, respectively. The only quantity important in the variation is now the scalar potential 
@. AS 


1 
= —-—A,, (A — Ab” 
87 v3 ) 


_ 1 mn 0b 86 1 ymo OF 


t ithout 21.17.5 
ead Ox™ Ox” = =Ar Ox™ Sr Ree WICUE ( #9) 


the variation principle for it becomes 


= 1 mn Og Oo 1 m,0 Od 1/243 
b= { [xo AOR ae pele oe (21.17.6) 


21.18 THIN-SANDWICH VARIATIONAL PRINCIPLE FOR THE LAPSE 
AND SHIFT FUNCTIONS IN GEOMETRODYNAMICS 


(a) Extremize the action integral 
Iz = jar — (TrK)? + TrK? — 2T*,)N — 2T** Ny} gh? ax (21.18.1) 


with respect to the lapse and shift functions, and show that one arrives in this way at the four initial-value 
equations of geometrodynamics. It is understood that one has given the six g;; and the six 0g;;/Ot on the 
simultaneity where the analysis is being done. The extrinsic curvature is considered to be expressed as 
in (21.67) in terms of these quantities and the lapse and shift. The energy density and energy flow are 
referred to a unit normal vector n and three arbitrary coordinate basis vectors e; within the simultaneity, 
as earlier in this chapter, and the asterisk is an abbreviation for an omitted factor of 87. 


(b) Derive this variational principle from the ADM variational principle by going to the limit of an infinites- 
imally thin sandwich [see derivation in Wheeler (1964)]. 


Solution: 


(a) From (21.67), we have 


1 OGi5 
Kij = IN (4 + Nii Ws | (21.18.2) 
and ‘ 
1 : 1 ,,09;; 
_ t wy 2 
TK => ( oe aes . (21.18.3) 
The variation with N gives 
ON 
oTrK = py hk (21.18.4) 
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and ae 
a (21.18.5) 


6TrK? = 
So we have 


N 2 
éIg = [tr —(TrK)? + TrK? —2T* |6N — 2NTK DK LN “nN TrK?}9'/?d?x = 0, (21.18.6) 


R+(TrK)? — TrK? = 162T ay. (21.18.7) 
The variation with N; gives 
1 : 
éTrK = GON\; (21.18.8) 
and 5 
OTrR? = 6(g"g)* Ki Kij) = 2K%5Kij = WON: (21.18.9) 
So we have 
élz-= / (-2K", 6N', + 2K45Ni; — 27;'5Ni) gba 
= ‘| 2 (7,)_ ON - 2K 5M 2T;'6N glx 
= 0, (21.18.10) 
Le, * ee * 
(K,) -K%, =8rTi. (21.18.11) 


(b) Using Gauss-Codazzi threom, 
‘R= R+e(TrK)? — TrK?] + 2€(n®,gn® — nn”. 4):0 (21.18.12) 


the action of gravity can be written as 
16rIg = J. af (R- (TrK)? + TrK?] Ng? ax, (21.18.13) 
ut 


if the hypersurface is closed or asymptoticly flat. In the thin-sandwich limit, the giving of “nearby” three 
geometry 6’ and 6” at nearby 44, and Sj, leaves no possibility of adjusting the g,; in the action integral, 
up to a coordinate transformation. The only quantity important in the variation is now the scalar potential 
N and N;. So the variation principle for it becomes 


16 | [R-(TrK)? + TrK?| Ng? ax (21.18.14) 


with N and N;. As for matter, we have 


oI i; 1 (4) 
Sep PRG ge NG a. (21.18.15) 
At Js, 2 B 
And the variation of N and N; gives 
5) oq =-2N5N +2N5N;; 5 %g,, = 6% Gi) = ONj. (21.18.16) 
So we have 57 
aa = i) [—-T°N?5N + (TONN' + T"N)ON,] g/d? x. (21.18.17) 
Xt 
The definations of T,,,, and T,,; are 
Tan = Tagn?n? = T°? nang = —N?T® (21.18.18) 
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and 


Tai = Topn ef = T% nage? = —NT, = —N(gg,T + Og, 74) = —N(N{T™ + gisT™). (21.18.19) 


a 


And also we can get 


Ti = 9% Tn = —NN‘T™ — NT™. (21.18.20) 
Now we can write down 5I 
16n— = | (—2T*,6N — 2T**5N;) g'/?d3x. (21.18.21) 
Lt 
Thus, in the sandwich limit, we can define 
Te 
167 ae = i (—2T*,N — 2T*N;) gx (21.18.22) 
Lt 


and the variation is with N and N,. Put all the things together and we arrive at the variation principle 
= fir =({ItK)* + eK? — 97" |N oT Ng x (21.18.23) 


with respect to the lapse and shift functions. 


21.19 CONDENSED THIN-SANDWICH VARIATIONAL PRINCIPLE 


(a) Extremize the action [3 of the preceding exercise with respect to the lapse function NV. 


(b) What is the relation between the result and the principle that “3-geometry is a carrier of information 
about time”? 


(c) By elimination of N, arrive at a “condensed thin-sandwich variational principle” in which the only 
quantities to be varied are the three shift functions N;. 


Solution: 


(a) According to the previous exercise, extremizing the action J; with respect to the lapse function N 
would give 
R+(TrK)? — TrK? = 2T* 


nn* 


(21.19.1) 


(b) One can find out the separation of two hypersurfaces with parameter labels x° and x° +dx° if he knows 
the lapse function N. Moreover, he can find N if he has already managed to find out the shift function N* 
by equation 21.19.1. In this case he has 


( interval of proper time from hypersurface oo to hypersurface a9 + doy) = Ndz”. (21.19.2) 
(c) Define 
_ 1 Ogi; 
and 
y2 = (Try)? — Try’. (21.19.4) 
We have 
N?R+ 2 = 2N?aT*,. (21.19.5) 
and so 
iis 1/2 
N= |————_ . 21.19. 
lar ane 
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Now we obtain the condensed thin-sandwich action principle 
= -2 [ar — R)yo)'/27 + TN} Gg? Ba (21.19.7) 


with respect to Nj. 


21.20 POOR MAN’S WAY TO SCHWARZSCHILD GEOMETRY 


On curved empty space evolving deterministically in time, impose the conditions (1) thatit possess a 
moment of time-symmetry, a spacelike hypersurface, the extrinsic curvature of which, with respect to 
the enveloping spacetime, is everywhere zero, and (2) that this spacelike hypersurface be endowed with 
spherical symmetry. Write the metric of the 3-geometry in the form 


ds* = w*(r) (dr? + F7d6? + 7° sin? 6d¢?). (21.20.1) 


From the initial-value equation (21.127), show that the conformal factor 7; up to a multiplicative factor 
must have the form 7 = (1+ m/27). Show that the proper circumference 27mrz?(7) assumes a minimum 
value at a certain value of 7, thus defining the throat of the 3-geometry. Show that the 3-geometry is 
mirror-symmetric with respect to reflection in this throat in the sense that the metric is unchanged in 
form under the substitution r’ = m?/47. Find the transformation from the conformal coordinate 7 to the 
Schwarzschild coordinate r. 


Solution: 


From equation (21.135) in the textbook, we have 


Ry = —8p °Vin +p 4R (21.20.2) 
and R, = Ry = 0 in this equation. And so 
V2 = 0. (21.20.3) 
In spherical coordinates, 
10 3) 1 Oo ) 1 Oe? 
Ds, —2 | aH | 
Vi = 53 BF ¢ x) ' 72 sin 0 00 (sino 55) ' F2sin? 9 Op?’ rane 
So “ ad 
eo 0, 21.20.5 
ar (* x) come 
We have the solution os 
pF) =1+ —. (21.20.6) 
2r 
The proper circumference is 
2 
Qnmry2(F) = 2a (m 4+F+ =) (21.20.7) 
{fs 


When 7 = m/2, we have the minumum proper circumference 47m. If r’ = m?/47, we have 


dr’ = —-_ df. (21.20.8) 


So 


1 
ie Coe Gr dr”? + F°de? + F* sin “oad 


24 ha 2 2 
eo eae | aa i gga Oe 


=(14 


m\4 
my (dr’? + r!2d6? +r” sin? de?) . (21.20.9) 
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Thus the 3-geometry is mirror-symmetric with respect to reflection in this throat in the sense that the 
metric is unchanged in form under the substitution r’ = m?/47. 


The transformation from the conformal coordinate 7 to the Schwarzschild coordinate r is 


m2 


r=m+Ft+—. (21.20.10) 
4r 


21.21 WHY THE WEYL CONFORMAL CURVATURE TENSOR VANISHES 


How many independent components does the Riemann curvature tensor have in three-dimensional space? 
How many does the Ricci curvature tensor have? Show that the two tensors are related by the formula 


1 
Re ie = 6f Rac _ 62 Rap + Jacky _ Jav Re sa 5 R(SeGab =a 6! gac) (21.21.1) 
with no need of any Weyl conformal-curvature tensor to specify (as in higher dimensions) the further 


details of the Riemann tensor. Show that the Weyl tensor, from an n-dimensional modification of equation 
(13.50) as in exercise 13.13, vanishes for n = 2. 


Solution: 


The Riemann curvature tensor in three-dimensional space has 37(3? — 1)/12 = 6 independent compo- 
nents. The Ricci curvature tensor in three-dimensional space has 3(3+ 1) /2 = 6 independent components. 
Define 


Ciuc = Ro abe — oR — 64 Ray + Gackt — gavR? + 5 Roun - We) . (21.21.2) 
Take the trace of d and b of C“%,,., we have 
Oa. = ig sR. — Rac + gack — gap Re + 5 Rec - 7) = 0. (21.21.3) 
In addition to 
Ci Oe Cay, “Chap SO: aed 12/4, (21.21.4) 


we can demonstrate that C,,,,. = 0, ie. 


1 
Ro Rego ha + tak? Soa Ro 5 R(SeGab — 6 Gace) (21.21.5) 


The defination of Weyl tensor in 2-dimensional space is 
1 
Lae eee 5 RUSE Gan =O Gn.) (21.21.6) 
We have 
CM 5 = 0, Ossie = Cane = Cagrayy Cataray = 0; a30;e,d = 1,2, (21.21.7) 


We can demonstrate that C',,,,. = 0. 
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21.22 YORK’S CURVATURE 


(a) Define the tensor 


1 
Rave = Radje _ Raclb af {Jacko _ JabR\c). (21.22.1) 


(b) Show that a 3-geometry is conformally flat when and only when Rap. = 0. 


(c) Show that the following identities hold and reduce to five the number of independent components of 
Rabe: 


Te as = a bes — 0; 


Rave alee Racb = 0; 
Rabe = Roca Tr Reab = 0. (21.22.2) 


(d) Show that Yorks’ curvature 
a 1 1 mm 
ye — g/3aef] G _ iF) = —59' [aeflg” Rmef (21.22.3) 
is conformally invariant and has the properties listed in equations (21.148). 


Solution: 
Please see Cotton tensor in wikipedia for a more general discussion in n dimensional space. 


(b) Define ga, = e?” hap. The connection coefficients are therefore 
Toop = Van + (6ow,p + Of — haph™w,), (21.22.4) 


where 7°,,, is the connection coefficients with respect to ha,. Then we can get 


Taos — aie = Yada — Taip — Wiad — Maa ahwy — hash” wz — hap" wa;. (21.22.5) 
ror 2 > gl = VT ab -_ VeV ai 
Py ale (hab yi 7s hail’ jp = hiv'Y'g3 )rP wk 
+ WaWb — hah wiw,;. (21.22.6) 
Notice that - _— _ 
Raby = Maing + hivt'a;s 27 = hy — DM yh. (21.22.7) 


Thus the Ricci tensor is 


Rab = Tab + havh ¥";;W,k + Vapi — W,ab — havh” wiz + WjaW,o — hah wiw,j 
= Tab — W:ab — haph” wij + Wa Wb — haph” waw,;, (21.22.8) 
where “;” is the covariant derivatives with respect to hay, and ray is the Ricci tensor of h,». The Ricci scalar 
a Es 
is 


ew R=r— 4h wo; — 2hY wiw,j. (21.22.9) 
Define i i 
Xab = Rab i qganks Lab = Tab — qiaer (21.22.10) 
We have i 
Xav = Lab — Wiad + W,aW,p — 5 ltaoh'?w,<w,5. (21.22.11) 
Define 
Pap = 94W,b + Op Wa — haphw,;. (21.22.12) 
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We have 
Rave a Xable as Xaclb = Xab,c = | ae er = Xac,b + age oa Xab:c - BX Xaesb + Bia Xs. (21.22.13) 


We can obtain ; 
Xabse = Lab;c — Wrabe a W:acW,b + WaW;be — ghtabW,c- (21.22.14) 


where W = 6 w,w,;. And also 


— PB ae Xin = (050,600 .a — hach™ w 3) | —aiy + wae — ww + a hibW 
= —LabW,c — LhceW,a cp Ractyih w,; 
1 
= W,cW ab — 2W gW pW, ¢ + 3 oabW,cW 
1 1 1 
+ WaW be + 3 dbe,aW = goacW + 5 oacw,bW. (21.22.15) 
Now we have 
Rabe = Tabe — W;abe + Wsach — LabW,c oF hactvih w,; =b LacW,b — hatch" w,; 


; 2 . 1 
a 3 4 
=Tabe — TabeW,i — TadW,c + Nactyih” wy + PacW,b — habPah w,j + 9! (hav, c — hacw,p) 


= Tabe — T abe Wi + —Tab0e + Rach}, t Tacdb hale } 51 (habde = hacds) Wi (21.22.16) 
In 3-dimensional space, we have 
T abe = Tacdb Taboc Nac?o hab? e 51 (habde hacds)- (21.22.17) 
Thus 
Rabe = Tabe (21.22.18) 


i.e. Rave is invariant under conformal transformation. Therefore, a conformally flat 3-geometry must have 
Rabe = 9. 


To prove a 3-geometry is conformally flat. We must find a scalar field w that 
Rav = Tab — Wiab — hash wyi3 + Wa,» — hah w,w,j = 0. (21.22.19) 


The equation is equivalent to 


1 " " 
Tab — W:ab qitanlr 2h wiw,7) + WaW,b — haph” ww, = 0, (21.22.20) 


1 . 
W:ab — W,aW,b + gabh? w,ew,j = (Tai: (21.22.21) 


Recall the Frobenius theorem. Let n > 2, N > 1, a € R”. u®(x), 1 < a@ < N are unknown. Given smooth 
functions F(x, u), consider system 


ue’, = Fee,u), 1<k<n, I<acn, (21.22.22) 


Integrability condition comes from u“ ,, = u® ),. Chain rule gives u® ,, = Fe) + Fe au ;- SO the required 
integrability condition is 

FO + FP Fe, = FO, + FOF es. (21.22.23) 
If this condition holds identically in («,u), then the overdetermined system has a solution u®(z), and 
u“(x9) can be prescribed arbitrarily. 
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Apply to w,a5 — W,aW,» + Sharh) w,w,j = Lay. Write as 
i 1 ig 
Woab = Y'qpWi + WaW,b — ahavl Jw yw + Lap. (21.22.24) 
We try to find n functions u, so that 
i 1 ig 
Ua,b = Y'qb Ui + Ualld — ghavh Jusu; + Lab = Fov(x, u). (21.22.25) 


If we have ua, then certainly wa, = uy,q, So Poincare Lemma implies u, = w,q for some w, and we are 
done. 


Now use Frobenius with N = n = 3 and check integrability. Equation is same as 
1 - 
Uarb = Ualy — ghavh uit; + Lap (21.22.26) 


We can calculate integrability condition commuting VV» instead of 0.0p, using Ua.be — Uased = ve gti: 
Directly, 
Uasbe = Uazetlh + Ualt:e — haph” Ujzcty + Ladze (21.22.27) 


So 
a 
Ua;be — Ua;cb = Ua;cUb — Ua;bUc ae (Racti:d = RabUizc)U + Tabe 


1 1 
=Tabe + («at — 5 tact” at tac) Ub («at 5 Pant” van) Uc 


1 1 ; 
+ ho («i - 5 hao” + vis) — hav («. - 5 tic” + vie)| u 


a 
= Tabe T Lach — LabUc 17 (hackiv a habXic)U 


: 4 
=Tabe + rac — Tape + Rach} — RhabTe + gf (havoc = hac) Ui 
= Tabe + Tabetli- (21.22.28) 


If rave = 0, we can get tarde — Uarch = 1° 
3-geometry is conformally flat. 


abevi- And so the differential equations are integrable. Thus the 


(c) As GP = 0, we have 


1 
R= 5 le: (21.22.29) 

So j 
Rege = Rie — Rac + Z(Rje — 3Rjc) = 0. (21.22.30) 


It is easy to see that Raye + Racy = 0 from the defination of Ray.. And 
Rave + Roca + Read = X able <3 Xaclb 7 Xobela = X bale + Xcalb = 5 Xcbla = 0. (21.22.31) 
The independent components of Ra». are 


33?>-3-3x6-1=5. (21.22.32) 


(d)Firstly, if a = b, then Y° = Y°* holds trivally. If a 4 b, say a = 1 and b = 2, we have 
1 m 
—59'*[lef]g? Ref = —9'/? R'o3 = 9/3 (Riy3 + R53) = —9'3R' 51 (21.22.33) 


and 1 
Yt = — gle flg!” Rmes = —g" Ray. (21.22.34) 


212 


So Y' = Y*!, Similarly, we can verify that Y'? = Y3! and Y?° = Y*? respectively. 


Secondly, we have 


1 i 
gaY? = 59 gavlaef|g”" Rmes = —59' [ae fl Racy = 0. (21.22.85) 


Thirdly, as Raye and g'/3g°™ is conformally invariant, Y*” must be conformally invariant. 


Fourthly, as 
— 2g Vai jl¥$ = [aijllaef| Rocz = 2Reis, (21.22.36) 


Y@ and Rape are in one-to-one relation. Since a 3-geometry is conformally flat when and only when 
Rabe = 0, a 3-geometry is conformally flat when and only when Y®? = 0. 


I do not know the exact defination of covariant derivative here since Y®” is not a tensor. From now, I will 
assume that Y = «*°! (Ri — 5; R/4)|.. We have 


1 
ab ae b 
Y |b ="€ f R fleb — iis) 


“F (Rae + RoineRy — Ri poe R?) 


=eE 
aef 1 a a b 
=€E aftife =i Rip Ry —R fret; 


boc 2 i i 
—ere! laity — 6eRog + gfely — gop Re + 5 R(90F5e = art) R? 
; . 1 
= —%f Ry. — RRos + geR,R? — RERip + 5 (Res — aye) 
=‘, (21.22.37) 


fe a) 


21.23 PULLING THE POYNTING FLUX VECTOR “OUT OF THE AIR” 


From the condition that the Hamilton-Jacobi functional S(g;;, Am) (extremal of the action integral) for the 
combined Einstein and Maxwell fields, ostensibly dependent on the six metric coefficients g;; (x,y, z) and 
the three potentials A,,(x, y, z), shall actually depend only on the 3-geometry of the spacelike hypersurface 
and the distribution of magnetic field strength on this hypersurface, show that the geometrodynamic field 
momentum 7? = 65/5g;; satisfies a condition of the form 


a = climn|EnBn, (21.23.1) 


lJ 


and evaluate the coefficient c in this equation [Wheeler (1968b)]. 


Solution: 


Note that the transformation 
eae OO > gig + hag HE (21.23.2) 


in no way changes the 3-geometry itself, and therefore the corresponding induced change in S, 


_ fps 58 : 
59 = / jr 8 + 58m dn (21.23.3) 
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must vanish identically for arbitrary choice of the €‘(x, y, z), which measure the equivalent of the sliding 
of a ruled transparent rubber sheet over an automobile fender. Then we have 


6S = / fre, a Esa) 5 (Agi + ey40| da 


an Qn) é3 A A i ar A,€*| @B 
= 2 Si a Woes: + te if x 
i BP. : 
= [20 ea 7 isk] BPE da 
er Ej 
=| [-20 158 ot gh? eijnBYE aa 
1 7 ; 
=—7 [Ban +o PE BE ea 
= 0. (21.23.4) 
So we have ‘ 
ni, = — x [tik] Ey Be. (21.23.5) 


21.24 THE EXTREMAL ACTION ASSOCIATED WITH THE HILBERT 
ACTION PRINCIPLE DEPENDS ON CONFORMAL 3-GEOMETRY 
AND EXTRINSIC TIME 


Show that the data demanded by the Hilbert action principle 6 f “)R(—g)!/2d*a = 0 on each of the 
two bounding space like hypersurfaces consist of (1) the conformal 3-geometry ‘)< of the hypersurface 
plus (2) the extrinsic time variable defined by 


2 4 
r= gg n= 5K, (21.24.1) 


conveniently represented by the pictogram —~, measured by one number per spacepoint, and independent 
of the conformal factor in the metric of the 3-geometry. This done, explain in a few words why in this 
formulation of geometrodynamics the Hamilton-Jacobi function is appropriately expressed in the form 


$=S( ®<,-). (21.24.2) 


Solution: 


The answer is based on Role of Conformal Three-Geometry in the Dynamics of Gravitation by James W. 
York(1972). 


The invariant Lagrange density £ = ‘)R(—“)g)'/? can be decomposed relative to a family of spacelike 
hypersurfaces with unit normal field u* into the form 


L=Ng/?(R+ KaK® — K?) — 20,Nq'/?(Kw + 0°). (21.24.3) 


The first term is the standard Lagrangian of geometrodynamics and will be denoted £¢. The second term 
is a pure space-time divergence which may be transformed in the action principle to a boundary term. 
The boundary integral involving a* vanishes identically since a*u, = 0, which shows that the dynamics 
of gravitation is completely independent of the acceleration of the observers. In terms of ADM variables, 


— 20,Ng'/?(Ku> + a>) = OgnN*% — dor. (21.24.4) 
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The spatial divergence can be discarded, giving for the action integral 
s= | Ld‘z = Sg — | nda, (21.24.5) 
Q an 


where Sc = f{ Lc¢d*x. We may readily evaluate the action S for dynamical paths, i.e., for solutions of 
oe Since for these paths £ = 0, we find 


Sa= | rd? x. (21.24.6) 
aa 
If we choose the bounding spacelike hypersurfaces as 7, = const and 72 = const, we obtain 
3 
Sa = 9 (711 — T2Va), (21.24.7) 


where V is the total volume. For 7 and the conformal geometry given, the initial value equations determine 
the scale. Thus we arrive at the conclusion that, as a functional, 


Sq = Se( &<,-) (21.24.8) 


21.25 EQUATION OF MOTION FOR A SURFACE LAYER 


(a) Let u be the “mean 4-velocity” of the matter in a surface layer - so defined that an observer moving 
with 4-velocity wu sees zero energy flux. Let o be the total mass-energy per unit proper surface area, as 
measured by such a “comoving observer.” Show that the surface stress-energy tensor can be expressed in 
the form 

S=ou@u+t, where t-u =O, (21.25.1) 


and where t is a symmetric stress tensor. 
(b) Show that the component along wu of the equation of motion (21.170) is 

do /dt = —ow), + jt, + u;[T?"], (21.25.2) 
where d/dr = u. Give a physical interpretation for each term. 


(c) Let a; be that part of the 4-acceleration of the comoving observer which lies in the surface layer 4. By 
projecting the equation of motion (21.170) perpendicular to u, show that 


oa; = —Pyaft™\) + [T*"}}, (21.25.3) 


where P;,, is the projection operator 
Pia = Gia +e UjUa- (21.25.4) 


Give a physical interpretation for each term of equation 21.25.3. 


Solution: 


(a) Since an observer moving with 4-velocity u sees zero energy flux, we have 
S(u,e) =0 (21.25.5) 


for any e perpendicular to wu. So S must be of the form S = S,,,,u @ u + t where t- uw = 0. As the total 
mass-energy per unit proper surface area measured by comoving observer is 7, we have 


S(u,u) =o, (21.25.6) 
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S=ou@u+t, wheret-u=0, (21.25.7) 


and where t is a symmetric stress tensor. 


(b) As S*” = ou'u™ + t*™, we have 
o mu™ul + oul), u” + ou an + Ce + (T"] =0 (21.25.8) 
from equation (21.170). Multiply the both sides of the equation above by wu; and we can get 


m m 
— OmU — OU im + Uji 


a sifss ul” es 0, (21.25.9) 


do/dr = —ow)), + ujt'®, + uy [79]. (21.25.10) 


(c) Multiply the both sides of the equation 21.25.8 by P;; and we can get 


oa + Pit + [T"]) = 0, (21.25.11) 


cay = —Pjofty + (T° ]}- (21.25.12) 


21.26 THIN SHELLS OF DUST 


For a thin shell of dust surrounded by vacuum ([T""] = 0, t = 0), derive the following equations 


do /drt = —ou’ hp, (21.26.1a) 
a'+a =0, (21.26.1b) 
a'—a =4non, (21.26.1c) 
Yy = 810 (u Sut 59) : (21.26.1d) 


Here a* and a~ are the 4-accelerations as measured by accelerometers that are fastened onto the outer 
and inner sides of the shell, and g is the 3-metric of the shell. Show that the first of these equations is the 
law of “conservation of rest mass”. 


Solution: 
In equation 21.25.10, let [T’"] = 0,t = 0, we can get do/dr = —ou). From equation (21.68) in the 
textbook, note S“ = cu'u), we have 
Vj — 977 = 8rou'us;. (21.26.2) 
Take the trace and we can get —27 = 87cu'u;. So we have 
oF = 8rou'U; _ Arodiu" up. (21.26.3) 
As S-n=0, we have u-n = 0, ie. u” = 0, and so u*u, = u%ug = —1. Now we obtain 
1 
Y = 810 (u Qut 59) : (21.26.4) 


I do not know the precise defination of a+ and a~ in the exercise. So I cannot give the proof for two 
equations involving a* and a~. 
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21.27 SPHERICAL SHELL OF DUST 


Apply the formalism of exercise 21.25 to a collapsing spherical shell of dust [Israel (1967b)]. For the metric 
inside and outside the shell, take the flat-spacetime and vacuum Schwarzschild expressions (Chapter 23), 


ds” = —dt? + dr? + r*(d6? + sin” 6d@”) inside, (21.27.1a) 
2M 2 
ds” = (1 ) dt? + a ar +1? (d6? + sin? Od¢”) outside. (21.27.1b) 
r 2, See. 


Let the “radius” of the shell, as a function of proper time measured on the shell, be 


R= = x (proper circumference of shell) = R(r). (21.27.2) 
TT 


Show that the shell’s mass density varies with time as 
o(rT) =p/4nR?(r), j= constant = “total rest mass” ; (21.27.3) 


and derive and solve the equation of motion 


ae ae (21.27.4) 


Solution: 


We set up the Gaussian normal coordinates (7,n) so that n = no defines the thin shell of dust. In the 
region n > no, we have Schwarzschild metric. In the region n < ng, we have Minkowski metric. For a 
spherical shell of dust, we have u” = u? = u® = 0. And form equation 21.25.12 and t = 0, [T’”] = 0, 
we know the acceleration of dust is zero. We can rescale the 7 so that it is the proper time of dust on the 
shell. Now the metric on the shell is 


ds? = —dr? + r?(r, no)(d6? + sin? 6d¢”) (21.27.5) 
and we have R(r) = r(r, 70), u’ = 1. Note that 


1 dR? 


1 
eos [ a i==—- 21.27. 
Wi ea gu ), R2 dr C 7.6) 
We have : 
do 1 dR 
= : 21.27. 
dt °R? dr ( Tal) 
After integration, we can get 
a(t) = /4nR?(r), js = constant . (21.27.8) 
Note that yj; = [Kij] = —[g9ijn]/2, we have 
[ge => —8n0(2u;u; + Gx) (21.27.9) 
from equation 21.26.4. Particularly, for ggg = r?, we can get 
Or m 
—|=-4rRo =-—. 21.27.10 
| twRo R ( 7.10) 
In the vicinity of the shell, the matric in Gaussian normal coordinates are 
ds? = —dr? + dn? + r?(d6? + sin? 6dd”). (21.27.11) 
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Comparing it with 


ds? = —fdt? + f-'dr? + r?(d6? + sin? 6d¢7), (21.27.12) 
we can get 
Or ar \? or 
= [rs (+) | (21.27.13) 
atr = R,ie 
1/2 97 1/2 
ar 2M (dR\?” Or dR 
— 1 — — — Sel oe | T — 21.27.1 
On|, R +(F) ars) +(¥) ( 1) 
Substitute 21.27.14 into 21.27.10, we can get 
1/2 
dR\? Vn 
M=p}1 — -—,. 21.27.15 
i ipa (=) QR her?) 


The solution of the equation 21.27.15 can be found in TABLE I of the paper Gravitational Collapse and 
Causality by W. Israel (1967). 
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Chapter 22 


THERMODYNAMICS, 
HYDRODYNAMICS, 
ELECTRODYNAMICS, GEOMETRIC 
OPTICS, AND KINETIC THEORY 


22.1 DIVERGENCE OF FLOW LINES PRODUCES VOLUME CHANGES 


The detailed solution of the exercise has been provided in “Hint” attached to exercise 22.1 in the textbook. 
I will not repeat it here. 


22.2 EQUATION OF CONTINUITY 


Show that in the nonrelativistic limit in flat spacetime the equation of baryon conservation (22.3) becomes 
the “equation of continuity” 


— + ——(nv1) = 0. 272.1 
ae ie am ae) 
Solution: 
In flat spacetime, we have 
Onu® — Anu°vI 9 | On fe) : Ou® Ou 
= i == -(nv/)| 4 + yi ——]. > 
0 = (nu). Dt Fal E + Ani (nv ) n| apr | (22.2.2) 
In the nonrelativistic limit, we have 
Ou° Ou? du? 
- J => ~N 2 
aE” Vv zi di Vv. (22.2.3) 
Finally, we can get 
On 0 
oe 
DE + Fai (nv?) = 0. (22.2.4) 
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22.3 CHEMICAL POTENTIAL FOR IDEAL FERMI GAS 


Show that the chemical potential of an ideal Fermi gas, nonrelativistic or relativistic, is (at zero tempera- 
ture) equal to the Fermi energy (energy of highest occupied momentum state) of that gas. 


Solution: 


For ideal fermi gas, the number density of particles in state |2) is 
1 

exp (SoH ) +1 

In the scenario T = 0, if €; < yu, we have n; = 1. If ¢; > su, we have n; = 0. So the chemical potential of an 


ideal Fermi gas, nonrelativistic or relativistic, is (at zero temperature) equal to the Fermi energy (energy 
of highest occupied momentum state) of that gas. 


(22.3.1) 


he= 


22.4 PROJECTION TENSORS 


Show that contraction of a tangent vector B with the “projection tensor” P = g + u x u projects B into 
the 3-surface orthogonal to the 4-velocity vector wu. If n is a unit spacelike vector, show that P= g—nxn 
is the corresponding projection operator. Note: There is no unique concept of “the projection orthogonal 
to a null vector”. Why? 


Solution: 


Suppose A = P- B. We have 
A® = g? Bg + uu’ Ba, (22.4.1) 


and so 
AW“Usg = tag?’ Bg + Ugu*u? Bg = u® Bs _ u’ Bg = 0. (22.4.2) 
Similarly, for n spacelike and P = g — n x n, we have 
A® = g** Bs — n°n* Ba, (22.4.3) 
and so 


A°ng = nag?’ Bp - Non*u? Bg = n’ Bg - n? Bg =0. (22.4.4) 


Because a null vector is orthogonal to itself. So there is no unique concept of “the projection orthogonal 
to a null vector”. 


22.5 PRESSURE GRADIENT IN STATIONARY GRAVITATIONAL FIELD 


A perfect fluid is at rest (flow lines have x’ = constant) in a stationary gravitational field (metric coefficients 
are independent of x°). Show that the pressure gradient required to “support the fluid against gravity” 
(i.e., to make its flow lines be x* = constant instead of geodesics) is 


O1n Goo 
Aad : (22.5.1) 


Op Op 
20 =o ; =—(p+p) 
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Evaluate this pressure gradient in the Newtonian limit, using the coordinate system and metric coefficients 
of equation (18.15c). 


Solution: 


Firstly, we have u® = (1/,/—goo, 0,0,0) and metric coefficients are independent of x°. From law of con- 
servation of baryons 
Nu = —n(u , + 1% s,u*), (22.5.2) 


we can get 7.9 = 0. Fora perfect fluid, ds/dr = 0, and so 5,9 = 0. From equation of state, we have p» = 0 
and po = 0. The Euler equation is 


(p + p)(u® gu +1%, uur) = —(g%? + ueu®)p og. (22.5.3) 
So we have 
0=-g"p; (22.5.4) 
and ; 
"00 i 
(op +p) =—p". (22.5.5) 
Joo 


Now we cen get go; = g®’ = 0 and 


T00 1 900,i Oln/—900 
Pi = (p+?) as 5 (9 + P) a (9+ P)—a 
In Newtonian limit, we have go) = —1 — 2®, so 
Di =—(p+p)®,. (22.5.7) 


22.6 EXPANSION, ROTATION, AND SHEAR 


Let a field of fluid 4-velocities u(Y) be given. 


(a) Show that Vu can be decomposed in the following manner: 


1 


UarB = Wag + Fag + 30 Pap — Ante, (22.6.1) 
where a is the 4-acceleration of the fluid 
de = Ua:yt’, (22.6.2) 
6 is the expansion of the fluid world lines 
6=V-u= Un as (22.6.3) 
Pg is the projection tensor 
Pap = Jap + Uquep, (22.6.4) 
Jag is the shear tensor of the fluid 
4 . auac tl 
Cos = 5 tasuP eg t+ UpyP Wa oF as: (22.6.5) 
and wag is the rotation 2-form of the fluid 
1 
Weg = 5 (UainP hg == Wiggles (22.6.6) 
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(b) Each of the component parts of this decomposition has a simple physical interpretation in the local rest 
frames of the fluid. The interpretation of the 4-acceleration a in terms of accelerometer readings should 
be familiar. Exercise 22.1 showed that the expansion 6 = V - u describes the rate of increase of the volume 
of a fluid element, 


d= ——. (22.6.7) 


Exercise 22.4 explored the meaning and use of the projection tensor P. Verify that in a local Lorentz 
frame ( 9. = 4g T“ os ) momentarily moving with the fluid (u* = 5% ), 743 and wg reduce to the 
classical (nonrelativistic) shear and rotation of the fluid. 


Solution: 


(a) From all the definitions above, we have 
1 


Wap + Cap a 3 


0Pxg — Aqg = Uo PMg — Uap" ag = Uap. (22.6.8) 
So Vu can be decomposed in this form. 


(b) In Local Lorentz frame, we have 


00 0 0 
a ._|9 1 0 0 
P%, = arate <0 (22.6.9) 
00 0 1 
Keeping the lowest order of v, we have 
1 1 
Te 5 (M3 t 034) 39833 (22.6.10) 
and ‘ 
ws = 5% a U3 4), (22.6.11) 


which is reduced to the classical (nonrelativistic) shear and rotation of the fluid. 


22.7 HYDRODYNAMICS WITH VISCOSITY AND HEAT FLOW 


(a) In section 15 of Landau and Lifshitz (1959), one finds an analysis of viscous stresses for a classical 
(nonrelativistic) fluid. By carrying that analysis over directly to the local Lorentz rest frame of a relativistic 
fluid, and by then generalizing to frame-independent language, show that the contribution of viscosity to 
the stress-energy tensor is 

Tse) — ong — €6P, (22.7.1) 


where 7) > 0 is the “coefficient of dynamic viscosity’; € > 0 is the “coefficient of bulk viscosity”; and o, 0, 
P are the shear, expansion, and projection tensor of the fluid. 


(b) An idealized description of heat flow in a fluid introduces the heat-flux 4-vector q with components in 
the local rest-frame of the fluid, 


6 0, a oa oe per unit time crossing =) (22.7.2) 


—_ surface perpendicular to e; 


By generalizing from the fluid rest frame to frame-independent language, show that the contribution of 
heat flux to the stress-energy tensor is 


Tot) —y@qtq@u. (22.7.3) 
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Thereby conclude that, in this idealized picture, the stress-energy tensor for a viscous fluid with heat 
conduction is 
T° = putuP + (p — £0) PF — Ino + gruP + ur%qg?. (22.7.4) 


(c) Define the entropy 4- vector s by 
s=nsu+q/T. (22.7.5) 


By calculations in the local rest-frame of the fluid, show that 


v.ge— [(iate of increase of entropy rate at which heat and fluid 
~ in a unit volume carry entropy into a unit volume 


_ (tate at which entropy is being (22.7.6) 
generated in a unit volume 
Thereby arrive at the following form of the second law of thermodynamics: 
V-s>0. (22.7.7) 


(d) Calculate the law of local energy conservation, u- V - T, for a viscous fluid with heat flow. Combine 
with the first law of thermodynamics and with the law of baryon conservation to obtain 


TV -8 = £6? + 2noggo?? — q*(To/T + aq). (22.7.8) 


Interpret each term of this equation as a contribution to entropy generation. 


(e) When one takes account of the inertia of the flowing heat, one obtains the following generalization of 
the classical law of heat conduction: 


q® = —KP** (Tg + Tag). (22.7.9) 


Here « is the coefficient of thermal conductivity. Use this equation to show that, for a fluid at rest in 
a-stationary gravitational field, 
K 


o@=0, GQ=- 
: ‘ Vv — 900 


Also, use the idealized law of heat conduction to reexpress the rate of entropy generation as 


(T'-/—Goo),i- (22.7.10) 


TV +3 = 6 + 2noago”? + (K/T)P™ (Le + Tae)(T a + Tag) > 0. (227.11) 


Solution: 


(a) From equation (15.3) in Fluid Mechanics (Landau & Lifshitz), we have 


TO) =p ( oe 4. = sbi ~ ) €6i; om (22.7.1) 
According to 22.6.9 and 22.6.10, we have 
ha = —2noi; — E0P,;. (22.7.13) 
By generalizing to frame-independent language, we can get 
Tis) — _Ine — EOP. (22.7.14) 


In the local rest-frame of the fluid, we have 


(22.7.15) 
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Note that u® = (1,0,0,0). We can write 
Ticats = q*u? + u%q". (22.7.16) 
By generalizing to frame-independent language, we can get 


TH) yu @qtq@u. (22.7.17) 


As T = T (per fect) +4 TPvisc) 4 Theat) we have 


T = puru® + (p — €0) PF — Ino? + gruP + u%q?. (22.7.18) 
(c) Generally, we have 
bane iv. (4) 7% (2 
V-s=nu-Vs+sV-(nu)+V (4) aa (3). (22.7.19) 
In local Lorentz frame, we have 
Os 0 (qd 
V-s=n— -{—). 22.7.20 
s= a Bat (4) eee) 


Here, n0s/0t is the rate of increase of entropy in a unit volume and —(q'/T) ; is the rate at which heat 
and fluid carry entropy into a unit volume. And so we can get the equation 22.7.6 and 22.7.7. 


(d) According to 22.7.18, we have 


a dp a a a 
0=u.T o a= (p +p €6)u" , — 2nuUao my + Wad ug +Uad pur — q).g. (22.7.21) 


From the first law of thermodynamics, we have 


dp pt+pdn ds 
= T—. 22.7 .22 
dt n dt on dt aire) 
From conservation of baryons, we have 
dn 
V - (nu) = nV -ut ra 0. (22.7.23) 
iT 
And so 
dp B pt+pdn ds 1 dn 2 ds 2 
A = = T ee = —nT — O*. 22.7.2 
dr erp <0)e iB n dr” a ge 7 ie ees) 
In local Lorentz frame, we have qu. = 0. So it will hold in any frame. As a result, we have Uagrul pao 
and Uog?,guP = —Uo.gu’q® = —a%qa. From equation 22.7.19, we have 
ds sae 
Ts*., =nT + g®, : 22.7.25 
oe ears (a-¢ (#) (22.7.25) 
Now we can get 
Ta 
yi ae = £6? = 2ntar”” 4 ~ q* (= ar tn) ‘ (22.7.26) 


On the one hand, we have 


1 1 
Uae” g 5a (u®,,, PMP 1 uP PY) ,6 ad qOtaP™ g 


1 1 1 
atta” yp PH + atau, Peg = 3 Ota (uru").g 


} 


1 Qa 1 a L 1 
= — 5 Uaspu yeh + 5 taue p (woul). + ae 


1 1 1 
- = ztaxeu",, PHP = 5 utp + 30 (22.7.27) 
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On the other hand, we have 


1 1 1 1 
oP aug = 5 uy Pe + gr) — sores (aa Ps + Rigel es) = 30 Pas 

= i [ a pry B pHEe py | 24 pe | 92 
~. 9 Ue spYasy TU Yas Bl 3 Uasv + 3 

i a Vy Qa sv 2 av i 2 
5 [u TROY aisle « i? gle gh 6 al _ 3 uaid + 3° 

1 : 1 
=5 [uray PMY + uF uy.2] — 30 (22.7.28) 

So we know uaa, 3 = —0° a3. Now we have 
a 2 aB a Da 
Ts*.. = €0° + 2noapo™ — q Tr +a}. (22.7.29) 


Here, £0? describes entropy generation by dynamic viscous heating, 277.g0°° describes entropy gener- 
ation by bulk viscous heating, —q°T\,/T describes entropy generation by temperature increasing, and 
—q“ dq is relativistic in origin and associated with the inertia of the flowing heat. 


(e) For a fluid at rest in a-stationary gravitational field, we have 


da = Ue.pu” = Ue,pur - Le aur — Ue,ou + ee (22.7.30) 
Le. 
ag = 0, Qy= 9’ T oso = om = In(/—9oo) i (22.7.31) 
00 : 
And also from P,? = 68 + uu,, we have 
00 0 0 
0 10 0 
B_ 
ye 0010 (22.7.32) 
000 1 
So ie 
_ 0, f= TK T; + Ta; = TJ/- 4 (22.7.33) 
qo q (7, ) Warn v—g00), 
Using the idealized law of heat conduction, we have 
(cae 2 ap a8 Ta 
Ts, = €0° + 2noago°” +KP (Tg + Tag) 7 t da 
= £67 + Inoggo + KTP? (T+ Taa)(T p + Tag) 
= 0. (22.7.34) 


22.8 THE VECTOR POTENTIAL FOR ELECTRODYNAMICS 


Show that in any coordinate frame the connection coefficients cancel out of both equations (22.19a) and 
(22.17b), so they can be written 


Fp sApy=Ayoe Rygy they Pap = 0. (22.8.1) 


(in the language of differential forms these equations are F = dA, dF = 0.) Then use this form of the 
equations to show that equation (22.19a) implies equation (22.17b), as asserted in the text. 
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Solution: 


It is eays to derive that 


Puy = Avsp — Any = Ave — TP yAp — Any +P? pAp = Avy — Any (22.8.2) 


vy 
and 

Posy + Fay; + Fya;p 

= Fapy — Ta, Fog — 15) Fap + Fey, — sq F py — oF pp + Fya,8 — I? pF pa = Ma F yp 

= LaB,y ae F340 + Pya,p- (22.8.3) 


If His i Ayu > Ans we have 


Pap +P ay,0 + Fya,6 = Ag.ay Ag,py t Ay Bo Ag ye + Ag»yB _ Ay op = 0. (22.8.4) 


Sof Fiy-= Aba — Anas We have Pye + Faq + Fyag = 0. 


22.9 CHARGE CONSERVATION IN THE PRESENCE OF GRAVITY 


Show that Maxwell’s equations (22.17a,b) imply the equation of charge conservation (22.18a) when grav- 
ity is present, just as they do in special relativity theory. 


Solution: 


From exercise 16.6, we know 


SHY og = SEY + RM ig SY + RY ig HP, (22.9.1) 
So we have 
a a8 ap toy B a a8 a 
dn SRO EO og POR PP Sa BO we  Rper — Rog he ~ (22:9.2) 
Note that F is anti-symmetric. We have R,gF?° = 0 and Bois = FP’, = —F™ oa: Now it is easy 


to see that J*., = 0. 


22.10 INTERACTING ELECTROMAGNETIC FIELD AND CHARGED MAT- 
TER 


As in special relativity, so also in the presence of gravity (“equivalence principle”), the stress-energy tensor 
for an electromagnetic field is 


1 i 
ae (fats! 3 FuF™ gon . (22.10.1) 


Use Maxwell’s equations (22.17 a,b) in the presence of gravity to show that 
PO OP Te (22.10.2) 


But F°? Jg is just the Lorentz 4-force per unit volume with which the electromagnetic field acts on the 


charged matter; i.e., it is Derry te 8 
(22.18 b) cited in the text. 


. Consequently, the above equation can be rewritten in the form 
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Solution: 


According to the definition of the stress-energy tensor for an electromagnetic field, we have 


EM)a 1 1 
(as = Ge - Fuk g® ) ; (22.10.3) 
8 
Note that 
eae ieee 
(PORE) ps POMC R, a PARE = sre Fon + 5 ret Foy — An F J, (22.10.4) 
and 
1 BY a8 1 BV 30% 1 [Bsc 
re ae = 5 Fy PO = 5 Foy POP (22.10.5) 
:B 
We have 
IE ROP Ii (22.10.6) 


22.11 ELECTROMAGNETIC FIELD AND STRESS ENERGY 


Derive the equations given in part D of Box 22.4 for F, E, B, and T. 


Solution: 
The definition of vector potential in geometric optics is 
A= ae" f}. (22.11.1) 
As the reduced wavelength is much smaller than the scale over which a or f vary, we have 
F=dA= &{a(de'’) \ f} = Biae’k A f}. (22.11.2) 


Take the Coulomb’s gauge and we have f°? = 0. So E’ = F® = #{iae’k° f*} in local Lorentz frame, i.e. 


E = &{iak* (projection of f perpendicular to k)}. (22.11.3) 
And : 
B=V x A= {iach x f} = 7 x B=nx E. (22.11.4) 
The stress-energy tensos is 
a 1 (e3 1 Va 
PO (F ear oe ane) f) ; (22.11.5) 
When averged over a wavelength for A, B x e’’, we have 
1 7 
(#(A)B(B)) = yA(AB). (22.11.6) 
So 
[ey a a a rm L| 1 y Vy c f a 
(T°?) =o |(h fl — FOR) (he fy — fPheu) — GREY — FPR) Rp fe — Fubv)n?| (2.11.7) 


Note that kk, = 0, k" f, =Oand f"f,, = 1, we have 


2 
(To8) = ahr’. (22.11.8) 
TT 
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22.12 POLARIZATION 


At an event “po through which geometric-optics waves are passing, introduce a local Lorentz frame with 
z-axis along the direction of propagation. Then k = w(e9 + e-). Since the polarization vector is orthogonal 
tok, itis f = f°(e9 +e.) + fle, + f?e,; and since f - f = 1, it has | f*|? + |f?|? =1. 


(a) Show that the component f° of the polarization vector has no influence on the electric and magnetic 
fields measured in the given frame; i.e., show that one can add a multiple of k to f without affecting any 
physical measurements. 


(b) Show that the following polarization vectors correspond to the types of polarization: 


¢ f =z, linear polarization in x direction; 

° f =e,, linear polarization in y direction; 

° f =(e, +ie,)/V2, righthand circular polarization; 
* f =(e, — ie,)/V2, lefthand circular polarization; 


° f =ae, +i(1—7)!/%e,, righthand elliptical polarization. 


(c) Show that the type of polarization (linear; circular; elliptical with given eccentricity of ellipse) is the 
same as viewed in any local Lorentz frame at any event along a given ray. 


Solution: 


(a) From 22.11.2 we have F « kA f. And so one can add a multiple of k to f without affecting any 
physical measurements. 


(b) For f = e, and f = e,, it is obvious to see that they describes linear polarization in x and y direction 
respectively. For f = (e, + ie,)/W2, we have 


aw ug aw 
Er =  cos(0 + “); EY = — cos(64+7), 22.12.1 
> cos(9+ 5 > cos(0 +7) (22.12.1) 


where 0 = kit + k,z = w(z —t). As (B®)? + (EY)? = a?w?/2, it is a circular polarization. And the phase 
angle of E* is advanced, so it is righthand. Similarly, f = (e, — ie,)//2 describes lefthand circular 
polarization. As for f = ae, + i(1 — a?)'/?e,, we have 


E* = ow cos(0 cs 5) EY = (1—a?)"/2qw cos(@ + 7). (22.12.2) 


As (E®/a)?+(E¥/V1 — a?)? = a?w?, it is a elliptical polarization. And the phase angle of E” is advanced, 
so it is righthand. 


(c) The Lorentz transformation will transform the real and imaginary part of f separately. So it is obvious 
a linear polarization will remain linear polarized in other Lorentz frames. For a circular or elliptical 
polarization, the real and imaginary part of f are perpendicular to each other. So in the new frame, they 
will be orthogonal too. The Lorentz transformation cannot change the norm of a vector. So the ratio 
between the real and imaginary of f will the same, i.e. the eccentricity of ellipse can not be changed. 


22.13 THE AREA OF A BUNDLE OF RAYS 


Write equation (22.31) in a coordinate system in which one of the coordinates is chosen to be x° = @, the 
phase (a retarded time coordinate). 
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(a) Show that g°° = 0 and that no derivatives 0/00 appear in equation (22.33); so propagation of a can 
be described within a single 6 = constant hypersurface. 


(b) Perform the following construction. Pick a ray £, along which a is to be propagated. Pick a bundle 
of rays, with two-dimensional cross section, that (i) all lie in the same constant-phase surface as £o, and 
(ii) surround £p. (The surface is three-dimensional, so any bundle filling it has a two-dimensional cross 
section.) At any event Yo in any local Lorentz frame there, on a “slice of simultaneity” x° = constant, 
measure the cross-sectional area a of the bundle. 


(Note: the area being measured is perpendicular to k in the three-dimensional Euclidean sense; it can be 
thought of as the region occupied momentarily by a group of photons propagating along, side by side, in 
the k direction.) 


Show that the area a is the same, at a given event “ regardless of what Lorentz frame is used to measure 
it; but the area changes from point to point along the ray Lo as a result of the rays’ divergence away from 
each other or convergence toward each other: 


Opa = (V-k)a. (22.13.1) 


Then show that a?a is a constant everywhere along the ray Lo (“conservation of photon flux”). 


Solution: 


(a) In this coordinate frame, we have 
he HO 21, 0,0,0),. KE Sg) (22.13.2) 
And so 0 = k®%k* = g®, i.e. g°° = 0 and k° = 0. So no derivatives 0/00 appear in equation (22.33). 


(b) Choose a local Lorentz frame at Yo and let the 6 = t— z around “o. We further choose a bundle with 
rectangular cross section lies in the x — y plane. Suppose that the edges of the cross section are v and w. 
Then we have v-w=0,v-k=w-k=0,andv-e)9 =w-e9 = 0. 


In a new Lorentz frame, the cross section will cut the rays in other points. So the new edges can be written 
as v' = v+akand w’ = w+ Zk for some a and 3. We have 


v.vi=v-v, w-w'=w-w, v'-w' =0. (22.13.3) 

We can conclude that in all Lorentz frames at Wp the cross section has identical shape and identical area. 
In the original Lorentz frame, the light rays in the vicinity of the cross section © are 

ae? = 2° (EC) + k*(D)A. (22.13.4) 


Suppose the four vertexes of the rectangular at © are (0,0, 0,0), (dz,0,0,0), (0, dy,0,0) and (dx, dy, 0,0) 
respectively. Then along the light ray, the vertexes will be 


(k7,kY,k?, ke, (dxfe+k* + ke ,d2,kY,k”, k')e, (da, dy/e+k¥ + kY dy, k”, kt),.-»  (22.13.5) 


So the area of the cross section is 


S" = dady + €(k® , + k¥ , )dady + O(e?), (22.13.6) 
i.e. 
Opa = (V-k)a. (22.13.7) 
Recall that i 
Ona = oe -k)a. (22.13.8) 


We have 0;,a7a = 0, i.e. a?a is a constant everywhere along the ray Lo. 
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22.14 FOCUSING THEOREM 


The cross-sectional area a of a bundle of rays all lying in the same surface of constant phase changes along 
the central ray of the bundle at the rate 22.13.7. 


(a) Derive the following equation (“focusing equation”) for the second derivative of a!/?: 
dal/? 4.4 
= + —Ropk*k? | al/?. 22.14.1 
Be =~ (lol? + Rusk?) a (22.14.1) 


where 4 is affine parameter along the central ray (k = d/dA), and the “magnitude of the shear of the 
rays”, |o|, is defined by the equation 


1 aa 
\o|? = 5 haxek ie rie (22.14.2) 


(b) Show that, in a local Lorentz frame where k = w(e; + e-,) at the origin, 


1 
Jo? = 5 (Ree — Ry)? + (ey)? (22.143) 


(c) Discussion: The quantity |c| is called the shear of the bundle of rays because it measures the extent to 
which neighboring rays are sliding past each other [see, e.g., Sachs (1964) ]. Hence, the focusing equation 
22.14.1 says that shear focuses a bundle of rays (makes d?a'/?d\?); and spacetime curvature also focuses 
it if Ragk*k® > 0, but defocuses it if Ragk*k? < 0. (When a bundle of toothpicks, originally circular in 
cross section, is squeezed into an elliptic cross section, it is sheared.) 


(d) Assume that the energy density 7;,, as measured by any observer anywhere in spacetime, is nonneg- 
ative. By combining the focusing equation 22.14.1 with the Einstein field equation, conclude that 


gail? 
a 4 22.14. 
=r s (22.14.4) 
for any bundle of rays, all in the same surface of constant phase, anywhere in spacetime. 
Solution: 
(a) From equation 22.13.7, we have 
Oe ge gp (22.14.5) 
i 2 * a 
And so . ; 
d’qi/2 1 da'\/? 
So ia oe 22.14. 
de Bw OO OF wa core 
Since 
RP ye” = (Re — Re uy RPA’ = (hPL RY) — BPR — Rok? kY = —(kY" kK, + Rovk? kh’) (22.14.7) 


(noting that k, = 0. and k".,k” = 0), we have 


fo fi 
ee ©. 


1 1 
re a heap? — 2 (kM)? + 5 Rook"? . (22.14.8) 


(b) As k¥.,k” = 0, we have 
kut + ky,z = 0. (22.14.9) 
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So the structure of the matrix ky. will be 


Kut Kee Key —ket 
ky © ky x ky y —ke» 
; ; ; a 22.14.10 
Key kay ky y —kty : 
—ket kta —Key ket 
And so the structure of the matrix k@'? is 


Ket —kex —key Ket 
kia ka x Kay —ktw 


22.14.11 
—key key ky y —kty 
Ket —kiax —key ket 
We have 
kospk8 = k2 , +k? y + 2k? (22.14.12) 
and 
(Ri)? = (—het + hee + hy,y + bez)? = (hoe + hy,y)?- (22.14.13) 
And so 
ghd 2 2 
lo|" = q ke _ Ripa) + (Kea) ; (22.14.14) 
(d) Using gagk*k? = 0, we have 
Ropkok? = Gagk®k? = 8nTogk?k?. (22.14.15) 


The energy density measured by any observer anywhere in spacetime is T,,gu%u° and the direction of 
u can be made infinitely close to that of k. If T.gu°w? is always nonnegative, T,,gk*k*? must not be 
negative. So we conclude that d?a‘/?/d? < 0 for any bundle of rays, all in the same surface of constant 
phase, anywhere in spacetime. 


22.15 INVERSE SQUARE LAW FOR FLUX 


The specific flux of radiation entering a telescope from a given source is defined by 
fy = [sao (22.15.1) 


where integration is over the total solid angle (assumed « 47) subtended by the source on the observer’s 
sky. Use the Boltzmann equation (conservation of [,,/v? ) to show that F,, « (distance from source)” 
for observers who are all at rest relative to each other in flat spacetime. 


Solution: 


In a flat spacetime, v is conserved in propagation so we have the conservation of [,,. The solid angle 
extended by the object is propotional to the square of distance in flat spacetime. Thus, we can infer that 
F, x (distance from source) * for observers who are all at rest relative to each other in flat spacetime. 


22.16 BRIGHTNESS OF THE SUN 


Does the surface of the sun look any brighter to an astronaut standing on Mercury than to a student 
standing on Earth? 
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Solution: 


The surface brightness is defined as 
fy 
AQ 
If we neglect the curvature of spacetime in solar system, J, is conserved during propagation. So the surface 
of the sun looks as bright to an astronaut standing on Mercury as to a student on Earth. 


Te. (22.16.1) 


22.17 BLACK BODY RADIATION 


An “optically thick” source of black-body radiation (e.g., the surface of a star, or the hot matter filling 
the universe shortly after the big bang) emits photons isotropically with a specific intensity, as seen by an 
observer at rest near the source, given (Planck radiation law) by 


2hv® 


nO ehv/kT _ 1° 


(22.17.1) 
Here T is the temperature of the source. Show that any observer, in any local Lorentz frame, anywhere in 
the universe, who examines this radiation as it flows past him, will also see a black-body spectrum. Show, 
further, that if he calculates a temperature by measuring the specific intensity J,, at anyone frequency, and 
if he calculates a temperature from the shape of the spectrum, those temperatures will agree. (Radiation 
remains black body rather than being “diluted” into “grey-body.”) Finally, show that the temperature he 
measures is redshifted by precisely the same factor as the frequency of any given photon is redshifted, 


To serve observe : 
DSSEVESE (: P +) for a given photon. (22.17.2) 


Temitted Vemitted 


[Note that the redshifts can be “Doppler” in origin, “cosmological” in origin, “gravitational” in origin, 
or some inseparable mixture. All that matters is the fact that the parallel-transport law for a photon’s 4- 
momentum, V,p = 0, guarantees that the redshift vopservea/Vemitted is independent of frequency emitted. ] 


Solution: 


The quantity /,,/v° is conserved during propagation, i.e. 


Ty . I 7 
cited = Taranto (22.17.3) 


3 3 
V observed Vemitted 


= 3 RVopserved/kTobserved —_ 
As De sais — 2hVspservea/ (€ P a/ i‘ i 1), we have 


oh? 
Vemitted (22.17.4) 


Vemi oe : 
emitted (ehVovserved /kTopserved = 1) 


The parallel-transport law for a photon’s 4-momentum, Vp = 0, guarantees that the redshift vobservea/Vemitted 
is independent of frequency emitted. So we can define a quantity Temittea, independent of frequency, as 


Temitted = a (22.17.5) 
Vobserved 
Then we have 
2hv? 
Vemitted (22.17.6) 


Vemi = 
emitted (ehVemittea/kTemittea = 1) : 


for any Vemittea. Now, we have demonstrated all the statements in the exercise. 
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22.18 STRESS-ENERGY TENSOR 


(a) Show that the stress-energy tensor for a swarm of identical particles at an event Wp can be written as 
an integral over the mass hyperboloid of the momentum space at Wo: 


d dp” dp¥ dp” 
te = oP P P in a local Lorentz frame. (22.18.1) 


T = / (Vp ® p)(d%/p), 


(b) Verify that the Boltzmann equation, d.V /d\ = 0, implies V-T = 0 for any swarm of identical particles. 


Solution: 


(a) d¥,/ ‘p® is a scalar under Lorentz transform. Thus, T so defined is a rank 2 tensor. In local Lorentz 
frame, we have 


ry = [ van, = energy density, T° = [vee = momentum density, (22.18.2) 


and 


TY = fe z dV, = | ve'viar, = flux of momentum density. (22.18.3) 
Pp 


So the T defined above is the the stress-energy tensor for a swarm of identical particles at an event Po. 


(b) From Boltzmann equation, we have 


in a local Lorentz frame. Thus, 
TOP co DP gies ) a, ee =0. (22.18.5) 
22.19 KINETIC THEORY FOR NONIDENTICAL PARTICLES 
For a swarm of particles with a wide distribution of rest masses, define 
N= ee (22.19.1) 


where ¥, and ¥,, are spatial and momentum 3-volumes, and AN is the number of particles in the region 
%,%p with rest masses between m — Am/2 and m+ Am/2. Show the following. 


(a) %%,Am is independent of Lorentz frame and independent of location on the world tube of a bundle 
of particles. 


(b) .W can be regarded as a function of location Y in spacetime and 4-momentum p inside the future 
light cone of the tangent space at #: 
N= N(P,p). (22.19.2) 


(c) -Y satisfies the collisionless Boltzmann equation (kinetic equation) 


dN (P(A), P(A) 
dy 


= 0 along geodesic trajectory of any particle. (22.19.3) 
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(d) -W can be rewritten in a local Lorentz frame as 


AN 
= (jm) AvAyAzlAp Ap pvp] ere 


(e) The stress-energy tensor at an event Y can be written as an integral over the interior of the future 
light cone of momentum space 


Be = [vet yma dp apap (22.19.5) 
in a local Lorentz frame (Track-l notation for integral; see Box 5.3); 
T= ) (Vp ® p)m~**1 in frame-independent notation 
= [vr @ p)m~'dp® A dp' \ dp? A dp® (22.19.6) 


in a local Lorentz frame (Track-2 notation; see Box 5.4). 


Solution: 


(a) From a sarm particles whose rest masses range between m — Am/2 and m + Am/2, we have on- 
shell condition 
(m — Am/2)? < —p-p < (m+ Am/2)?. (22.19.7) 


In the limit that Am — 0, the proof of invariance of phase volume in the case of a swarm of identical 
particles can be generalized directly here. 


(b) As gagp*p® = —m?, p° can be determined once m and p’ is known. So we can get .”(Y,p) from 
N(P,p',m). And we have p- p = —m? < 0, i.e. the 4-momentum p is inside the future light cone of the 
tangent space at Y. 


(c) The rest mass of the particles are invariant along geodesics. So the collisionless Boltzmann equation 
in this exercise is the same as that of identical particles. 


(d) In local Lorentz frame, we have p° Ap® = mAm when p’s are fixed. So we have 


AN 
= 1m) AaAyAzl[Ap Ap Ap Ap']| Cae 


(e) In local Lorentz frame, we have 


Tee = fam [ vov"(a%y/p”) = [ro ropra tay’ = [mv pnp’ap dptdpap?. (22.19.9) 
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Chapter 23 


SPHERICAL STARS 


23.1 ISOTROPIC COORDINATES AND NEWTONIAN LIMIT 


An alternative set of coordinates sometimes used for static, spherical systems is the “isotropic coordinate 
system” (t,7,0,). The metric in isotropic coordinates has the form 


ds* = —e?? dt? + e?#[dr? + Fd], (23.1.1) 


where ® and y being functions of 7. 


(a) Exhibit the coordinate transformation connecting the Schwarzschild coordinates (23.7) to the isotropic 
coordinates 23.1.1. 


(b) From equation (16.2a) [or equivalently (18.15c)], show that, in the Newtonian limit, the metric coef- 


ficient ® of the isotropic line element becomes the Newtonian potential; and ,, becomes equal to —®. By 
combining with part (a), discover that A = rd®/dr in the Newtonian limit. 


Solution: 


(a) The Schwarzschild metric is 


ds? = —e??dt? + e?\dr? + r7dN?. (23.1.2) 
By comparision, we have 
r= FEM”) 3.1.3) 
and so 
dr = eM) (1 + p'F)dr. (23.1.4) 
Then we can get 
eA(14 pr)? =1. (23.1.5) 


(b) In the Newtonian limit, we have 


ds? = —(1 + 26)dt? + (1+ 2u) (dF? + F?dN?). (23.1.6) 
From equation (18.15c), we know ® is Newtonian potential and 4. = —®. From equation 23.1.3, we have 
r=7(1—(7)). (23.1.7) 
From equation 23.1.5, we have 
A= oe (23.1.8) 
dr 
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Keeping the first order of ©, we have 
A=—r. (23.1.9) 


23.2 PROPER REFERENCE FRAMES OF FLUID ELEMENTS 


(a) Verify that equations (23.15a,b) define an orthonormal tetrad and its dual basis of 1-forms, at each 
event in spacetime. 


(b) Verify that the components of the fluid 4-velocity relative to these tetrads are given by equations 
(23.15c). Why do these components guarantee that the tetrads form “proper reference frames” for the 


fluid elements? 


(c) Verify equations (23.15d) for the components of the stress-energy tensor. 


Solution: 


(a) The Schwarzschild metric is 


ds? = —e?? dt? + e?4dr? + r7d6? +r? sin? 6d¢?. (23.2.1) 
It is easy to verify 
ea: €% = Nap (23.2.2) 
and a . 
ww? = nF (23.2.3) 


from (23.15a,b) in the textbook. So they define an orthonormal tetrad and its dual basis of 1-forms, at 
each event in spacetime. 


(b) In Schwarzschild metric, u* = (e~®,0, 0,0). As e7 = e- °0;, we have u = e;. Since u* = (1,0,0,0) in 
this frame, we can say it is the proper reference frame for the fluid elements. 


(c) Recall that 
T 3 = (p + p)uaug + PNep- (23.2.4) 


We have 
Typ =P?p, Trp = Tha = tiers =p (23.2.5) 


23.3 LAW OF LOCAL ENERGY-MOMENTUM CONSERVATION 


Evaluate the four components of the equation T°” g for the stress-energy tensor (23.14) in the Schwarzschild 
coordinate system of equation (23.7). 


Solution: 


In Schwarzschild coordinate system, the stress energy tensor is 


pe 2? 0 0 0 
0 pe?A 0 0 
ab _ 
Lor = 0 0 pr7? 0 (23.3.1) 
0 0 0 pr-?sin7*6 
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The nonvanishing connection coefficients are 


t t . 
i tr — lis rt — o'; 
iy, _ e2? 246). ie _ N; ie as aes Fras = _re 
Pog =1%,=r_ i; ae = —sin0@ cos 6; 


Ds = Le = rt. Lae = ner = sin! @cos@. 


Note that 


So the r component gives 


0 = je Bis ere 4+ | es Le 4+ ees ad 4 a oa 4+ (es ers | ale aig rs 4+ rea 
— 6 (pe _ 2A’p) 4 ete ps CAN ine De oth pty ee! + A’ 4 2r—1)\p 


a8 _ ab apa pub ype spo 
aT eee Cer le epeM 


:B 


=e *Ay, te *48'(p +p), 


Dr =—(pt+p)®. 


23.4 EINSTEIN CURVATURE TENSOR 


(23.3.2) 


(23.3.3) 


(23.3.4) 


(23.3.5) 


Calculate the components of the Einstein curvature tensor, G.gin Schwarzschild coordinates. Then per- 
form a transformation to obtain G.,, the components in the orthonormal frame of equations (23.15a,b). 


Solution: 


The calculation of Einstein curvature tensor is straight forward. We obtain 


Ged 


[2re2PAl + (e24 = Rete eS 
= a) 3 
Qrb’—e?4 41 


2 


[ro Pot un (r2.A/ r)o'| en? A. 


a [r?o"? + 726" — pA’ — (Gen - r)o'| e~ 24 gin? 6. 


All other terms would vanish. After a transformation to proper frame, we have 


(2 rA! +24 ener 
GH = 2 
(2re’ —e?AL 1) e724 
Grp = 2 
, 1 1 
Gog — c 2 op” A’ (w )e| e 2*, 
r r 
, 1 1 
er = c 2 op” A’ (w | e 2A 
r r 
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(23.4.1) 


(23.4.2) 


23.5 TOTAL NUMBER OF BARYONS IN A STAR 


Show that, if r = R is the location of the surface of a static star, then the total number of baryons inside 
the star is 


R 
ea Anr?ne*dr. (23.5.1) 
0 


Solution: 


The space-part metric in Schwarzschild coordinates are 
ds? = e?\dr? + r?d0? + r? sin? 6d¢?. (23.5.2) 


So we have 
gi/? = er? sind. (23.5.3) 


Then the total number of baryons inside the star is 


R T 20 R 
J nig'aravae = | near | sinod | a= | 4nr?ne‘dr. (23.5.4) 
0 0 0 0 


23.6 BUOYANT FORCE IN A STAR 


An observer at rest at some point inside a relativistic star measures the radial pressure-buoyant force, 
Fpuoy, on a small fluid element of volume V. Let him use the usual laboratory techniques. Do not confuse 
him by telling him he is in a relativistic star. What value will he find for Fiuoy, in terms of p, p, m, V, and 
dp/dr? If he equates this buoyant force to an equal and opposite gravitational force, F,,.y, what will Fyray 
be in terms of p, p,m, V, and r? (Use equation 23.22.) How do these results differ from the corresponding 
Newtonian results? 


Solution: 


For an observer at rest in Schwarzschild coordinate frame, we have u® = (e~®,0,0,0). The accerlera- 
tion of the observer is 
a = re gutuP =0; a= guru? Se as (23.6.1) 


ie. a = e~746'0, = e-AO’e;. So 
Fhuoy = (p + p)Va = —Ve“p rep. (23.6.2) 
Note that V = ASAre4, we can also obtain this by 
Fhyucy = —AS(p(r + Ar) — p(r))es = —ASp,Ares = —VeAp,ep. (23.6.3) 


And straightforwardly, we have 


4 3 
Foray = Ve“p rep = —Ve“ ( zs P) un suas P) ep. (23.6.4) 
g r(r — 2m) 
In Newtonian limit, we have 
Vin 
Fruoy = —Foray = cS = &. (23.6.5) 
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23.7 GRAVITATIONAL ENERGY OF A NEWTONIAN STAR 


Calculate in Newtonian theory the energy one would gain from gravity if one were to construct a star by 
adding one spherical shell of matter on top of another, working from the inside outward. Use Laplace’s 
equation (r?® ,.) ,. = 47r?p and the equation of hydrostatic equilibrium p, = —p®_,. to put the answer in 


the following equivalent forms: 


(energy gained from gravity) = —(gravitational potential energy) 


R R 
=| (or, )Anrar = | (pm/r)4nr7dr 
0 0 


1 R 
= -| (p®)4rr?dr = =| @ )?4ar7dr 
0 


Solution: 


(23.7.1) 


Suppose we already have a sphere with mass m and radius r. If we want to add one spherical shell 


with thichness dr of matter on top of it, the work that gravity have done is 
2 m 
dW = (p4rr“dr) x (=) = A4npmrdr. 
‘i 
So the energy gained from gravity is 
R 
W= i Anpmrdr. 
0 


Note that ® ,. = m/r? and (r?®_,.) , = 4ar?p, we have 


R oe) 
W= i r® ,4npr?dr = | r® ,.(r?® ,.) dr. 
0 0 
On the one hand, we have 
W= 2 | r?(®_,,)?dr + r® ,® pdr. 
0 0 


On the other hand, we have 


w=r@, "Ie - | r’® ,.d(r® ,. =~ f ®,)dr— | r® ,.® ,,.dr. 
0 0 0 


So we have 2 J 
3 | r(®,)2dr +2] r°0,6,,dr=0 
0 


and 


Furthermore, we have 


1 2 ee ere a 2 
W = =r ® | — = O(r*®,) -dr = —= (p®)4rr“dr 
j 2 Io Ph 2 Io 


Note that p®, = —p,. We have 


(23.7.2) 


(23.7.3) 


(23.7.4) 


(23.7.5) 


(23.7.6) 


(23.7.7) 


(23.7.8) 


(23.7.9) 


R RR R R 
W= i r®,4apr?dr = -| Anr®p ,dr = —4rr*p|s° +f Arpd(r*) = 3 | Anr’pdr.  (23.7.10) 
0 0 0 0 
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23.8 NEWTONIAN STARS OF UNIFORM DENSITY 


Calculate the structures of uniform-density configurations in Newtonian theory. Show that the relativistic 
configurations of Box 23.2 become identical to the Newtonian configurations in the weak-gravity limit. 
Also show that there are no mass or radius limits in Newtonian theory. 


Solution: 


In Newtonian theory, we have 


* mass equation: 


m= [ Arr? pdr; (23.8.1) 
* equation of hydrostatic equilibrium: 
“ = an with p(r = 0) = p. = central pressure; (23.8.2) 
* source equation for ®: 
“ = a (23.8.3) 


If the density is uniform, we have m = 47por3/3 for r < R, and so 


dp 4dr 5 d® 4 
ara Por oS a por: (23.8.4) 
When r > R, we have m = M = 47poR?/3, and so 


d® M 
ae = 72" (23.8.5) 
The solution is 
2n 2 R?2 — r? R M 20 2 R? R 
FC oe a I eee eG Mas (23.8.6) 
0 r>R -—= r>R 
In GR theory, we have 
pee (1 — 2Mr?/R8)1/2 — (1 - 2M/R)'/? (23.8.7) 
° | 3(1 — 2M/R)1/2 — (1 — 2Mr2/R3)1/2 7 
when r < Rand i 
3 amM\l/2_ 4 2Mr2 
pu ltO-B) 70-4) kk (23.8.8) 
(1-2¢@)? oR 
In the limit M < R, we have 
(ee coi et (“ wr 2 
R3 R PO r T 9 2 2 
p= po z= 7) = Polk —1*) (23.8.9) 
31—-M)-1+ MP 2\R RB 3 
when r < Rand 
Sl D2 SS At ue) <R 
re fe fi 2 \ rj)! (23.8.10) 
vie r> 
i.e. 
M 20 2 2 
+ oo(r*— R*) r<R 
® = R e 23.8.11 
(7) ane (3.8.11) 


So we recover the Newtonian theory. Clearly, p is always finite in Newtonian theory and so there are no 
mass or radius limits in Newtonian theory. 
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23.9 GOOD BEHAVIOR OF 7, EXERCISES 


Carry out explicitly the full details of the proof, at the beginning of this section, that 2m/r is always less 
than unity and r is a monotonic function of 1. 


Solution: 


We have OV equation 


dp __ (p+ p)(m + 4rr°p) 
dr r(r — 2m) orn 


and boundary condition p(r = 0) = p, and p(r = R) = 0. 


23.10 CENTER OF STAR OCCUPIED BY IDEAL FERMI GAS AT EX- 
TREME RELATIVISTIC LIMIT 


Opposite to the idealization of a star built from an incompressible fluid is the idealization in which it is 
built from an ideal Fermi gas at zero temperature, so highly compressed that the particles have relativistic 
energies, in comparison with which any rest mass they possess is negligible. In this limit, with two particles 
per occupled cell of volume h° in phase space, one has 


PF PF 
n= (2/K8 jan f p*dp = 8rp?./3h?, p= (2/K8 jan f cp p’dp = 2ncpy,/h?, (23.10.1) 
0 0 
and finally 
d(p/n) 4 3 
=— =2 i 23.10.2 
Tay nepp/[3h° = p/3, (23.10.2) 


as if one were dealing with radiation instead of particles (pr = Fermi momentum; momentum of highest 
occupied state). 


(a) Write out the relativistic equation of hydrostatic equilibrium for a substance satisfying the equation of 
state p = p/3. 


(b) Show that there exists a well-defined analytic solution for the limiting case of infinite central density, 
in which m(r)/r has the value 3/14. 


(c) Find p(r), p(r) and n(r). 


(d) Show that the number of particles out to any finite r-value is finite, despite the fact that n(r) is infinite 
at the origin. 


(e) Show that the 3-geometry has a “conical singularity” at r = 0. 


(f) Make an “embedding diagram” for this 3-geometry. 


Solution: 
(a) Substitute the equation of state into OV equation and we can get 


dp 4p(3m + 4npr®) 
7 a a (23.10.3) 
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(b) Try the power law solution p = Ar”. We find that 


ir prt3 
m= | Anpr?dr = 41 A (23.10.4) 
0 n+ 3 
and a 
‘ 127 AT +4rArrts 
nAr™—* = —4Ar” = a (23.10.5) 
3r2 — 247A oer 
We can get 
3 
ae oe 23.10.6 
4 56m ( ) 
Thus ‘ 
m= ar (23.10.7) 
(c) Obviously, we have 
3 _» re 
= — = — 23.10.8 
(=e 6 Pee ( ) 
From 23.10.1, we can derive that 
8x (hp a fle 1 
ely Bae: aoa pee Ra ae 23.10. 
n(r) = 353 (5) 3 (=) _* ( a 
(d) The number of particles out to any finite r-value is 
, 8 3 3/4 
N= | Ann(r')r?dr’ == ( —) 1/2 73/2, (23.10.10) 
0 9 \ 7h 
which is finite. 
(e) The 3-geometry is 
2 dr? 2/992 1 ain 2 t 39 2/792 1 gin? 2 
ds* = ————— + r*(d0" + sin* 0d¢*) = —dr* + r*(d0" + sin* 0d¢*). (23.10.11) 
1—2m/r 4 
For a conical surface with half opening angle a, we have 
ds” = dz” + dr? +. r*d¢? = ( s+ 1) dr? + r7d¢”. (23.10.12) 
tan* a 
Now it is easy to see the 3-geometry has a “conical singularity” at r = 0. 
(f) The lift is 
r dr’ V3 
= = ; 23.10.13 
ay) [ (2m —1'2~ 2" : : 
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Chapter 25 


PARTICLE MOTION IN 
SCHWARZSCHILD GEOMETRY 


25.1 CONSTANT OF MOTION OBTAINED FROM HAMIITON’S PRIN- 
CIPLE 


Prove the above theorem of conservation of px = p- € from Hamilton’s principle 
oe H dav 
6f = gu (%)————d = 0 (25.1.1) 


as applied to geodesic paths. Recall: In this action principle, g,,,, is to be regarded as a known function of 
position, x, along the path; and the path itself, x“(), is to be varied. 


Solution: 


We choose \ properly so that p“ = dx“/d. The perturbation of the path is 6z"(A). Then we have 


ioe / pi abe"pl pd + i Pi on dd = pda"? — i (he 2 ssh.” Sx*dd. (25.1.2) 
The Hamilton’s principle ensures that 6L = 0 when da"(A,) = dx"(Azg) = 0. So generally, we have 
OL = py(Az)da" (Az) — pu(A1) 6x" (Ar). (25.1.3) 
If we choose da#(A) = c€#[x"(A)] where €“ is killing vector field, we have 
OL = €[pu (Ar) (Az) — PulAr)e"(A1)]- (25.1.4) 


On the other hand, we can calculate 6L as 


1 dart da” dx® dx” dx, dx” 
wb = 56 f (spunk Bp Gy Ol ee gay ee =) a 


5} dA dA Oy da | 9PM GN > GX 


1 a a a det Co 
= 56 f Gara + Jav§ sb + Guok v) woo 


1 dx! dx” 
= al (Eusv + Evin) Daw 
= 0. (25.1.5) 


Now we find 
Pyu(Az)é" (Az) = PulAr)E" (1) = 0, (25.1.6) 
ie. px = p- € is conserved. 
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25.2 SUPER-HAMiITONIAN FORMALISM FOR GEODESIC MOTION 


Show that a set of differential equations in Hamiltonian form results from varying p,, and x” independently 
in the variational principle J = 0, where 


LS fender — Hd) (25.2.1) 


and 7 
H= 5 Inv (2) pep". (25.2.2) 


Show that the “super-Hamiltonian” H is a constant of motion, and that the solutions of these equations 
are geodesics. What do the choices H = 1/2, H = 0, H = —1/2y?, or H = —1/2 mean for the geodesic 
and its parametrization? 


Solution: 


The variation of action is given by 


aH aH 
é6I = i; Spyder! + pyddah — = dahdd — 5 bpudd 


_ de#& OH dp, . OH - ia 
7 / ( an a) oppan (S + a) badd + pydah|32. (25.2.3) 


Equation of motion can be obtained from é/ = 0, 


dc" OH dp, OH 


= ; 25.2. 
dX Op, ard Ox! ( 4) 
So we have 
dH = OH dx* = OH dp, dp, da" | da" dp, _ (25.2.5) 
dy dak dy ' Op, dX ~~ dd dX | dd dy” in 
i.e. F{ is a constant of motion. Note that H = g’”p,p,/2. We can get 
dx dp 1 
Sa pte FH GB = 
Do Pi Gy +39 PoPe 0, (25.2.6) 
After some algebra manipulations, we arrive at 
d?gt da dx? 
ee be eee (25.2.7) 


@e | Say Gy 


So the solutions of these equations are geodesics. 


¢ 5{ = 1/2: geodesic is spacelike and \ is proper length. 
¢ HF =0: geodesic is lightlike and \ is so parametrized that dx“ /dA is propotional to momentum. 
* KH = —1/2p?: geodesic is timelike and \ is t/j, where 7 is proper time. 


° H = —1/2: geodesic is timelike and ) is r. 


25.3 KILLING VECTORS IN FLAT SPACETIME 


Find ten Killing vectors in flat Minkowski spacetime that are linearly independent. (Restrict attention to 
linear relationships with constant coefficients). 
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Solution: 


We have four translation killing vectors 
(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1) (25.3.1) 
and six rotation killing vectors 


(x,—t,0,0), (y,0,-t,0), (z,0,0,-t), (0,y,-2,0), (0,2,0,-a), (0,0,2,—y). (25.3.2) 


25.4 POISSON BRACKET AS KEY TO CONSTANTS OF MOTION 


If € is a Killing vector, show that px = €"p, commutes (has vanishing Poisson bracket) with the Hamil- 
tonian + of the previous problem, [H{(,px] = 0, so dpx/d\ = 0. (Hint: Use a convenient coordinate 
system.) 


Solution: 
In local Lorentz frame, we have 


(3, bec] = sl” yp. €*(@\Pal = =n” Palpupv.€%(2)] 


2 2 
= P'PalPu,€°(x)] = —P" Pak”, 
= — 50D ban ea) (25.4.1) 


So dpx /dd = 0. 


25.5 COMMUTATOR OF Killing VECTORS IS A Killing VECTOR 


Consider two Killing vectors, € and 7, which happen not to commute [as differential operators; i.e., the 
commutator of equations (8.13) does not vanish; consider rotations about perpendicular directions as a 
case in point]; thus, 


[én] =¢ 40. (25.5.1) 


(a) Show that no single coordinate system can be simultaneously adapted, in the sense of equation (25.1), 
to both the € and 7 symmetries (see exercise 9.9). 


(b) Let pe = pu", Py = Pun”, and pe = p,¢“, and derive the Poisson-bracket relationship [pe,p,,| = —pe. 
In a geometry, the symmetries of which are related in this way, show that p; is also a constant of motion. 


(c) In a coordinate system where ¢ = (0/0x"), define 1 as in (25.10) and show from [H, pc] = 0 that ¢ 
is a Killing vector. 


Thus the commutator of two Killing vectors is itself a Killing vector. 


Solution: 
(a) If there is a single coordinate system which can be simultaneously adapted to both the € and 7 symme- 


tries, then we have € = (0/0x*:), n = (0/0x*2). It is easy to see that [€,] = [0/dr™, 0/dx*2| = 0. So 
if [€,] 4 0, no single coordinate system can be simultaneously adapted to both the € and 7 symmetries. 
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(b) Direct calculations show that 


[pes Pn| = [Pus pon’ | 
— OpyE" Opn” _ OpyE" Opry” 
Ox" = ODa Opa Ox® 
= pub" yn” — pen” 
=—pie Ho a) 
= —ppce 
= —p. (25.5.2) 


Since € and 77 is Killing vectors, we have [H, pe] = [I(, p,,] = 0. Thus we find that 
[H, po] = —[H, [pes Pn) = [pes Pn, F]] + [Pn (FC, vel] = 0, (25.5.3) 


i.e. pe is also a constant of motion. 


(c) In this coordinate, we have 


B 1 Og*? 


1 1 
0 = [H, pe] = 59°’ pape, Px] = 5[9°" PK|Pape = 5 FoR PaPs (25.5.4) 


2 2 


for any py. So we know 09°? /dx* = 0, ie. ¢ is a Killing vector. 


25.6 EIGENVALUE PROBLEM FOR KILLING VECTORS 


Show that any Killing vector satisfies €”.,, = 0, and is an eigenvector with eigenvalue x = 0 of the equation 
CS Poa a i (25.6.1) 

Find a variational principle (Raleigh-Ritz type) for this eigenvalue equation. 

Solution: 


For killing vector €", we have 


ine = Bey =e =. (25.6.2) 
Recall that 
AY 1p — AY gy = BO ay A*. (25.6.3) 
We find 
Enh _ eet = ing ee = Ee 5G (25.6.4) 
As €#., = 0, we can get 
gh + RELE’ = 0. (25.6.5) 
Define fr = u:n — Env = —2€y:. Recall the Lagrange formulation of EM field. We have 
1 
6 ( / jlo f =a) =— i fr", Eu —gd*x = 2 i EM”. Eu /—gd' a. (25.6.6) 
So the required variational principle for this eigenvalue equation is 
S= if L/—gd‘a (25.6.7) 
where 
L= ca ae ae + Ryv&PE". (25.6.8) 
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25.7 RADIAL VELOCITY OF A TEST PARTICLE 


Obtain a formula for the radial component of velocity vs that an observer at r would measure [see (25.20) 
for ve]. Express Ejocal, ve and v $ in terms of r and the constants E£, pg. 
Solution: 


From equation (25.21) and (25.22) of the textbook, we know 


__ (1=2M/r)"pg 
6 rE 


Fjocal = (1 — 2M /r)-/7E, (25.7.1) 


The radial component of velocity can be obtained through 


_ Ph _ (wp) (grr|'/?dr,d/dd) dr /dr 
Ve = T= = — 
p? E\ocal EXocal (1 oF 2M /r)—1/2 Fnogcal 
1 


= VE? — (1— 2M/r)(L?/r? + 12) 


7 2M\ ( 12 we 
= i) (1 ) (sm - ma). (25.7.2) 


25.8 ROTATIONAL KILLING VECTORS FOR SCHWARZSCHILD GE- 
OMETRY 


(a) Show that in the isotropic coordinates of exercise 23.1, the metric for the Schwarzschild geometry 
takes the form 


ds? = —(1 — M/27)?(1 + M/2r)~2dt? + (1 + M/27r)* (dr? + 77d). (25.8.1) 
(b) Exhibit a coordinate transformation that brings this into the form 
ds? = —(1 — M/2r)?(1 + M/2r)~7dt? + (1+ M/27)4(dx? + dy* + dz’), (25.8.2) 
with 7 = (x? + y? + 2?)1/2. 


(c) Show that €, = y(0/0z) — z(0/dy) and similar vectors €, and €, are each Killing vectors, by verifying 
(see exercise 25.5c) that the Poisson brackets [H, Lx] vanish for each Lk = p- Ex, K =1,y, 2. 


(d) Show that €, = (0/0¢):,>,9; and show that for orbits in the equatorial plane L, = py, Ly = Ly = 0. 


Solution: 
(a) In Schwarzschild coordinate system, we have 

ds? = —e??dt? + e*4dr? + r?dN?. (25.8.3) 
In isotropic coordinate system, we have 

ds* = —e?? dt? + e7# (dr? + r7d0Q?). (25.8.4) 


By comparison, we find 
eNdr = ed? (25.8.5) 
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and 


e 'r=7 
So we have 
Ady, — pl - dt —p 
e-dr =e" | -—e *—r+e dr 
dr 
i.e. r : 
1 ete BN 
dr 1 — 2M 


The solution is 


Now we find 


and 


= 
lI 
ale 
——N 
vl= 
+ 
31 
N—_” 
bo 


Particularly, we have 
2M 1—M/2F 
r 1+M/2r° 


We can obtain 1- M/2r 
#—(L4M/or)?, e®@ =— 
PE A PE ae ace 
The metric is 
ds? = —(1 — M/2r)?(1 + M/27)~7dt? + (1+ M/27)4* (dF? + 7?dN?). 


(b) The coordinate transformation is 


(c) We have 


1 1 
H = as( — M/27)-?(1 + M/2F)*p2 + Bel + M/2r)~*(p2 + py + p2) 
and 
Ly = ypz — ZPy, Ly =2P_—Utpz, Le= UPy — YPx- 

The calculation shows that 

OH OL; OH OLe 
ae Ox* Op; ie Op; Ox 

OK Y OK z 
— A } 

OF F OFF” 
= 0. 


[H(, La] = 


(1+ M/2r)~“pyp. — (1 + M/2r)~“*p.(—py) 
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(25.8.6) 


(25.8.7) 


(25.8.8) 


(25.8.9) 


(25.8.10) 


(25.8.11) 


(25.8.12) 


(25.8.13) 


(25.8.14) 


(25.8.15) 


(25.8.16) 


(25.8.17) 


(25.8.18) 


(25.8.19) 


(25.8.20) 


Similarly, we can figure out that [5(, L,] = [F(, L.] = 0. 


(d) The transformation matrix for vectors is 


At 1 0 0 0 At 

A? | 10 sin@cos@ FcosOcosd —*Fsindsing Ar (25.8.21) 
AY} 10 sindsind fcosd@sind FsinOcosd Ag oa 

A? 0 cos 0 —sin@ 0 At 


For (A‘, A”, A°, A®) = (0,0, 0, 1), we find (A‘, A*, AY, A*) = (0, —7 sin @ sin ¢, 7 sin cos ¢, 0) = (0, —y, x, 0). 
So €, = (0/0¢):,r,9. And for orbits in the equatorial plane, L, = €.-p = pg. Note that z = p, = 0, we 
have L, = Ly = 0. 


25.9 CONSERVATION OF TOTAL ANGULAR MOMENTUM OF A TEST 
PARTICLE 


Prove by a Poisson-bracket calculation that the total angular momentum squared, p? + (sin 0)" p35 isa 
constant of motion for any Schwarzschild geodesic. 


Solution: 


The Hamiltonian is 


2H = —(1—2M/r)~*pz + (1 — 2M /r)pe + r-7p5 + 7-7 (sin 8) 7p (25.9.1) 
So we have 
en Ae 1 - ne ee 
[H, pg + (sin 8)~?p3] = 5l-(1 — 2M/r) ‘pp + (1 — 2M/r)p?, pp + (sin 8) *p5] 
Des ss pi ea 
ae *(p5 + (sin@)~7p’,), pg + (sin 8) 7p] 
_~0. (25.9.2) 


Thus pj + (sin @)~*p% is a constant of motion for any Schwarzschild geodesic. 


25.10 SELECTING EQUATION BY SELECTING WHAT IS VARIED 


Write out the integral that is varied in (25.8) for the special case of the Schwarzschild metric (25.12). 
What equation results from the demand 6/ = 0 if only (A) is varied? If only t(A)? 


Solution: 
From equation 25.1.2, if only ¢(A) is varied, we have 
d 1 
a — 59uv.0P"D” = 0. (25.10.1) 


In Schwarzschild metric, we have dpg/dA = 0. Similarly, if t(A) is varied, we have dp;,/dd = 0. 
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25.11 MOTION DERIVED FROM SUPER-HAMILTONIAN 


Write out the super-Hamiltonian (25.10) for the special case of the Schwarzschild metric. Deduce from 
its form that p, and p; are constants of motion. Derive (25.14), (25.17), and (25.18) from this super- 
Hamiltonian formalism. 


Solution: 


The super-Hamiltonian for the special case of the Schwarzschild metric is 


1 
H= 5 [—(1 -— 2M/r)~'p? + (1—2M/r)pz + r~7 pg +r? (sin 0) 7p’ « (25.11.1) 


As 05(/0t = OH /O¢ = 0, pg and p; are constants of motion. And we have 


d 1d 1 OH 
Das Base Oe eae == (25.11.2) 
dr pdX pops  pr2sin’ 
Demand 6 = 7/2 and define L = py/ju. We have 
dd L 
—_—=-—-. 25.11.3 
dr r? ( ) 
Similarly, 
dt 1ldt 10K - E 
id Pl Ss (25.11.4) 
dr wdX wOp pd—-2M/r) 1-2M/r 
where E = —p;/j:. And in the case of massive particles, Ht = —. Note that 
dr OH 
a =(1-2mM ie 25.11.5 
oe on /r)p ( ) 
We have 
E? 1 OP No EP vs 
| bu? = 25.11.6 
1—2M/r ' 1—2M/r (=) iar ( ) 


where E = —p;, L = —pg and @ is assumed to be 7/2. 


25.12 REDSHIFT BY TIMED PULSES 


Derive expression (25.26) for the photon redshift by considering two pulses of light emitted successively 
by an atom at rest at radius r. 


Solution: 
The geodesics equation for photons with constant @ and ¢ satisfies that 


ee (25.12.1) 


So we have Atem = Atrec. AS a result, 


= : (25.12.2) 
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Thus, if rye. = 0 and rem = 7, we have 


/ 
2M 
1 Aem ATem (1 - 2M) 2M iy? 
— 25.12.3 
1+z Apec  ATrec (1 _ au ( r ) é ( ) 
i.e. 
9M \~1/? 
Z= (1 _ =m) —1. (25.12.4) 
r 


25.13 QUALITATIVE FORMS OF PARTICLE ORBITS 


Verify the statements about particle orbits made in part C of Box 25.6. 


The proof for each statements about particle orbits made in part C of Box 25.6 is trivial. I will not write 
down detailed demonstration for all of them here. 


25.14 IMPACT PARAMETER 


For a scattering orbit (i.e., unbound orbit), show that L = Ev..b, where b is the impact parameter and 
Uo. the asymptotic ordinary velocity; also show that 
b= E/* =1)*, (25.14.1) 


Draw a picture illustrating the physical significance of the impact parameter. 


Solution: 


For a particle at infinity, we have 


dé L dt - xy. far\” 1? 
—= >. —=H, —-E — ++1=0. 25.14.2 
dr 2? dr : (F) v r2 ( 7 
The definition of impact parameter is 
v3 do 1 i 
ee es ee (25.14.3) 
Use dt Vso Evs5 
So we have L = Ev.,b. Note that 
1/2 2 ~o\ 1/2 7 
_|(@Y , 2 (@Y 4 e127, * (B-1'? (25.14.4) 
See NN ae "ae ~ FE pe | pe a cake 
So we have 
ius L (25.14.5) 
~ (B2 = 1)1/2" ead 
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25.15 TIME TO FALL TO r = 2M 


Show from equation (25.16) and the first picture in Box 25.6 that orbits (general L value!) which approach 
r = 2M do so ina finite proper time, but (equation 25.32) an infinite coordinate time t. For equilibrium 
stars, which must have radii R > 2M, the coordinate time ¢ to fall to the surface is finite, of course. 


Solution: 


If E2 > V2__, then we have 


max? 


2 
(F) = FF? V(r) > BE? —- V2, > 0. (25.15.1) 
ie 


The proper time to fall to r = 2M is 
dy ae tee 
Ar a. oar < (é we Vice (R—2M), (25.15.2) 
which is finite. 


On the other hand, we also have 


-dr*\? - . 
(é i ) = B- V(r") < B. (25.15.3) 
The coordinate time to fall to r = 2M (r* = —oo) is 
R* dt R* 
At = ‘, weer > '; dr* — oo. (25.15.4) 
loc) r Co 


25.16 PERIASTRON SHIFT FOR NEARLY CIRCULAR ORBITS 


Rewrite equation (25.42) in the form 
(du/dd)* + (1 — 6ug)(u — up)? — 2(u — uo)? = (EB? — E2)/L'? (25.16.1) 


Express the constant uo = M/ro in terms of Lt = L /M, and express Ep in terms of uo. Show for a nearly 
circular orbit of radius ro that the angle swept out between two successive periastra (points of closest 
approach to the star) is 

Ad = 2n(1 — 6M/r9)71/?. (25.16.2) 


Sketch the shape of the orbit for rp = 8M. 


Solution: 


First, we have equation (25.42) 


du\*  E? — (1—2u)(1+ Lt?u?) 
(=) = Ti (25.16.3) 
Take the derivative of both sides and we have 
+2 Mu +2,.2 +2 
Ue a (1+ Liu?) + (Qu —1)Liu. (25.16.4) 
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So for circular orbits, we know 


E2 — (1 — 2uo)(1 + Li?u2) =0 (25.16.5) 
and 
SL a2 — Lug +1 =0. (25.16.6) 
Thus, we find 
Ti —+/ Lit —12 
= ars 25.16. 
Uo 6Li ( 7) 
and poe 
~ _ 770) 
E = — 25.16.8 
Vv _ 3u0 ( ) 
We can verify that 
EB? —(1—2u)(1+ Lt?u?) — BH? - £2 (1 — 2uo)(1 + Li?u2) — (1 — 2u)(1 + Liu?) 
Li? at fee Li? 
E2— E2 — 2(u— uo) 
ae Die aca up — u? + 2(u3 — ub 
E? — F2 
= 7x” + (uo — 8up)(u — uo) + 9 — w? + 2(u? — 1p) 
Ee — Fe 
oa o + Qu — uy? + 2uo(1 — 3u9)u + 4u5 — ue 
B? Be 
= ae O + 2(u— up)? — (1 — 6uo)(u — uo)’, (25.16.9) 
ie. 7 - 
(du/dd)? + (1 — 6ug)(u — up)? — 2(u — up)? = (2? — B2)/ 27. (25.16.10) 
Take the derivative of both sides, we would arrive at 
d7u 2 
If |u — uo| < 1, we have 
d?(u—u 
— oy (1 — 6ug)(u — uo) = 0. (25.16.12) 
The solution is 
u = uo + esin(wt + do), (25.16.13) 
where w? = 1 — 6uo. Thus the angle swept out between two successive periastra is 
Ad = 2n(1 — 6M/1r9)7*/?. (25.16.14) 


25.17 ANGULAR MOTION DURING INFALL 


From equation (25.42), deduce that the total angle Ad swept out on a trajectory falling into r = 0 is finite. 
The computation is straightforward; but the interpretation, in view of the behavior of t(\) on the same 
trajectory (equation 25.32 and exercise 25.15), is not. The interpretation will be elucidated in Chapter 


31. 


Solution: 


If the particle can fall into r = 0, then we have E? > V2, i.e. 


du\? é E2 Vinax (tu) 
day: = re 
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(25.17.1) 


And when u > 1, we have 


— (1—2u)(1 + Llu?) > Lia (25.17.2) 
i.e. 
2 
(=) ous (25.17.3) 
So 


co co T 
dom fo Pau< fw dut f Lt? - Vnax(u)] du = 2 + L1[B? — Vina a] /7(0 = po) 
be 1 be 


10) U 0 
(25.17.4) 
i.e. the total angle Ad swept out on a trajectory falling into r = 0 is finite. 


25.18 MAXIMUM AND MINIMUM OF EFFECTIVE POTENTIAL 


Derive the expressions given in the caption of Figure 25.2 for the locations of the maximum and the 
minimum of the effective potential as a function of angular momentum. Determine also the limiting form 
of the dependence of barrier height on angular momentum in the limit in which L is very large compared 
to M. 


Solution: 


From the expression of V(r), we have 


dV2_ 2M i? 2M\ £2 2Mr? — 20? ML? 
nee ie 2(1 Gt eee POE. (25.18.1) 
dr r2 r2 r r3 r4 
So the rextrems satisfy that 7 - 
Mareieicct iy ig poe + 3M L? =0. (25.18.2) 
The solution is 
[24 /04-12M?2L2 1+ V1—12Li-? M 
Textrem — = ML’? => e _ (25.18.3) 
2M 2 1lrvl1— 12Li-2 
Further more, the second derivative of V2(r) at Textrem iS 
ey? AMTextrem — 2L12. +2. L4 — 12M? L? 
= = ; 25.18. 
dr? Tee ota : ’ " 
So the maximum of the V(r) is at 
i? —a/ L*— 12M? 1? 6M 
Tmax = = ———————>_, (25.18.5) 
2M eter een) te 
while the minimum of the V(r) is at 
M 
Tmin = 2 : (25.18.6) 
1—vV1+12Li-2 
The barrier height is 
é 2M iE 
Venax = (1 ) (: + 
Tmax Tmax 
1+vV1—-12Li-? 1—6Li-2 + V1 — 12L 1-2 
me een era ae L? 
3 18 
El? + 364 (LI? — 12). 1 = 12h t-2 
= glad ) : (25.18.7) 
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In the limit Lt — oo, we have 


“ Li? + 36 + (Lt? — 12) (1 — 6Lt-?2 — 18Lt-4 Li? +94 27Lt-? 
Ve ( i es a3 = ; (25.18.8) 


25.19 KEPLER LAW VALID FOR CIRCULAR ORBITS 


From d¢/dr of (25.17) and dt/dr of (25.18), deduce an expression for the circular frequency of revolution 
as seen by a faraway observer; and from the results of exercise 25.18 (or otherwise) show that it fulfills 
exactly the Kepler relation 


wr? = M (25.19.1) 
for any circular orbit of Schwarzschild r-value equal to r, whether stable (potential minimum) or unstable 


(potential maximum). 


Solution: 


From equation (25.17) and (25.18), we have 


y t 
pe Np Pee ee) (25.19.2) 
dt 72 fh 7 M x2E 


where x = 1r/M. For circular orbits, we have 


= 2 Li? 
B= (1 = ) (1 + r) (25.19.3) 
x x 
and 
ag? — Li?7¢4 4+ 3b =0, (25.19.4) 
i.e. 
a? + Li? = Lie — 2. (25.19.5) 
Thus we find 
Lt? (a — 2) 
28 pmo AFD — AT —WM 
wr? = wee? M3 = a Ee. M=M. (25.19.6) 


25.20 HAMILTON-JACOBI FUNCTION 


Construct the locus in the r, @ diagram of points of constant dynamic phase S(t, r,@) = 0 for t = 0 and for 
values L = 4M, E = 1 (or for L = 23M, E = (8/9)'/2, or for some other equally simple set of values 
for these two parameters). Show that the whole set of surfaces of constant $ can be obtained by rotating 
the foregoing locus through one angle, then another and another, and recopying or retracing. Interpret 
physically the principal features of the resulting pattern of curves. 


The meaning of the exercise is not very clear. Any help is appreciated. 
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25.21 DEFLECTION BY GRAVITY CONTRASTED WITH DEFLECTION 
BY ELECTRIC FORCE 


A test particle of arbitrary velocity 8 flies past a mass M at an impact parameter b so great that the 
deflection is small. Show that the deflection is 


2M 


— 
bB? 


(1+ 87) (25.21.1) 


Derive the deflection according to Newtonian mechanics for a particle moving with the speed of light. 
Show that (25.49) in the limit G — 1 is twice the Newtonian deflection. Derive also (flat-space analysis) 
the contrasting formula for the deflection of a fast particle of rest mass j: and charge e by a nucleus of 
charge Ze, 
2Ze? 
(bp? 
How feasible is it to rule out a “vector” theory of gravitation [see, for example, Brillouin (1970)], patterned 
after electromagnetism, by observations on the bending of light by the sun? 


(1 — B?)*/?. (25.21.2) 


Solution: 


In Schwarzschild metric, the orbit of a test particle satisfies the equation 


(25.21.3) 


du\? _ = (1-2) 4+ Le) 
() <p 


where u = M/r. Differentiate once with respect to ¢ to convert into a second-order equation. Rearrange 
to put on the left all those terms that would be there in the absence of gravity, and on the right all those 
that originate from the —2u term (gravitation) in the factor (1 — 2u). Now we have 


d?u 2 1 
Neglecting the right-hand side of the equation, we have the straight line solution 
u = Asin(¢ — do). (25.21.5) 


By redefine the starting point of ¢, the solution can be simplified into u = Asin ¢. When ¢ = 0 or 7, we 
find that u = 0 and du/dé = +A. From equation 25.21.3, we also find that (du/d¢)? = (E? — 1)/L". 
According to equation 25.14.1, we also have Lt = \/ E? — 1b/M. So the straight line solution is 


“= a sind. (25.21.6) 


Evaluate the perturbing term A ( of the order b~) on the right as a function of ¢ by inserting in it the 
unperturbed expression for u(¢). We have 


a7 3M? M? 
——+A= sin? ———e 25 1c 
ie + 52 Sin o+ P(E? —1) ( 7) 
The solution is . " 
M M 
A= 2 — sir ¢) 4+ 25.21.8 
ar ( > arma aa) ( ) 
At the infinity, we have u = 0 and so 
aa M* (9 in? < =0 25.21.9 
Fp sing + sa ( — sin °) + Bae > i ( A 9) 
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The solution of sin ¢ to the order of b~! is 


seo 7 2M M  _ M(1+68?) 
sing = —— ne?) = be (25.21.10) 


So ¢ = —M(1 + 67)/b8? and 7 + M(1 + 87) /b6?. And the deflection angle is 


2M(1 + 8?) 
Ago = ——.. 25.21.11 
" na: ( ) 
In the limit of 6 > 1, we have 
4M 
Ag= (25.21.12) 
In Newtonian mechanics, the orbit is hyperbolic, i.e. 
P=1+esind, (25.21.13) 
r 
where p = b?6?/M and e = (1+ b?6+/M?)!/?. At the infinity, we have 
: 1 M 5 
And the deflection angle is 
2M 
Ag= —. 25.21.15 
o= im ( ) 
In the limit of 6 > 1, we have 
Ad = a (25.21.16) 


To the zeroth order, the orbit of a fast particle of rest mass ys and charge e in the field of a nucleus of charge 
Ze is a straight line. When it passes the nucleus, it will gain momentum in the direction perpendicular to 
the line. And we have 


°° dp, dr ~ yZe2b QWyZe* 
ADdy = ie dx = , 25.21.1 
Py [. dr de [. (2 + 22)3/2 p, x 7 ( 7) 


So the deflection angle is 
Py _ 2yZe*p _ 2Ze? 2)1/2 
Ag = = a 1 ‘ 25.21.1 
oo, ie oe) ees 
In the limit of 6 > 1, we have A¢ = 0, i.e. the orbit of the particle is not bent. So we can rule out a 
“vector” theory of gravitation patterned after electromagnetism, by observations on the bending of light 
by the sun. 


25.22 CAPTURE BY A BLACK HOLE 


Over and above any scattering of particles by a black hole, there is direct capture into the black hole. Show 
that the cross section for capture is 7b?.,, with the critical impact parameter b.,i, given by Lerit /(E?—u?)'/?. 
From the formulas in the caption of Fig. 25.2 or otherwise, show that for high-energy particles this cross 


section varies with energy as 


=> 2 eee 
Ocapt = 277M (1 + 3 + ) (25.22.1) 
(photon limit for £ + oo) and for low energies as 
capt = 161M? /?, (25.22.2) 


257 


where £3 is the velocity relative to the velocity of light [Bogorodsky (1962)]. 


Solution: 


From equation 25.18.7, the barrier height of the potential is 


z Li Lt? — 12)/1 — 1211-2 
ae small 7 ) (25.22.3) 


The energy of incident particles must satisfy that E > 1. If the particle is captured by black hole, we have 


24 LY? + 36 + (LT? — 12)//1 — 1221-2 


max 5 4 


i (25.22.4) 


IA 


Define L'.,, by £12,+36+ (L1%,,—12)4/1 — 122',? = 548? If Lt < Ll ie. b < £1 ,,M/(E?—-1) = berit, 
the particle will be captured by black hole. The cross section is 


file 
Can = tha = mo (25.22.5) 
And 
S - 12 a 
BE? —1)e+36+ (27 — 12 — 12), /1—-— = 5427, (25.22.6) 
( ) [( ) (De 


where # = dcrit/7M?. In the limit of E — oo, the zeroth order approximation of the x is 27. To linear 
order, we have 


xe z 12 x 
EP g — 27 + 36 + (Ba — 27 —12),/1 — — = 54E?, (25.22.7) 
27H? 
The solution is 
974 84o0(2 25.22.8 
ie. 
2 
= 2 ees 
Ocrit = 277M (1 + 362 + ) : (25.22.9) 
In the low energy limit, we have 
12 
i+ (y —12)4/1 = 18, (25.22.10) 


where y = (E? — 1)a. The solution is y = 16. As E? —1 = y? —1=1/(1— 6?) —1® 62, we have 


Ocapt = 161M? /?. (25.22.11) 


25.23 QUALITATIVE FORMS OF PHOTON ORBITS 


Verify all the statements about orbits for particles of zero rest mass made in Box 25.7. 


The proof for each statements about photon orbits made in part Box 25.7 is trivial. I will not write down 
detailed demonstration for all of them here. 
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25.24 LIGHT DEFLECTION 


Using the dimensionless variable u = M/r in place of r itself, and u, = M/b in place of the impact 
parameter, transform (25.55) into the first-order equation 


2 
(F) + (1 —2u)u? = u? (25.24.1) 
and thence, by differentiation, into 
2 
- +u = 3u?, (25.24.2) 


(a) In the large-impact-parameter or small-u approximation, in which the term on the right is neglected, 
show that the solution of 25.24.2 yields elementary rectilinear motion (zero deflection). 


(b) Insert this zero-order solution into the perturbation term 3u? on the righthand side of 25.24.2, and 
solve anew for u (“rectilinear motion plus first-order correction”). In this way, verify the formula for the 
bending of light by the sun given by putting 3 = 1 in equation 25.21.1. 


Solution: 


(a) Neglecting the right-hand side of the equation 25.24.2, we have the straight line solution 
u = Asin(¢ — do). (25.24.3) 


By redefine the starting point of ¢, the solution can be simplified into u = Asing. When ¢ = 0 or z, 
we find that u = 0 and du/d¢é = +A. According to equation 25.24.1, we also have du/dd = uy. So the 
straight line solution is 


u = up sind. (25.24.4) 


(b) Inserting the zero-order solution into the perturbation term 3u? on the righthand side of 25.24.2, we 
have Bix 
oo + A = 3u} sin’ ¢, (25.24.5) 
where A = u — uysin ¢. The solution is 
A = u?(2 — sin’ 4), (25.24.6) 


Le. u = upsing + uz(2 — sin? ¢). When u = 0, we have sing + —2up, and so ¢ % —2uy or 7 + 2uy. The 
deflection angle is 4u, = 41//b. 


25.25 CAPTURE OF LIGHT BY A BLACK HOLE 


Show that a Schwarzschild black hole presents a cross section O¢apt = 277M? for capture of light. 


Solution: 


From equation (25.66), 


dr\?  1-2M/r 1 
= 25.25.1 
(5) 72 b2’ ( ) 
the effective potential is 
~ 1-—2M 
V(r) = oe (25.25.2) 
r 


The maximum of V?(r) is at r = 3M and equals 1/272. If the photon is captured by the black hole, we 
must have 1/b? > 1/27M?, i.e. b < 3°/?M. So the cross section is 277 M?. 
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25.26 RETURN OF LIGHT FROM A BLACK HOLE 


Show that flashing a powerful pulse of light onto a black hole leads in principle to a return from rings of 
brightness located at b/M — 3°/? = 0.151, 0.00028, --- How can one evaluate the difference in time delays 
of these distinct returns? Show that the intensity J of the return (erg/cm?) as a function of the energy 
Eo(erg/steradian) of the original pulse, the mass 1/(cm) of the black hole, the distance R to it, and the 
lateral distance r from the “flashlight” to the receptor of returned radiation is 


_ Eo 2bdb| — Eo M? 
= eae Ds dQ | = Rr 
@=(2N+4+1)r 


(1.75 + 0.0029 + 0.0000055 + -- - ) (25.26.1) 


under conditions where diffraction can be neglected. 


Solution: 


From equation 25.24.1, the deflection angle of the photon is 


Uo dd uo 1 
0O=2 —du-1rT=2 T, (25.26.2) 
9 du 0 uz — (1 — 2u)u? 
where (1 — 2uq)ug = uz. With the help of WolframAlpha, we have 
a 1 2 2uo +4 =1 2 “ 
| =2 F (sin / i aaa “ ) (25.26.3) 
0 4 Juz = (1 = 2u)u? Vo + 6up — 1 2u9 6uUp + V9 — 1 0 


where vp = \/—12u2 + 4up + 1 and F(¢|m) is the incomplete elliptic integral of the first kind. When 
b/M — 33/2 is small, u? — 1/27 is also small, as well as 1/3 — uo, vo — 1, 1 — (6uo + vo — 1)/2v0 and 
m/2—sin' \/(6uo + vo — 1)/(2v9). Note that F'(7/2, 1) is infinite. So we have the approximation 


ont OR (sina 5) | a =) QF (we : : ; (25.26.4) 
where 5 = 1 — \/(6uo + vo — 1)/(2u0). Using the expansion 
F (sina | : ) ee (3) + O(6), (25.26.5) 
(1 — 6)? 2 8 
we have 
6 = Sexp (-° " _ oF (se ‘es ‘)) ~ 0.44561 exp (-$) (25.26.6) 


On the other hand, we have the expansion 


55 oy) OE lag) BO 
2v0 3 


1\? 
(u - 3) | (25.26.7) 


and : ; 
b il 1 39/2 1 1 
= = 39/2 + = _ (« ) +O (« = ) (25.26.8) 
Mw V/A —2uo)u2 23 © 3 
So we have 
a ee 3? 9 a 37/2 43 Age? (25.26.9) 
az z 26. 
If the photon returns, we have 0 = (2N + 1)z. And so 
b 
a 33/2 = 0.150, 2.81 x 1074,5.25 x 1077, --- (25.26.10) 


I do not know how to answer the second and third question. Any help is appreciated. 
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25.27 ISOTROPIC STAR CLUSTER 


For a cluster with distribution function independent of angular momentum, derive properties B.1 to B.6 
of Box 25.8. 


Solution: 


The statement 1 and 2 is trivial. If F = F(E, 1), we have 


6\2,7 
4: ec ONI BD Beate 
p=4n f Fler! ,w)' - dp" dp? dy 


r 


=4n | F(e%p°, n)(p°)2dp° dp —! dp" 
| oes, 


= an f Fle*p® wey (p°)? — p2dp?du; (25.27.1) 


P= de / F(c*p®, u)(p*p" dp? dp du 
= anf P(e*s®. nap du | V(r? — 2 — (pt )2p? dp™ 


An ; 5 ; 
=e / F(e*p°, u)((p°)? — p?)8/?dp° dy; (25.27:2) 


and 


R DVB" te ms og 
Pr = 2n / F (ePp?, py PD apt apody 


Pp 
‘ 2 T)3 : 
=05 / F(e*p®, w)dp°dp ‘) - e) —dp" 
(v8)? = p2 = (p?) 
4 " ‘Ks x 
- = f Flee? wr"? — p?)3/2 dp? du. (25.27.3) 
So statement 3 and 4 is true. Finally, note that 
T*8 = diag(p, P, P, P) (25.27.4) 
and 
ds* = —e?? dt? + e?4dr? + r7d6? + r? sin? Odd”. (25.27.5) 


The form of metric and energy momentum tensor of cluster is the same as that of gas sphere. So the 
statement 5 and 6 must be true. 


25.28 SELF-SIMILAR CLUSTER 


(a) Find a solution to the equations of structure for a spherical star of infinite central density, with the 
equation of state P = yp, where + is a constant (0 < 7 < 1/3). 


(b) Find an isotropic distribution function F'(F, L) that leads to a star cluster with the same distributions 
of p, P, m, and © as in the gas sphere of part (a). 
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Solution: 


Substitute the equation of state into OV equation. Then we have 


dinp — _(yt+1)(m+ 4r7r*p) 


25.28.1 
dr ar(r — 2m) ( ) 
Try power-law solution p = C'r®. We have 
7 4 
m= | AnOr?+¢dp = ATC p30, (25.28.2) 
0 3+a 
And so 
ey (y a ior ae AnCyr3+%) 
= <s . (25.28.3) 
r Vira ot) 
The solution is a = —2 and C = y/27(77 + 67 + 1), ie. 
2 
Y 1 
= . 25.28. 
- v2 + 6y + 1 2rr? ( a) 
And so : 
1 1 +6y+1 
2A Y al 
= = cc 25.28.5 
1-2 = 1-—8nC (1+)? : ; 
From ap de 
= iP 25.28.6 
ap MPTP) ( ) 
we can get 
ay 
e?? — Brvtt, B=const. (25.28.7) 
(b) From equation 25.27.1, we have 
Cr-? =4r / F( BY 7347 Biocals tt) [E2son — He)? Bead Btocal UL (25.28.8) 
From equation 25.27.2, we have 
4 
yCr-? = > 7 F(BY77 Evocal, H) [Exc — H2]°/2dEhoca dt. (25.28.9) 
So we should let - i : 
F( Bi? 7741 Elocal; LL) = Ad(y _ fio) [BY?r 747 Brocat] 7 . (25.28.10) 


A and pio are constants determined by normalization condition from two equations above. 


25.29 CLUSTER WITH CIRCULAR ORBITS 


What must be the form of the distribution function to guarantee that all stars move in circular orbits? 
Specialize the equations of structure to this case. Analyze the stability of the orbits of individual stars in 
the cluster, using an effective-potential diagram. What conditions must the distribution function satisfy if 
all orbits are to be stable? 


The description of the question is vague and I do not know how to solve it. Any help is appreciated. 


Please read the paper Can the Redshifts of Quasi-Stellar Objects Be Gravitational? (Zapolsky, 1968) for 
more information on a spherical cluster composed of circular moving stars and its stability. 
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Chapter 26 


STELLAR PULSATIONS 


26.1 DRAGGING OF INERTIAL FRAMES BY A SLOWLY ROTATING 
STAR 


A fluid sphere rotates very slowly. Analyze its rotation using perturbation theory; keep only effects and 
terms linear in the angular velocity of rotation. 


Solution: 


The answer is taken from papers Variational Principle for the Equilibrium of a Relativistic, Rotating Star 
(Hartle & Sharp, 1967) and Slowly Rotating Relativistic Stars. I. Equations of Structure (Hartle, 1967). 


For the description of an axially symmetric equilibrium configuration of a rotating fluid, two coordinates 
are conveniently taken to be the time t = x° and an angle ¢ = x°. The stationary nature of the configu- 
ration and its axial symmetry are then expressed by requiring that the metric coefficients be independent 
of t and ¢, 

Jop = Gap (x", x"). (26.1.1) 


The metric remains a function of x! and x? alone under coordinate transformations of the form 
t=t+fi(z',27), ¢=¢' 4 fo(a',2”). (26.1.2) 
By an appropriate choice of jf, and f2, one can always find a coordinate system in which 
913 = 923 = 0. (26.1.3) 


In addition to the independence of the metric on the angle, the assumption of axial symmetry also entails 
that the velocity distribution have only an angular component, so that the four-velocity may be written as 


u# = u°(1,0,0,Q). (26.1.4) 


This means that the source T,,,, of the gravitational field is left unchanged by the simultaneous inversion of 
the time and the azimuthal angle. This symmetry must be reflected in the solutions of the field equations, 
and consequently we must require the line element to be left unchanged under this inversion. This requires 
us to set 

Joi = Jo2 = 0. (26.1.5) 


Now the line element must have the general form: 


ds” = goo(dt)? + 2go3dtdd + 933(db)? + gii(dax*)? + 2giada* dx? + go2(dx?)?. (26.1.6) 
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This form of the line element remains unchanged under coordinate transformations of the form 
gS a(x" ,x?'), a a(x! ,x?'). (26.1.7) 
By an appropriate coordinate transformations, the line element can be written as 
ds” = goo(dt)? + 2go3dtdd + 933(dd)” + g11(dx")? + goo(dax?)?. (26.1.8) 


Jo0> 9115 922 and g33 are invariant under ¢ + —4¢, while go3 changes sign. So goo, 911, g22 and g33 are even 
functions of 2 while go3 is odd functions of 2. In the case of a slowly rotating star, Q is small and metric 
coefficients can be expanded as series of 2. And so goo, 911, g22 and g33 contain only even powers of 2 
while go3 contains odd powers. If we keep only the terms linear in the angular velocity of rotation, we 
have 

ds* = —e?o dt? + e?Aodr? + r?(d6? + sin? 6dd?) — 2(r? sin? 0)w(r, 0) dedt, (26.1.9) 


where w is linear in 9, and ®p and Ao are unperturbed potential in non rotating star. Then we can get the 
Einstein tensor from the metric. To the first order, all components of the Einstein tensor are the same as 
unperturbed ones, except that 


il 
GY, = —5[r’w" — (r7Ab + 1? 85 — 4r)w"] sin? Ge 240-280 
1 0 Oe? 
an 3sin @ cos d= + sin? 05 eho (26.1.10) 


The four velocity of the fluid satisfies that 


(gue + 29¢gQ + 96627) (u*)? =-l. (26.1.11) 
To the first order, we have 
ub =e PO yu? = Ne (26.1.12) 
and so 
ut = —e*°, ug =r’ sin? (0 — w)e Po, (26.1.13) 


The t¢ component of stress energy tensor is 
Ty = (p+ p)u'ug © (po + poe 7?°r? sin? 6(Q — w). (26.1.14) 


Define @ = 2 — w. The Einstein equation G’, = 87T; gives 


sin’ 1F | = 161(po + po)ed? a. (26.1.15) 


Zs Ao— 
1G [a aor OB] , eto *o 8 
r4 Or Or r2 sin? @ 00 


Defining j(7) = exp(—Ao — ®o) and using equations of structure of non-rotating spherical stars, we have 
the equation 


10 (4.00\ 4d _ greta TO Lesa oar ||. 
r Or ¢ iz) te + 3 gata Bo [8 ORG | = 2- (26.1.16) 
Using the expansion 
_ fee 1 dP, 
ca(r, 8) ree) (-F) ; (26.1.17) 
we have ‘ P ; fees 
1 4 . aay f Adj Ap—®o +1 —2 ee 
r4 dr (+ I Or ) : E dr * r2 a= (26.1.18) 
At small r, j(r) is a regular function so that the differential equation admits a small r behavior of the form 
@i(r) + const. r+ + const.r>-, r—0, 
Sic =; a F + e*Mo(7? 4.1 — | ; (26.1.19) 
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If the geometry is to be regular at the origin we must demand that the coefficient of r°- vanish. At large 
r, j(r) becomes unity and @ has the form 


@(r) — const. r—'-2 4 const.r’“!, r0, (26.1.20) 


The behavior has already been fixed at the origin. Consequently the ratio of the two constants in equation 
above is determined and neither will vanish unless they both do. If space is to be flat at large r, a)(r) 
must decrease faster than r~°, so that @(r) = Q — w approaches 2. Thus all coefficients in the Legendre 
expansion of @ vanish except / = 1. Consequently @ is a function of r alone. It obeys the differential 


equation 
1 dis 4 dj 
d (“i =) oes Pai) (26.1.21) 


r4 dr dr r dr 


This equation is to be integrated outward starting with w(0) = const. Outside the star j(r) = 1 and the 


solution has the form 
2S 


w=2-—, r>a, (26.1.22) 
r 
ie. w(r,0) = 2J/r?. The constant J can be identified with the total angular momentum of the star. And 


the metric far from the star is 


2M dr? AJ sin? @ 
ds? = — ih de ys ap aie bag Se ab (26.1.23) 
r 1—2M/r r 
In Cartesian coordinates, we have 
AJ sin” 0 4 
— Sa dbdt = —“S(—ydndt + edydt), (26.1.24) 
or generally, 
AJ sin? 0 l 
- pleas Cn = — ej S* = dtda’ (26.1.25) 
r r 
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Chapter 27 


IDEALIZED COSMOLOGIES 


27.1 ISOTROPY IMPLIES HOMOGENEITY 


Use elementary thought experiments to show that isotropy of the universe implies homogeneity. 


Solution: 


For any two points in space, we can find a third point whose distance to these two points are equal. 
If the universe is isotropy from the point of view of any points, then these two points must be equivalent. 
Now we can say the universe is homogeneous. 


27.2 SYNCHRONOUS COORDINATES IN GENERAL 


In an arbitrary spacetime manifold (not necessarily homogeneous or isotropic), pick an initial spacelike 
hypersurface $;, place an arbitrary coordinate grid on it, eject geodesic world lines orthogonal to it, and 
give these world lines the coordinates 


(x',x?, 2°) =constant, 2° =t=t; +7, (27.2.1) 


where 7 is proper time along the world line, beginning with 7 on 8;. Show that in this coordinate system 
the metric takes on the synchronous (Gaussian normal) form (27.14). 


Solution: 


For any point in surface ¢ = t;, we have go; = 0 as geodesics 27.2.1 are orthogonal to the surface. 
For geodesics 27.2.1, we have u” = dx“/dr = (1,0,0,0). We can get goo = —1 from gagu%u? = —1. If we 
substitute geodesics 27.2.1 into geodesic equation 


2x da? det 
ape ei (27.2.2) 
dr? 


PY dr dr 
we have Po) = 0 and so I',99 = 0. And so 


Jo0,0 = 21 G00 = (0. (27.2.3) 
Now we know goo = —1 throughout the whole spacetime. Note that 
1 
Ti00 = 9i0,0 — 39:900,- (27.2.4) 
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AS goo,i = 0, we have gio,9 = 0. And we know go; = 0 throughout the whole spacetime. In this coordinate 
system the metric takes on the synchronous (Gaussian normal) form 


ds* = —dt? + gi;dx'dz!. (27.2.5) 


27.3 > ARBITRARINESS IN THE EXPANSION FACTOR 


How much arbitrariness is there in the definition of the expansion factor a(t)? Civilization A started long 
ago at time ty. For it, the expansion factor is 


proper distance betweee two particles of the “cosmological fluid” at time t _ 


: 7 : t) 27.3.1 
proper distance between the same two particles at time t4 aa(t) ( ) 


Subsequently men planted civilization B at time tg on a planet in a nearby galaxy. [At this time, the 
expansion factor a, had the value a,4(tg)]. Civilization B defines the expansion factor relative to the time 
of its own beginning: 


proper distance betweee two particles of the “cosmological fluid” at time t _ 
proper distance between the same two particles at time tg = 


a(t). (27.3.2) 


At two subsequent events, C' and D, of which both civilizations are aware, they assign to the universe in 
their bookkeeping by no means identical expansion factors, 


aa(tc) Fapltc), aa(tp) # ap(tp). (27.3.3) 


Show that the relative expansion of the model universe in passing from stage C' to stage D in its evolution 
is nevertheless the same in the two systems of bookkeeping: 


= ; (27.3.4) 
aa(tc)  ap(tc) 
Solution: 
aa(tp) _ proper distance betweee two particles of the “cosmological fluid” at time tp 
aa(tc) — proper distance between the same two particles at time t 4 
proper distance between the same two particles at time t,4 
proper distance betweee two particles of the “cosmological fluid” at time tc 
__ proper distance betweee two particles of the “cosmological fluid” at time tp 
proper distance betweee two particles of the “cosmological fluid” at time tc 
(27.3.5) 
Similarly, we have 
ap(tp) _ proper distance betweee two particles of the “cosmological fluid” at time tp (27.3.6) 


ap(tc) proper distance betweee two particles of the “cosmological fluid” at time tc’ 


So the relative expansion of the model universe in passing from stage C to stage D in its evolution is the 
same in the two systems of bookkeeping. 
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27.4 UNIQUENESS OF METRIC FOR 3-SURFACE OF CONSTANT CUR- 
VATURE 


Let 7;; and 7j7;’ be two sets of metric coefficients, in coordinate systems {.'} and {a* }, that have Riemann 
curvature tensors of the constant-curvature type (27.21). Let it be given in addition that the curvature 
parameters A and Kk’ are equal. Show that +;; and y,;- are related by a coordinate transformation. 


Solution: 
ij and 7; are equivalent if we have a set of independent solutions x’ = ‘(a ) for i=1,--- ,n that 
Ox* OxI 
Vg = Vii on? Oa’ (27.4.1) 
If we put 
Ox" ; 1! weil 
gue = Pues 2"), (27.4.2) 
the transformation law for affine connections gives 
Op’ 5, oe oe 
Ank! =|" jk Dit = gD De pe (27.4.3) 


Hence the problem reduces to the determination of n(n + 1) functions x’, p’,,, satisfying differential equa- 
tions 27.4.2 and 27.4.3 and also the n(n + 1)/2 finite equations 


ig — Veg P yD yy = 0. (27.4.4) 


The conditions of integrability of 27.4.2 are satisfied identically in consequence of 27.4.3. If 27.4.3 holds, 
it is easily to induce that 


Op* a7 Op’ 
j ki 
am 7 27.4.5 
Ox* Ox ( ) 
Notice that 
Op" i! i i j ok a! ; ig k a) k 
Ox aa! =f. jk! UP io T jkUP yP k/ +T tkiP vo Tr gjkP gue ki Tr gjkP gi uP ki 
i! j ok oT ij k 
=I" jk UP it a Pe lP” jP WP y DP ieP” 51 uP kU 
+I° iki oe vu P'm! = Tgp’ yP'v) aa Varn Ba juD m — Fg oP 0 w 
of of é . : . . k Il 
=(" gtk DY eel jth P's _ ere _ Pel PP RP 
= I peel RP Poy = I Fyn Ts as = Tht? gt eae (27.4.6) 
So we have : : 
Op" «, Op" ;, e . ; 
) i] — a a a J k l 
dz dal Oa! Aak’ = R jkyuP i! R gjklP iP RP y- (27.4.7) 
The conditions of integrability of 27.4.3 are 
i Jj pk ol 
Rij = RijiP ve P” 5 P k/Pv- (27.4.8) 
If Riemann curvature tensors in two coordinates have the form 
Rijn = Kye gt — Wak), Reger = Kee rg — Wwryye’)s (27.4.9) 


and equation 27.4.4 holds, equation 27.4.8 will be satisfied identically. Moreover, the left hand of 27.4.4 
is constant if 27.4.2 and 27.4.3 hold. So we can adjust the value of p’,, at one point to make 27.4.4 
holds at that point. Then we can solve the differential equations 27.4.2 and 27.4.3 whose conditions of 
integrability are already satisfied consistently. And condition 27.4.4 will be satisfied automatically. So we 
prove that 7;; and +;, are related by a coordinate transformation. 
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27.5 METRIC FOR 3-SURFACE OF CONSTANT CURVATURE 


(a) Show that the following metric has expression (27.21) as its curvature tensor 


1 -2 
Vij = (1 to 7Koua"a!) Oiz- (27.5.1) 


(b) By transforming to spherical coordinates (R,6,) and then changing to a Schwarzschild radial coor- 
dinate (27r = “proper circumference”), transform this metric into the form 


dr? 


ee ee 
oP 5 = Ripe 


+ r? (db? + sin? 6d¢”). (27.5.2) 


(c) Find a further change of radial coordinate that brings the metric into the form (27.22). 


Solution: 


(a) The derivative of the metric is 
1 -3 
Vijk =—K (1 + ier?) bij Lk, (27.5.3) 
where R? = 6,,x*a'. So the connection is 


ey 
en mee (1 + ikR*) (dij0u + Oint; — 5j%%i). (27.5.4) 


Ri = Tye — Tina + ema — ml ie 
K? 1 ear K 1 -1 
= (1 e ikR?) (Dig + Siti — 551%) 9 (1 ah; ier?) (5:55 + Oid;n — 5510:K) 
Ke? ea K i oy 
— (1+ GRR?) ci(dijrn + Sins — Seas) + > (1+ GRR?) (6igSkr + Find — 5jx5a) 
K?2 1 ‘ —2 
+ ae 1+ qh (Oik 2m + bdim@k — bmk&i) (Omi 21 + OmiZj = 5j1%m) 
K?2 1 3 —2 
Kk? 1 . = 1 ’ -1 
Say 1+ qhR (dt; L— — Oj Lily — OKC; L1 + Oj~x,x1) -K (14+ y KR (Sid dada) 
K2 1 —2 
+ “4- (1 an 7KR?) (din t12; = Jig dj R? + 60 j4R? - OLRL 5 = Onj Lil + O1j2iLk) 
Kk? 1 e =e . 1 : al 
== 1+ qhR (—d:4651 + 651654) R° —K (1+ qkR (5:15;% — 5y10ik) 
1 —2 
or equivalently, 
—4 
i 1 
R51 =k (1 + ikR?) (d:p052 — 051054) = K (Vik ¥s1 — Ya Vin) (27.5.6) 
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(b) In spherical coordinates, we have 


—2 
do? = (1 + 7KR?) [dR? + R?(d6? + sin? 6d¢”)}. (27.5.7) 
Define 
1 =i 
r= (1 + ikR?) R. (27.5.8) 
We have 2 
1—KR?2/4 
dr = ————____dR. 27.5. 
"= Gp KR a Vie) 
Thus 
Dee seg UR? ae (1 + K R?/4)? 2_ 1 2 
The metric becomes Pe 
r 
do? = ees r? (dé? + sin? 6d¢”). (Q7.5.11) 


(c) If k > 0, define 


| kK 


So we have y = arcsin V Kr. The metric becomes 


do? = K~|[dy? + sin? y(d6? + sin? 6d¢”)}. (27.5.13) 


—kKk 
dx =4] 14K dr. (27.5.14) 


So we have x = sinh~' /— Kr. The metric becomes 


If kK < 0, define 


do” = (—K)~1[dy? + sinh? (dé? + sin? @d¢”)]. (2275.15) 
If kK = 0, define x = r, and we have 


da? = dy? + x?(d6? + sin? Odd”). (27.5.16) 


27.6 PROPERTIES OF THE 3-SURFACES 


Verify all statements made in Box 27.2. 


Each statements made in section Box 27.2 are intuitive and easy to verify. I will not write down detailed 
demonstration for all of them here. 


27.7 ISOTROPY IMPLIES HOMOGENEITY 


Use the contracted Bianchi identity clea , — 0 (where the stroke indicates a covariant derivative based 
on the 3-geometry alone) to show (1) that “)W K = 0 in equation (27.21), and therefore to show (2) 
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that direction-independence of the curvature [isotropy; curvature of form (27.21)] implies and demands 
homogeneity (K constant in space). 


Solution: 


Firstly, we have 
Reg = Y" Rated = KY Yad Ved — Yad Vee) = 2K Ved: (27.7.1) 


So the curvature scalar is R = y°¢Ryqg = 6K. The Einstein tensor is therefore 
1 
Goa = Roa — 7 Veale = —K a. (27.7.2) 


And so we have 
= me = (Ky) 4 =—Kl (27.7.3) 


ie. OV K =0. 


27.8 MATTER-DOMINATED AND RADIATION-DOMINATED REGIMES 
Of FRIEDMANN COSMOLOGY 


Derive the results listed in the last two columns of Box 27.3, except for the focusing properties of the 
curved space. 


The results listed in the last two columns of Box 27.3 are straightforward and easy to verify. I will not 
write down detailed demonstration for all of them here. 


27.9 TRANSITION FROM RADIATION-DOMINATED REGIME TO MATTER- 
DOMINATED REGIME 


Including both the radiation and the matter terms in equation (27.51), restate the equation in terms of 
the arc parameter 77 (with dy = dt/a) as independent variable, and integrate to find 


@ = Amax/2— [(dmax/2)? + a*?]!/? cos(n + 5) 
t = (dmax/2)n — [(@max/2)? + a*?]'/?[sin(n + 5) — sin 6], (27.9.1) 


where 
6 = arctan[a* /(dmax/2)). (27.9.2) 


(a) Verify that under appropriate conditions these expressions reduce at early times to a “circle” relation 
between radius and time and to a “cycloid” relation later. 


(b) Assign to a*? the value agdmax/10000 (why?) and construct curves for the dimensionless measures of 


density, 
87 A? vax Pee 
logio eee | Pr i ' (27.9.3) 
Pm + Pr> 


as a function of the dimensionless measure of time, 


logo (t/@max)- (27.9.4) 


What conclusions emerge from inspecting the logarithmic slope of these curves? 
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Solution: 


(a) When 7 < 1, we have 


@& Amax/2 — [(amax/2)? + a*?]!/*[cos 6 — n sin 6] = a*n © a* sinn, (27.9.5) 


and 
t © (dmax/2)n — [(amax/2)” + a*?]'/?[sin 6 +n cos 5 — sin 6] = 0 & a*(1 — cos) 
to the first order of 7. When 7 + 6 — 7 < 1, we have 


(27.9.6) 
aw Amax /2 = [CGisizssef 2)? oe a*?}}/2(-1) 
= ti 2 > ope 2)? ia")? 

Geiss Doe (age 2 are 


— 5 [1 — cos(n + 6)| (27.9.7) 
and 
tx (Qmax/2)(m — 6) + (@max/2)(m + 6 — 7) — [(@max 
= (amax/2)(m — 6) + a" + {max/2 + [(amax/2) + a”?]/?}(n + 5 — 7+) 
~ Omax/2 ap [(Qm 
+ (0max/2)(n — 6) +0" — Sass! 2+ [@mex/2)? +o]? | (27.9.8) 


2 


to the first order of 7 + 6 — x. If we shift the t with a constant, we will have a “cycloid” relation between 
radius and time. 


(b) The ratio of matter density and radiation density now is 


Pmo _ = 
Pro a*?/ag a*2 


(27.9.9) 


Assigning to a*? the value agd@m.x/10000 means the ratio of matter density and radiation density now is 
about 10000, which may be compatible with the observation in 1970s. (The observation todya, i.e. 2010s, 
gives Hy = 69.6km/s/Mpc, Qn = 0.286, T,. = 2.72528K, the ratio of matter density and radiation density 
now is about 5600.) Firstly, we have 


3° Gmax 3 oe 
m a, HF ) ir — ms 2 . wl 
e 87 ae . 87 at Sa) 
Given a*? = agdmax/10000, we have 
2 1 
87 Gmax gp feet (27.9.11) 
3 as 1 1\2 a Lie : 
(3 [(3) a cos(7) + a} 
87ra2 az #2 1 ao 
max i max = 2 : 12 
3 at , 12 ; 1/2 4 10000dmax ie?) 
{3- [(3) + rendtio| cos(y +8) 
1/2 
t i ive ao 
at, (3) vit [sin(7 + 6) — sin 6], (27.9.13) 
and 
6 = arctan 2 ~ (27.9.14) 
= arctan 2, /-———_—_. 9. 
10000amax 


Take the value from Box 27.4, we have a9 /10000amax = 2.55 x 10~?!. Curves are shown in Fig 1. When 
Pr > Pm, the logarithmic slope of p,, and p, are —1.5 and —2 respectively, meaning t « a”. When 
Pr < Pm, the logarithmic slope of p,, and p, are —2 and —2.67 respectively, meaning t « a®/?. The 
logarithmic slope of ~,, + p, is —2 before the universe contracts. 
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Figure 27.1: Curves for the dimensionless measures of density as a function of the dimensionless measure 
of time. 


27.10 THE EXPANDING AND RECONTRACTING SPHERICAL WAVE 
FRONT 


An explosion takes place at the “N-pole” of the matter-dominated Friedmann model universe at the value 
of the “arc parameter time” 7 = 7/3, when the radius of the universe has reached half its peak value. The 
photons from the explosion race out on a spherical wave front. Through what fraction of the “cosmological 
fluid” has this wave front penetrated at that instant when the wave front has its largest proper surface area? 
Solution: 


In a matter dominated universe, we have 


a(n) = =m (1 — cos 1). (27.10.1) 


Note when 7) = 7/3, the radius of the universe reaches one quarter of its peak value. The statements in 
exercise is wrong. The world line of the light is 


Y=n- 7/3. (27.10.2) 
The proper surface area of the wave front is 


A = 4na’ sin? x = ra?,,,,(1 — cos)? sin?(n — 2/3). (27.10.3) 
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When 7 = 87/9, A reaches its maximum value. At that instant, this wave front has penetrated 


—sin(167/9)/4 + 47/9 


= 99.1 27.10. 
7/2 99.1% (27.10.4) 


27.11 ON SEEING THE BACK OF ONE’S HEAD 


Can a being at rest relative to the “cosmological fluid” ever see the back of his head by means of photons 
that travel all the way around a closed model universe that obeys the Friedmann cosmology and has a 
non-zero cosmological constant? 


Solution: 


In a matter dominated and close universe, if the value of cosmological constant is much smaller than 
the critical value A.i,-, the universe will contract before cosmological constant takes a significant role. So 
the evolution of scale factor would be essentially identical to that in a matter dominated and close universe 
without cosmological constant. From Penrose diagram for a matter dominated and close universe without 
cosmological constant, seeing the back of one’s head is possible So we will state that it is also possible to see 
the back of one’s head in a matter dominated and close universe with a non-zero cosmological constant. 


27.12 DO THE CONSERVATION LAWS FORBID THE PRODUCTION 
OF PARTICLE-ANTIPARTICLE PAIRS OUT OF EMPTY SPACE BY 
TIDAL GRAVITATION FORCES? 


Find out what is wrong with the following argument: “The classical equations 
Gag = 8nTxg (27.12.1) 


are not compatible with the production of pairs, since they lead to the identity T, 3 = 0. Let the initial 
state be vacuum, and let T,,g and its derivative be equal to zero on the hypersurface t = const or t = —oo. 


It then follows from , that the vacuum is always T., a g = 0, that the vacuum is always conserved. 


Solution: 


The argument is wrong because there may exist singularities in the solution of Einstein equation. 


27.13  TURN-AROUND UNIVERSE MODEL NEGLECTING MATTER DEN- 
SITY 


If turn-around (minimum radius) occurs far to the right (large a) of the maximum of the potential V (a) 
in equation (27.75), the matter terms will be negligible. Let pmo = pro = 0. Then, solve to show that 
A = 3(@min)~?, H = (Gmin)~! tanh(t/a@min) near turnaround (t = 0) and that the deceleration parameter 
q = —(1/H?a)(d?a/dt?) has the value 


q=—a*(a* —a,7)* <-1. (27.13.1) 
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Solution: 


The Friedmann equation in this case is 
1 1 
H?+— =A. 
+ a 3 


We have H = 0 when a = ayjn. And so A = 3(a@min) 7. The equation can now be written as 


The solution of the equation is 


= cosh 

Qmin Qmin 

It is easy to verify that 
1 da 1 

= = tanh 

a dt Qmin Qmin 

and 

Amin Cosh(t/dynj 1 t cosh? (t /dyi a? 
q = am 5 ( / inin) x cosh = 5 ( / min) = 5 5 < 1. 
sinh“ (t/dmin) Qmin @min cosh*(t/dmin) — 1 a* — Ain 


27.14 “HESITATION” UNIVERSE 


(27.13.2) 


(27.13.3) 


(27.13.4) 


(27.13.5) 


(27.13.6) 


Neglect radiation in equation (27.75) but assume Ky and A to be chosen so that the universe spent a very 
long time with a(t) near ap, (a; measures location of highest point of the barrier, or the size of the universe 
at which the universe is most sluggish). Choose a; = ag/3 to produce an abnormally great number of 
quasar redshifts near z = 2 [as Burbidge and Burbidge (1969a,b) believe to be the case, though their 
opinion is not shared by all observers]. Show (a) that the density of matter now would account for only 
10 per cent of the value of Hj = (a/a)?,,,, in equation (27.75) [“missing matter”, i.e., Ko and A terms, 
account for 90 per cent], (b) that ap, ~ 20!/ He ‘and (c) that the deceleration parameter defined in the 


previous exercise, as evaluated “today”, has the value gy = —13/10. 


Solution: 


The generalized Friedmann equation now becomes 


S(T +v(@)- 


and 


87 a 2,a 
Raa ae. 3 aR = 
The solution is 
4m pmo . 
ah = ( A ) ao 


and we demand that a;, = ao/3. Then we have 4p 9/A = 1/27 and 
1 2 ao ; a \" 
a ja) ze (2). 
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(27.14.1) 


(27.14.2) 


(27.14.3) 


(27.14.4) 


(27.14.5) 


When a = ag/3, we have Vinax = —A/9. In the case of hesitation, we have Ky = A/9. So 
HR =-K)-V(1I)=—A (27.14.6) 


while 879/3 = 2A/81. So the density of matter now would account for only 10 per cent of the value of 
bee 


As Ko = 1/a2 = A/9, we have aj, = ao /3 = A~\/? = (81H@/20)-1/? = 20/2 /9Hp. 


The acceleration of a satisfies that 
2 d?ada da 


‘_ — (, 27.14. 
dee” a 0 (27.14.7) 
So we have 4 
d‘a 1 1 ag 
Te 3h (« 57 ss = (27.14.8) 
The deceleration parameter is 
1 1 1 13 
= A = 2 27.14. 
10 ao He 3 (« 0) 10 Cha 


27.15 UNIVERSE OPAQUE TO BLACK-BODY RADIATION AT A NON- 
SINGULAR PAST TURN-AROUND REQUIRES IMPOSSIBLE PA- 
RAMETERS 


From a plot like that in Box 27.5, construct a model of the universe that contains 2.7K black-body radiation 
at the present, but, with k = +1 and A > 0, had a past turn-around (minimum radius) at which the 
blackbody temperature reached 3000K where hydrogen would be ionized. Try to use values of Hj ' and 
Pmo that are as little as possible smaller than presently accepted values. 


Solution: 


The conditions above implies that 


A 
Ho +—4 => Pmo4 rots 27.15.1 
of 2 = 3 Pmo + —3-Pro + ( ) 
1 87 ag 8x at Aa? 
m i Tr 5) 2 15.2 
a 3 aur 3 5 a? 3:02 cal ) 
ame 3000 10000 
ao 
> = : 27.15.3 
at 2.7 9 ( ) 
In order to make Hp 1 and pmo as little as possible, we can take p,,. = 0, then we have 
81 A 1 
2 BN. 
Hg = J pro(k— 2") + 5 (1 =): (27.15.4) 


where x > 10000/9. If we make A as large as possible, we can get Ho as little as possible. 
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Chapter 28 


EVOLUTION OF THE UNIVERSE INTO 
ITS PRESENT STATE 


28.1 UNCERTAINTY IN EVOLUTION 


Current observations, plus the assumption of complete homogeneity and isotropy at the beginning of 
expansion, plus the assumption that the excess of leptons over antileptons is less than or of the order of 
the excess of baryons over antibaryons, place the following limits on the cosmological parameters today: 


* Matter density today = p; 9 between 10-8 and 2 x 1073! g/cm?; 


¢ k=Oor-+lor-—1; 


* temperature of electromagnetic radiation today = 2.7 + 0.1K; 


¢ Total radiation density [observed photons, plus neutrinos and gravitons that presumably originated 
in big bang in thermal equilibrium with photons] = p,. between 0.7 x 10~°3 and 1.2 x 107*8g¢/cm?. 


Use the equations in section 27.10 to calculate the uncertainties in the evolutionary history (Figure 28.1) 
caused by these uncertainties in the present state of the universe. 


Solution: 
Define . 
3H, 
pan = 8 (28.1.1) 
87 
and ; 5 
ae 6 ee PR Oe (28.1.2) 
PcO Pmo Pc 
The evolution of scale factor is given by 
~ dz! 1 
n(z) = : (28.1.3) 


2 Ao /Qro(1 + 2)4 + Qmo(l + 2/)3 + Qo (1 + 2’)? 


where dt = adn and z + 1 = ag/a. a(t) can then be obtained by one more integration. The evolution of 
Pry Pm and T is given by 


—4 <3 
a a a 

Pr = Prd (=) > Pm = Pmo (=) ES pas (28.1.4) 
ao ao a 
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The numeric calculation of the uncertainties in the evolutionary history can be performed by Monte Carlo 
method and is eliminated here. A useful website for calculation is Cosmology Calculator. 
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Chapter 29 


PRESENT STATE AND FUTURE 
EVOLUTION OF THE UNIVERSE 


29.1 IMPLICATIONS OF PARAMETER VALUES 


Derive the results quoted in Box 29.1. 


Each statements in Box 29.1 are straightforward and trivial to prove. I will not write down detailed 
demonstration for all of them here. 


29.2 ALTERNATIVE DERIVATION OF REDSHIFT 


Notice that the only part of the line element that is relevant for the light ray is 
ds? = —dt? + a? (t)dy’, (29.2.1) 


since dO = dd = 0 along its world line (spherical symmetry!). Regard the light ray as made of photons with 
4-momenta p. From the geodesic equation (or, for the reader who has studied chapter 25, from arguments 
about Killing vectors), show that 

Py = p- (0/dx) (29.2.2) 


is conserved along the photon’s world line. Use this fact, the fact that a photon’s 4-momentum is null, 
p-p = 0, and the equation F = —p-u for the energy measured by an observer with 4-velocity wu, to derive 
the redshift equation (29.11). 


Solution: 
In this coordinates, I',,,, is not zero for 
1 
Dye — Dytx = gIxxt (29.2.3) 


For vector x“ = (0,1), xu = (0,a7), we have 


Xpyyv = Xpv — rrr yal = Xp,v — Dyp- (29.2.4) 
So 
% i 1 1 
Xxjt = Xx,t — Dy yt = (a Ve = a Ixxt = og Jit Xtix = —Tytx = ~ Itt: (29.2.5) 
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All other components vanish. We now have y,,.,+Xv;,, = 0 and so x is a killing vector. Thus p, is conserved 


along the photon’s world line. From p - p = 0, we have p; — a~?p>, = 0. So ap; = py is a constant. Recall 


that EF = —p;. We have 
AL E> ay 


— — . 29.2.6 
42 «FE, ag a2) 


29.3  REDSHIFT OF PARTICLE DE BROGLIE WAVELENGTHS 


A particle of finite rest mass 4: moves along a geodesic world line through the expanding cosmological 
fluid. Let ii 


a 2a (29.3.1) 


Il 


Pp 


be the spatial 4-momentum of the particle as measured by observers at rest in the fluid. (The ordinary 
velocity they measure in their proper reference frames is v.) The associated “de Broglie wavelength” of 
the particle is \ = h/p. 


(a) Show that this de Broglie wavelength is redshifted in precisely the same manner as a photon wave- 
length: 


A/a = constant. (29.3.2) 


(b) Employing this result, show that, for the molecules of an ideal gas that fills the universe, their mean ki- 
netic energy decreases in inverse proportion to a? when the gas is nonrelativistic and (like photon energies) 
in inverse proportion to a when the gas is highly relativistic. 


Solution: 


(a) Similar to the case in exercise 29.2, we neglect coordinate 6 and ¢. So py is still a constant along 


geodesic. And we also have the normalization condition p7 — a~*p;, = 1”, leading to p = a~'p,. Note that 


A x 1/p. We have 
A/a = constant. (29.3.3) 


(b) The energy distribution of particles is characterized by exp(—(E — y:)/T), where T is the temperature 


of particles. When the gas is nonrelativistic, we have E ~ y+ p?/2u, and so T « p? « a~?. When the gas 


is relativistic, we have E ~ p> yp, andsoT xpaxa!. 


29.4 m(z) DERIVED USING STATISTICAL PHYSICS 


Derive the magnitude-redshift relation using a statistical description of the photon distribution [cf. eq. 
(22.49) and associated discussion]. 


Solution: 


Equation 22.49 in the textbook states that the phase space density of photon gas is 
Wah dy, (29.4.1) 


where 
- d(energy) 


~ d(time)d(area)d(frequency)d(solid angle) ’ (29.4.2) 


Vv 
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And .¥ is constant along geodesic. The flux can be calculated as 
F= [ tetvao, (29.4.3) 


where AQ is the angle extended by the object, 


A 
AQ = . (29.4.4) 
[ae JE(Xe- Xe)? 
So we have 
1 vv 1 
F=AQ/I,d fd, = I.dv.. (29.4.5 
| . un ER oxy “yu. ESN ESAe | eae eae 


Note that (1+ z)a:, = a(t,) and R = a(t,)U(xr — xe). We obtain 


F «x — =: (29.4.6) 
z 


29.5 DOPPLER SHIFT VERSUS COSMOLOGICAL REDSHIFT 


(a) Consider, in flat spacetime, a galaxy moving away from the Earth with velocity v, and emitting light 
that is received at Earth. Let the distance between Earth and galaxy, as measured in the Earth’s Lorentz 
frame at some specific moment of emission, be 7; and let the Doppler shift of the radiation when it is 
eventually received be z = AX/X. Show that the flux of energy S received at the Earth is related to the 
galaxy’s intrinsic luminosity L by 

L 


(b) Compare this formula for the flux with formula (29.27), where the redshift is of cosmological origin. 
Why is the number of factors of 1 + z different for the two formulas? 


Solution: 
(a) Suppose there is an observer located at the same place with earth and stationary relative to the galaxy. 
The flux of energy S received by the observer is 


L 


Anr!2" 


y 


(29.5.2) 


The projected area of the galaxy in two frames are equivalent. Thus the solid angle extended by the galaxy 
in two frames are related by 


rAQ = r72AQ, (29.5.3) 
From equation (22.49), the intensity of light in two frames are related by 
re, ly 
a> oe (29.5.4) 
Now, we have 
rl? yoy yl? L 
= AQ |} I,dv = —AQ’ Ty —dv' = = : 29.5.5 
2 | oa | yrs Yh eY (1+ 2)4r? A4rr?(1+ z)4 een 


(b) Because there is a beaming effect in the case of Doppler redshift. 
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29.6 SOURCE COUNTS 


Suppose that one could find (which one cannot) a family of light or radio sources that (1) are all identical 
with intrinsic luminosities L, (2) are distributed uniformly throughout the universe, and (3) are born at 
the same rate as they die so that the number in a unit comoving coordinate volume is forever fixed. 


(a) Show that the number of such sources N(z) with redshifts less than z, as observed from Earth today, 
would be 


N(2) = (constant) 28]1 — 34 + go) + 012%)) (29.6.1) 


(b) Show that the number of sources N(.S) with fluxes greater than S as observed at Earth today would 


be 
7 LH2\ 3” LH2\'? LH? 
N(S) = (constant) - (=) 1-3 ( my +O ( a6 ) . (29.6.2) 


Solution: 


(a) The number of sources is proportional to the comoving volume 


ss $x — + sin(2y) i 
V= | 4nX(x')dx’ = ¢ 4x3 = a + O(x°). (29.6.3) 
° —3x + 7 sinh(2x) 


Note the equation (29.12) and (29.16) in the textbook: 


1 
C=aox, 2=Aolt+ 5 (Hol) + O([Ho4]?). (29.6.4) 
We can get 
_ 2 1+4q0 ; 2 
X= aoHo f goes O(z ) : (29.6.5) 
Now we have 
N x xy? + O(x°) x 23 E _ (1 +qo)z+ oe’) : (29.6.6) 
(b) The flux of the source received by us is 
L 
(29.6.7) 


An(1 + z)?E2a2° 


If the flux must be larger that S, the maximum redshift of the object would satisfy that 


L 1/2 


Note that © = x + O(x?) and equation 29.6.5. We have 


i= 
(l +2) = — a i+ Be + 012] (29.6.9) 
otto 
Now we arrive at the equation 
i— LH?\/? 
z i+ se +012] = (3) (29.6.10) 


284 


The solution for z is 


_ (LHBY? | go —1 ( LHR\”? LH? 
z= (=) 1+ 5 in +O ins ‘ (29.6.11) 
Substitute 29.6.11 into 29.6.1. We can obtain 
Lig\** LH2\? LH? 
N(S) = (constant) - ( my 3 ( is +O as . (29.6.12) 


29.7 COSMIC-RAY DENSITY 


Suppose the universe has contained the same number of galaxies indefinitely into the past. Suppose 
further that the cosmic rays in the universe were created in galaxies and that a negligible fraction of them 
have been degraded or lost since formation. Derive an expression for the average density of energy in 
cosmic rays in the universe today in terms of: (1) the number density of galaxies, No, today; and (2) the 
nonconstant rate, dE'/dz, at which the average galaxy created cosmic-ray energy during the past history 
of the universe. 


Solution: 


At redshift z in range dz, the average galaxy liberates energy (dE’/dz)dz into cosmic rays. Taking the 
redshift of cosmic ray into account, the average density of energy in cosmic rays in the universe today is 


tmax 1 dE 
=N —dz. 29.7.1 
: of l+zdz : (29.7.1) 


29.8 FRACTION OF SKY COVERED BY GALAXIES 


Assume that the redshifts of quasars are cosmological. Let the number of galaxies per unit physical volume 
in the universe today be No, and assume that no galaxies have been created or destroyed since a redshift 
of > 7. Let D be the average angular diameter of a galaxy. Calculate the probability that the light from a 
quasar at redshift z, has passed through at least one intervening galaxy during its travel to Earth. 


Solution: 


I think it is the physical diameter of a galaxy that matters and can be averaged. So I will assume the 
D to be the average physical diameter of a galaxy. 


Suppose we sit at y = 0, then the light at redshift z will be at 


0 dz’ 1 
x2) ==> (29.8.1) 
z Ho J Qro(1 +2/)4 + Omo(1 + 2’/)8 + Oo(1 + 2’)? +04 
The physical distance from z + dz to z is 
dx 
dl(z) = a—dz (29.8.2) 
dz 
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The probability that the light from a quasar at redshift z, has passed through at least one intervening 
galaxy during its travel to earth is therefore 


P= [ NoDadl(z). (29.8.3) 
0 
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Chapter 31 


SCHWARZSCHILD GEOMETRY 


31.1 TIDAL FORCES ON IN FALLING EXPLORER 


(a) Carry out the details of the derivation of the Riemann tensor components (31.6). 
(b) Calculate, roughly, the critical mass M,,;, such that, if M > M,,;, the explorer’s body (a human body 


made of normal flesh and bones) can withstand the tidal forces at r = 2M, but if M < Maic his body is 
mutilated by them. 


Solution: 


(a) Focusing on the ¢ and #, the transformation matrix is 


Ay * = & >) (31.1.1) 


where B = vy’ and y= (1 = B2\- 2, So 


an BY FQ 8 
Repep = Ag A AAS Rajag 


= Agi As Ag AG! Ripty Ag Agi Ag’ Ng” Resp Be Ag AS Ag AG! Revee By As Agi As Ao! Roses 
= (1 — 26? + B*) Resse 
= Ris oe (31.1.2) 


Other equations in (31.6) can be verified by the same procedure. 
(b) The tidal force per unit mass near the event horizon is of the order 


M l 
g~ 7a ~ Fp’ (31.1.3) 


where / is the length scale of the human. If we take g.,i. = 10?m/s? and 1 = 1m, we can get 


3 | 
Misow ang = 4 x 10°%kg & 2 x 104 Moun. (31.1.4) 
9 
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31.2 NONRADIAL LIGHT CONES 


Show that the world line of a photon traveling nonradially makes an angle less than 45 degrees with the 
vertical v-axis of a Kruskal-Szekeres coordinate diagram. From this, infer that particles with finite rest 
mass, traveling nonradially or radially, must always move “generally upward” (angle less than 45 degrees 
with vertical v-axis). 


Solution: 


The metric in Kruskal-Szekeres coordinate is 


32M* e-7/2M 
7 


ds? = (—dv? + du?) + r?(d6? + sin? 6d¢”). (0,2,1) 


For photons, we have 


32M° e-7/2M 
Fe 


[-(p)? + (p")?] + r?[(p°)? + (p?)?] = 0. (31.2.2) 
Thus, we must have p” > |p“|, i.e. the world line of a photon traveling nonradially makes an angle less 


than 45 degrees with the vertical v-axis of a Kruskal-Szekeres coordinate diagram. And also, articles with 
finite rest mass, traveling nonradially or radially, must always move “generally upward”. 


31.3 THE CRACK OF DOOM 


Use a Kruskal diagram to show the following. 


(a) If a man allows himself to fall through the gravitational radius r = 2M, there is no way whatsoever 
for him to avoid hitting (and being killed in) the singularity at r = O. 


(b) Once a man has fallen inward through r = 2M, there is no way whatsoever that he can send messages 
out to his friends at r > 2M, but he can still receive messages from them. 


Solution: 


In Kruskal diagram, all particles, traveling nonradially or radially, must always move “generally upward”, 
i.e. angle less than 45 degrees with vertical v-axis. The horizon r = 2M is v = +u in the diagram. By 
simple geometrical analysis, we can verify two statements above. 


31.4 HOW LONG TO LIVE? 


Show that once a man falling inward reaches the gravitational radius, no matter what he does subsequently 
(no matter in what directions, how long, and how hard he blasts his rocket engines), he will be pulled 
into the singularity and killed In a proper time of 


M 
T <Tmax = 7M =1.54x 10~° = ;—seconds. (31.4.1) 
© 


Solution: 
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The trajectory of longest proper time lapse must be a geodesic. The radial motion of a free particle is 


described by 
2 F2 
E) tape ae (31.4.2) 
dt r r2 


In order to make 7 as large as possible, we must have E = 0 and L = 0, ie. 


dr\* 2M 
(F) ee, | (31.4.3) 
dt Tr 
So 
2M ’ 
d Mo M M 
ea | ee) <2 —— = 1.54 x 107° seconds. (31.4.4) 
0 2M _4 ce Mo Mo 


31.5 EDDINGTON-FINKELSTEIN AND KRUSKAL-SZEKERES COMPARED 


Use coordinate diagrams to compare the ingoing and outgoing Eddington-Finkelstein coordinates of Box 
31.2 with the Kruskal-Szekeres coordinates. Pattern the comparison after that between Schwarzschild 
and Kruskal-Szekeres in Figures 31.3 and 31.4. 


Solution: 


Ingoing E-F coordinates in K-S coordinates Outgoing E-F coordinates in K-S coordinates 


The red lines are constant r, while the blue lines are constant V in the left and constant U in the right. 


31.6 ANOTHER COORDINATE SYSTEM 


Construct a coordinate diagram for the U, V, 0, ¢ coordinate system of Box 31.2. Show such features as 
(1) the relationship to Schwarzschild and to Kruskal-Szekeres coordinates; (2) the location of r = 2M; 
and (3) radial geodesics. 


Solution: 


(1) The relationship to Schwarzschild coordinates is 


U=t—r—2MIn|r/2M—1|, V=t+r+2MIn|r/2M — 1]. (31.6.1) 
The relationship to Kruskal-Szekeres coordinates is 
U=-4MIn(u—v), V=4MIn(u+v). (31.6.2) 
(2) The location of r = 2M is V = —oo and U =o. 


(3) The line elements for constant 0 and ¢ is 


2M ~~ 
ds* = — (1 = =) dUdv. (31.6.3) 
r 
Connection in this coordinates is 
Yao = 90,0 Tarr =900,7- (31.6.4) 
All other components vanish. And so 
7 V6 i : ene 
co 6 Iv0,0 v _ 9vt,V 
Yeo Ee (31.6.5) 
VG IVO 


The radial geodesics for particles with finite mass are 


z £59 
_ +1955 (7) ~0 (31.6.6) 
and 7 Ss 
ay See (7) 2G: (31.6.7) 
And we also have normalization aes 
96 = (31.6.8) 


While the radial geodesics for photons are U = constant or V = constant. 


31.7 SCHWARZSCHILD METRIC IN ISOTROPIC COORDINATES 


(a) Show that, rewritten in the isotropic coordinates of Exercise 23.1, the Schwarzschild metric reads 


1— M/2r\? M\4 
= 24 | a2 =2 2 - 2 21, 
= Ces) aes (: | 7) lar" + 7° (d0" + sin” Odo")}; G71) 
and derive the transformation 
M\2 
r=f (1 + :) (31.7.2) 
27 
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between the two radial coordinates. 


(b) regions of spacetime (I, IJ, III, IV; see Figure 31.3) are covered by the isotropic coordinate patch, and 
which are not? 


(c) Calculate and construct an embedding diagram for the spacelike hypersurface t = 0, 0 < 7 < ov. 


(d) Find a coordinate transformation that interchanges the region near r = 0 with the region near 7 = oo, 
while leaving the metric coefficients in their original form. 


Solution: 


(a) The metric in Schwarzschild coordinates is 


=i 
ds? = — (1 - = de (1 - =) dr? + r7dQ?. (31.7.3) 
r 


r 


The metric in isotropic coordinates must be the form of 


ds? = —f?(F)dt? + g?(F) (dr? + 77d”). (31.7.4) 
So we have ee 
g7r)r=r, g(r)dr= (1 - am) dr, (31.7.5) 
r 
i.e. ge i 
~ = 7 (31.7.6) 


By choosing 7 = M/2 when r = 2M, we have 


2 = =14+V71-2M/r (31.7.7) 


M 1-.,/1—2M/r 


Now it is easy to derive 


_ 2 
J/1—2M/r = pee r=r (1+) (31.7.8) 


~ 14+ M/2r’ 


And the metric in isotropic coordinates is 


2s 4 
> (1-M/2F\’ 1, M wa ales 
ds? = es d+ (1+ 5) (ar +7d0?). (31.7.9) 


(b) When 7 = M/2,r(7) has minimum 2M. When7 — 0 or 7 — oo, r — oo. So region I and III are covered 
by isotropic coordinate patch. 


(c) The embedding function z(7) is given by 


4 2 
M M 
dr? +dz27=(1+ — dr”, r={1+—] Pr. (31.7.10) 
2r 2r 


7M 1 
220i pM SEAM aS 31.7.11 
as my aM! BF 2 aieterd 


(d) The transformation 7 > Me leaves z(7) and r(7) unchanged. So it will also leave metric unchanged. 


The solution is 


(e) Similarly explore the spacetime geometry for Q = M. 
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31.8 REISSNER-NORDSTROM GEOMETRY 


(a) Solve the Einstein field equations for a spherically symmetric, static gravitational field 
ds? = —e?®(") dt? 4 eA) dr? + 7? (dO? + sin? Odd”), (31.8.1) 
with no matter present, but with a radial electric field B = 0, FE = f(r)e; in the static orthonormal frame 


w=e*dr, wo =rdb, w® =rsinddd. (31.8.2) 


y] 


Use as a source in the Einstein field equations the stress-energy of the electric field. 


(b) Show that the constant Q is the total charge as measured by a distant observer (r >> 2M and r > Q), 
who uses a Gaussian flux integral, or who studies the coulomb-force-dominated orbits of test charges 
with charge-to-mass ratio e/j >> M/Q. What is the charge-to-mass ratio, in dimensionless units, for an 
electron? Show that the constant I is the total mass as measured by a distant observer using the Keplerian 
orbits of electrically neutral particles. 


(c) Show that for Q > M, the Reissner-Nordstrom coordinate system is well behaved from r = co down 
to r = 0, where there is a physical singularity and infinite tidal forces. 


(d) Explore the nature of the spacetime geometry for Q < M, using all the techniques of this chapter 
(coordinate transformations, Kruskal-like coordinates, studies of particle orbits, embedding diagrams, 
etc.). 


(e) Similarly explore the spacetime geometry for Q = M. 


(f) For the case of a large ratio of charge to mass, show that the region near r = 0 is unphysical. More 
precisely, show that any spherically symmetric distribution of charged stressed matter that gives rise to the 
fields E = Q/r?e, outside its boundary must modify these fields for r < ro = Q?/2M. 


Solution: 


(a) In the static orthonormal frame, the stress energy tensor of the EM field is 


‘iz hi fe ia 
Te = gS aa Tyg = 3 13g = 3 (31.8.3) 


All other terms vanish. On the other hand, we have 


Gog = r72(1 — 74) 4 Or te-F4 A", Gap = —r72(1 — e774) 4 arte 246" 
G66 = G35 =e 2A [r-1(@! _ N’) 406" 402? — 0’ A’ (31.8.4) 
Using Einstein equation, we have G;; + Ge = 0, from which we can obtain A’ + ®’ = 0. By Gj; = Gg, We 


can get (r?e~?4)’” = 2. The general solution is r2e~?4 = r?—-2Mr+Q?. And so e?® = C(1-2M/r+Q?/r?). 
By rescaling ¢ coordinates, we can get 


2M Q? 2M Q?\* 
t=, ese eA — (-™ +5) (31.8.5) 
r Tr Tr Tr 
The metric is therefore 
2M Q? 2M Q?\"* 
ds? =—{1 + Oo) ae +(1—-—+4+ Oar? + r? (db? + sin? 6d¢”). (31.8.6) 
r r2 r r2 
(b) Using Gaussian theorem, we have 
AnQtotal = f E-dS = i = -r” sin 0dodd = 4rQ, (31.8.7) 
Ss r 
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i.e. Q is the total charge as measured by a distant observer. For electron, the charge-to-mass ratio in 
dimensionless units is 


e€ VkeGe/c? ke e on 
ae = Cie = Ga = 2.04 x 10°". (31.8.8) 


For electrically neutral particles, there orbits will follow geodesics of the metric. For a distant observer, the 
r~? term in the metric can be neglected. So the orbit of a electrically neutral particle will be essentially 
the same as that in Schwarzschild metric. Thus M can be viewed as the total mass of the system. 


(c) If Q > M, then we have 


> 0. (31.8.9) 


So the Reissner-Nordstrom coordinate system is well behaved from r = oo down to r = 0, where there is 
a physical singularity and infinite tidal forces. 


(d) If Q < M, there will be two horizons r+ = M + \/ M? — Q?. In the region r > r, andr < r_, the 
t direction (constant r) is time like. While In the region r_ < r < r,, the ¢ direction is time like. The 
conformal diagram for the whole spacetime is given by the figure below. 


Reissner—Nordstrom: 
GM? > p? + q? 


timelike 
trajectories 


r = constant 


surfaces SY 
0 


(e) There is only one horizon r = M in this case. And the ¢ direction is spacelike when r < M andr > M 
(r = M is null space). The conformal diagram for the whole spacetime is given by the figure below. 
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(f) For the case of a large ratio of charge to mass, r = 0 is a naked singularity which is observable from 
the outside. I known little about the naked singularities and their properties. Any help is appreciated. 
Please refer to Gravitational collapse (Penrose, R.) and Generalized strong curvature singularities and 
weak cosmic censorship in cosmological space-times (W. Rudnicki et al.) for more information. 
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Chapter 32 


GRAVITATIONAL COLLAPSE 


32.1 UNIQUENESS OF REISSNER-NORDSTROM GEOMETRY 


Prove the following generalization of Birkhoff’s theorem. Let the geometry of a given region of spacetime 
(1) be spherically symmetric, and (2) be a solution to the Einstein field equations with an electromagnetic 
field as source. Then that geometry is necessarily a piece of the Reissner-Nordstrom geometry [equation 
(31.24b)] with electric and magnetic fields, as measured in the standard static orthonormal frames 

Qe Qin 


E= Se, B=Se, Q=(Q?7,+Q2)'”. 62.141) 
Te r 


Solution: 


(1) First consider regions of spacetime in which (Vr)? 4 0. In this case, one can introduce Schwarzschild 
coordinates 


ds* = —e?? dt? + e?dr? + r?(d6? + sin? 6d¢”), &=G(t,r), A=A(t,r), (32.1.2) 


according to Box 23.3 of the textbook. Using the orthonormal components of the Einstein tensor as derived 
in exercise 14.16, we have 


Gg = 777(1— 74) + 2(A,-/r)e 

Gip = Gog = 2(A ane mae 

Grp = 2(® ihe —?r 21 —e ay 

Gag — G34 = (@ py + O°, ae ® A>, + ® ,./r = A,/r)e—24 — (A, tt + A’ = Ay D te Tee 

Gig = Ga; Gig G 3s Gg = Gop Gg G35 G66 G36 0. (32.1.3) 


The Einstein equation states that Gaz = 87T,z, where Tj» is the stress energy of an an electromagnetic 
field. According to exercise 20.6 of the textbook, the Maxwell stress-energy tensor has zero trace, and that 
its square is a multiple of the unit tensor. Thus we have 
Pe 23 ral A 
G*,=0, G",G%, x dF. (32.1.4) 


Vv 


Or explicitly, 


— Gy t Grp + 2G5g=0, Gy(Gy—Grr)=0, Gh — Gi, = Gia — GE = GG. (82.1.5) 


If Gj, = 0, then it is easy to derive that Gj; = —Grp = G5q. 
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Firstly, we have A, = 0, according to G;, = 0. Next, Gj; + Gee = 0 leads to A+ ®, = 0. Furthermore, 


using Gig = Gg, we find that (r?e~?4) ,. = 2. The general solution is 


2M 2 
eX = 1-—— + = (32.1.6) 
r r 
Then applying A, + ®,, = 0, we have 
2M 2 
ea Oi) (1 ——+ ©) (32.1.7) 
r r 


By redefining the time coordinate thew = f } C(t)dt, we will obtain the R-N metric 


r r 


2M Q? 2M Q?\* 
ds = (1 ee ) dt? + (1 See ©) dr* + r?(d0? + sin? 6d¢?). (32.1.8) 
dis r 


The stress energy tensor of EM field in the local Lorentz coordinate frame is 


E? + B? (E x B); 1 1 
Tg = go Ta = Te = — TR [ee + B;B,) + 5(E* + B’)5%|- (32.1.9) 


It is easy to verify that F and B must be radial to produce the required from of stress energy tensor in 
this case. Suppose the electromagnetic field is 


E=f(t,rjer, B=g(t,r)ep. (32.1.10) 
Then we have Pag 
+g 
Tyg = Tes = Typ = Tyg = (32.1.11) 
The field equation gives that f? + g? = Q?/r*. So the EM field is 
B= Sey, B= on en, Q=(07,+02)". (32.1.12) 
Ie y fe 


If Gre A 0, then it is easy to derive that G7 = Grr = |G;,| and Ggg = Gas = 0. The spacetime will be 
described by Vaidya metric, 


2M 
ds? = i “) du” — 2dudr + r?dQ? (outgoing), 
r 
2M 
ds? = — F - ed dv? + 2dudr + r?dQ? — (ingoing) (32.1.13) 
r 
in null-radial coordinates. For outgoing Vaidya metric, the Einstein tensor is 


Guu = —2—. (32.1.14) 


All other components vanish. Suppose the coordinate transformation ¢(u,1) can bring the metric into 
diagonal coordinates. Then we have 


Ou 2M\~* du\? (du\~* Ou 
or (1 r ) > He = (3) ($*) >» Grr = ee (32.1.15) 
The Einstein tensor in t — r coordinate is 
du\? Ou Ou du\? 
Gua = (F) Ruus Gir = var ee Grr = ($) Rigs (32.1.16) 


Written in orthonormal frame, we have 


Gy = —G; 


(32.1.17) 
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In the case of ingoing Vaidya metric, the analysis can be carried in the same way. Please refer to the 
paper Vaidya spacetime in the diagonal coordinates (Berezin et al. 2017) for more discussion on coordinate 
transformation. 


If the source of stress energy tensor is EM field, we can easily deduce that EF; = Bs = 0, E- B= 
0 and |E| = |BI. It seems that a EM wave propagating radially can generate the Vaidya spacetime. 
However, according to Vaidya metric, the Vaidya field is a pure radiation field rather than electromagnetic 
fields. The emitted particles or energy-matter flows have zero rest mass and thus are generally called “null 
dusts", typically such as photons and neutrinos, but cannot be electromagnetic waves because the Maxwell- 
Newman-Penrose equations are not satisfied. I know little about Maxwell-Newman-Penrose equations and 
the detailed proof is beyond my ability. From know on, I will take it for granted that EM field is non-null. 


The following discussion is based on the “Hint” of the exercise in the textbook. 


(2) Any region of dimensionality less than four, In which (Vr)? = 0 (e.g., the Schwarzschild radius), 
can be treated as the join between four-dimensional regions with (Vr)? 4 0. Moreover, the geometry of 
such a region is determined uniquely by the geometry of the adjoining four-dimensional regions (“junction 
conditions”; section 21.13). Since the adjoining regions are necessarily Reissner-Nordstrom, then so are 
such “sandwiched” regions. 


(3) Next consider four-dimensional regions in which (Vr)? = 0 is null and nonzero. According to Box 
23.3, the metric of spherically symmetric spacetime has the form 


ds? = gydt? + gppdr? + R?(r, t)dQ?. (32.1.18) 


Now we build a new coordinate system (T, R). If (VR)? = 0, then 


oS gt Oey egos (Var =o, (32.1.19) 
Ot Or 


We can choose T(r, t) satisfying 


OT aT 
tty 7 ~ \2 rr (77 \2 
g (ap) +9 (5) 0, (32.1.20) 


i.e. choose another null surface of the spacetime to be the T coordinate plane. We now have g?7 = g?? = 
0, and so grr = grr = 0. By a change of notation, the metric has the form 


ds? = —2Wdrdt + r?(d0? + sin? 6d¢7), (32.1.21) 


where W = W(r,t). It is straight to get Rog = 1 and Ryg = sin? 6 from the metric above. In orthonor- 
mal frame, we have Rgg = Rgzg = 1 /r?. Whereas the stress-energy tensor for a spherically symmetric 
electromagnetic field has 


- 1 
8nT yg = 8x Ge - 5isT =? /r*, @= constant. (32.1.22) 


These quantities, Rg, and 8nT 96 must be equal (Einstein’s field equation) but cannot be because of their 
different r-dependence. Thus, an electromagnetic field cannot generate regions with dr = 0, dr - dr = 0. 


(4) Finally, consider four-dimensional regions in which dr = 0. Denote the constant value of r by a. 
Starting from equation 32.1.18, we have 


ds? = gyydt!? + gurprdr’? + a2dQ. G2.123) 


Clearly, (t’,r’) and (0, ) are decoupled with each other. So we can neglect (9, ¢) and only focus on the 
(t’,r’) coordinates. In two dimensional manifold, there are only 3 independent components in metric. The 
coordinate transformation can further eliminate two degrees of freedom. So the metric can be brought 
into the form 


ds? = a?(—d7? + edz? + dN). (32.1.24) 
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We choose the initial point of 7 coordinate for every z = constant in order to make \(z) = 0 at that point, 
and rescale the line 7 = 0 to make \(z) = 0 at that point. Then we have 


MF,z)=0, A(F,z) =0. (32.1.25) 


E=e:, B=—te:z, Q= GQ ho, (32.1.26) 

The Ricci tensor in orthonormal coordinates are 
Rep = —a7(V? +), Reg =a 2(? +2), Rag = Ry =a. (32.1.27) 
For gravitation field with E-M field as source, the trace of Einstein tensor vanish, leading to \? + \ = —1. 


Under the constraint 32.1.25, we have the unique solution \ = Incos7. Also note that 877), = Q?/a’*. 
We must have Q = a. Now the metric becomes 


ds* = Q?(—d?? + cos? Fdz” + dN’). (32.1.28) 


(5) The Reissner-Nordstrom solution for the special case Q = M is 
Q 2 Q -2 
ds? = — (1 - ) dt? + (1 = ) dr? + r7d0?. (32.1.29) 
r Tr 


Perform the following coordinate transformation on the Reissner-Nordstrom throat region (|r — Q| < Q): 


r—Q=Qe *cosT, t= Qe’ tant. (32.1.30) 
Firstly, we have 
at\? ar \? 5 1 sin? (1 + e-* cos)? 
oie pas i : - : 32.1.31 
. (=) aaa (=) = @ E 7(1 + e7* cosT)? cos? T | ( ) 
Note that z > 0 in the throat region. If we keep the zero order, we have gz; = —Q?. Similarly, we have 
Ot Ot Or Or 9 1 . 
tz = 7o7Ae + a> QSGrr = tan T = 1 ne T — 32.1.32 
: a7 O29" * OF BE4 ens | (1 + e-* cos 7)? eso e) | : ( ) 
and 
at\? ar \? 9 2 sin? 7 9.9 
eee pa TY grr = Q? | (1+ e-* cos? —| x 7 (32.1.33 
g (+) gt + ($=) g Q [ +e *cosT) eS Q* cos” T ( ) 


So the solution of the field equations in (4) is actually the throat of the Reissner-Nordstrom solution for 
the special case Q = M. 


(6) Thus, each possible case leads either to no solution at all, or to a segment of the Reissner-Nordstrom 
geometry. 


32.2 REDSHIFTS DURING COLLAPSE 


(a) Let a radio transmitter on the surface of a collapsing spherical star emit monochromatic waves of 
wavelength .; and let a distant observer, at the same 0, ¢, as the transmitter, receive the waves. Show 
that at late times the wavelength received varies as 


Maree”, 3:21) 
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where ¢ is proper time as measured by the distant observer. 


(b) Use kinetic theory for the outgoing photons (conservation of density in phase space: Liouville’s theo- 
rem; 22.6) to show that the energy flux of the radiation received (ergs/cm? sec) varies as 


Foe tM, (82.99) 


(c) Suppose that nuclear reactions at the center of the collapsing star generate neutrinos of energy F., 
and that these neutrinos flow freely outward (negligible absorption in star). Show that the energy of the 
neutrinos received by a distant observer decreases at late times as 


Free | Hem Oo eae (32.2.3) 


(d) Show that the flux of neutrino energy dies out at late times as 


Fae, (32.2.4) 


(e) Explain in elementary terms why the decay laws 32.2.1 and 32.2.3 for energy are the same, but the 
decay laws 32.2.2 and 32.2.4 for energy flux are different. 


(f) Let a collapsing star emit photons from its surface at the black-body rate 


~ cm? sec K3 


aN _ 15x 10! photons 
dr : 


) x (surface area of star) x (temperature of surface). (32.2.5) 


Let a distant observer count the photons as they pass through his sphere of radius r >> M. Let him begin 
his count (time ¢ = 0) when he sees (via photons traveling radially outward) the center of the star’s surface 
pass through the radius r = 3M. Show that, in order of magnitude, the time he and his associates must 
wait, until the last photon that will ever get out has reached them, is 


t = (M/Mo[8 x 1074 +5 x 107° logy9(T11 M/Mo)|seconds, (32.2.6) 


where 7}, is the star’s surface temperature in units of 10! K. 


Solution: 


Solutions to exercise (a) and (b) are based on section 15 of the paper Relativistic astrophysics. I (Zel’dovich 
et al. 1964). 


(a) In the crudest approximation, we can neglect the effects of pressure and put P = 0. Let us consider the 
surface of a collapsing star. During the course of contraction the mass M dose not change, and therefore 
the particle on the surface simply falls under the influence of the gravitation of the mass 17. Consequently, 
in order to explain the character of the collapse, it is sufficient to consider the free fall of a trial particle in 
the field of the M. 


For the rate of free fall in a Schwarzschild field, we have 


dr 2M 1—2M/r \'? 
f= (4) dee) cua 


where ro is the distance from which the fall begins and at which dr/dt = 0. The local stationary observer, 
situated side the falling body, will measure its velocity as follows 


1/2 1/2 
grr dr 1—2M/r 
= = 1 : 2.2. 
Ghat ( 1—2M/ro Gene) 
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The orbit for a radially propagating photon satisfy that 


= 1-— —. 32.2. 
dt r ( ?) 
The integration gives 
R-2M 
At = 2M In ———— - 32.2.10 
on ( ) 


where R is the position of the observer. 


With the aid of expression 32.2.7 we find r = r(t’), i.e., the position of the trial particle at the instant t’ as 
measured by the clock of the remote observer. But this is not the same place where this observer sees the 
particle at the instant ¢’, since it takes the light some time At to cover the path from the particle to the 
observer. This time can be readily calculated by formula 32.2.10. Denoting the time of arrival of the light 
at the observer by t: 

t=t'+At (32.2.11) 


With the aid of the expressions given above we can easily obtain the formula , = r(t) for the falling 
particle. At late time of collapse, r —> 2M, the asymptotic form of the formula is: 


r= 2M +(r1 —-2M)e7 ar, (32.2.12) 


where 1, is the position of the particle at the instant t,. 


During the propagation of photons in Schwarzschild metric, po is constant. The four momentum of photon 
is pa = [po,po(1 — 2M /r)~', 0, 0]. The four velocity of surface particle at r is u* = [(1 —2M/r)~‘/?y, (1 — 
2M/r)‘/?-yv, 0,0], where y = (1 — v?)~'/?. So the energy of photon according to the emitter is 


y(1 — v) 


ees! 302.13 
(1 —2M/r)/2" ( ) 


— a _ 
€em = ~Pal = 


The four velocity of observer at R is u® = [(1 — 2M/R)~'/?,0, 0,0]. So the energy of photon measured by 
the observer is 
Eree = (1 — 2M/R)~+/2 pp. (32.2.14) 


So the redshift of the photon is 
(1 = v)(1— 2M/R)'/? 


1 = 32.2.15 
ie G—2M/r)?2 ( ) 

From 32.2.8 it follows that v > —1 and y > (1 — 2M/r)~\/? as r > 2M. Now we have 
Ares x (1—2M/r)-} « et/4™, (32.2.16) 


(b) The kinetic theory for the outgoing photons ensure the conservation of density in phase space. So 
I,/v? is a constant during propagation. The flux from the central point of the visible disc of a contracting 
star received by observer is 


Lem rec = 
F=A f Irocdinc =ao [708 ae =z "9 f tamdvon (32.2.17) 


rec 
em em 


where AQ is kept as a constant during observation. So we have 
Pee, (32.2.18) 


For the entire disc, the deductions are much more complicated, since it is necessary to consider rays moving 
at a large angle to the radius, and the paths of such rays near the star are quite complicated. An analysis 
(Podurets, 1964) of this question shows that the formula for the luminosity of the entire star F' is 


F x exp (- (32.2.19) 


svn) 


300 


(c) We will assume that collapsing star is composed of dust with uniform density and negligible pressure. 
The interior of the star can be described by closed Friedmann spacetime 


ds? = —dr* + a?(r)|[dx? + sin? y dO”, (32.2.20) 


where y = xo is the surface star. And we have r = asin xo, where r is the surface of star in Schwarzschild 
metric. Suppose the neutrino is produced at y = 0, 7 = mo with energy Eun. It will propagate to the 
surface of star at 7 = 79 + Yo with energy Femano/a(no + xo) measured by observer fixed at y = xo, i.e. 
observer comoving with star surface. When the neutrino propagates to the observer far way observer at 
R, the energy measured measured by the observer will be 


r(no)y(1 — v)(1 — 2M/R)*/? 


Exec = Fem, 
r(1—2M/r)1/2 


(32.2.21) 


caused by gravitational redshift and Doppler effect. When r + 2M, r(no)/r can be approximated as a 
constant. So similarly, we will have 

Erec — y 

a =a e t/4M (32.2.22) 


em 


(d) The energy of every neutrino measured by observer will be €c,(1 + z)~+ due to gravitational redshift. 
The number of neutrinos received by observer per unit time will be (1 + z)~1 of that produced by nuclear 
reaction per unit time due to gravitational time dilation. So the flux of neutrinos will scale as (1 + z)~?, 
ie. 

Petey? ae i", (32.2.23) 


(e) When calculating the flux from the central point of the visible disc of a contracting star. Only the photon 
from a fixed solid angle is taken into account. The bending of the ray trajectories in the gravitational field 
and the beaming effect caused by Doppler effect must be considered. Neutrino sources are situated in the 
center of the contracting star. There are no light ray bending or beaming effect. Only redshift and time 
dilation should be taken into account. 


(f) I do not know how to tackle this problem yet. 


32.3 EMBEDDING DIAGRAMS AND PHOTON PROPAGATION FOR COL- 
LAPSING STAR 


Verify in detail the features of homogeneous collapse described in Box 32.1. 


The features of homogeneous collapse described in Box 32.1 are intuitive from diagrams in the textbook. 
I think a detailed demonstration is unnecessarily since there is little mathematics involved in it. 


32.4 MATCH OF FRIEDMANN INTERIOR TO SCHWARZSCHILD EX- 
TERIOR 


The Einstein field equations are satisfied on a star’s surface if and only if the intrinsic and extrinsic ge- 
ometries of the surface’s three-dimensional world tube are the same, whether measured on its interior or 
on its exterior. Verify that for the collapsing star discussed above, the intrinsic and extrinsic geometries 
match at the join between the Friedmann interior and the Schwarzschild exterior. 


Solution: 
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The original discussion can be found in Terminal Configurations of Stellar Evolution (Beckedorff et al. 
1962). 


(a) The intrinsic geometries of the surface’s three-dimensional world tube measured on its exterior are 


al 
ds? = (1 an) (1 xa) dR? + R2(t)d0?, (32.4.1) 
with ve 
dR 2M 1—2M/R 
ee ee (2.42) 


Eliminate ¢ and we can get 
dR? 
2M(1/R—1/Ri) 


The intrinsic geometries measured on its interior are 


ds? = + R2d?. (32.4.3) 


ds* = a?(n)(—dn? + sin? xpd). (32.4.4) 


And we have 
R=asinxo = Ri(1+cosn)/2, 2M/R; =sin? xo. (32.4.5) 


As 


1 1 
2 + 2 2 
=a‘ sin” yo R; | = — =2M | —- a 32.4.6 
—_ (z x) ( x) aa 
the intrinsic geometries are the same, whether measured on its interior or on its exterior. 


(b) The inner metric is 
ds* = a(n)?(—dn? + dx? + sin? xd”). (32.4.7) 


The world tube of star surface is y = 9. The normal vector of the surface is n. = (0,a,0,0). The extrinsic 
curvature is 
Kap = No. peces = Na,beg — T+ amyetes =a i (32.4.8) 


Given the I~ ,,, we can get 


Kan Kyo Kg Ko¢ 0, Koo = Koa/ sin? é6=asin Xo COS X0- (32.4.9) 


The outer metric is 


2M 2M\~* 
ds? = (1 ) dt? 4 (1 ) dr? + 1r7dQ?. (32.4.10) 
r r 
The world tube of star surface can be parameterize as 


cot xo + tan(n/2) 
cot Yo — tan(7/2) 
r = 2M csc? yo cos*(n/2). (32.4.11) 


t=2Ml1n 


1 
| + 2M cot xo [ = esc? yo(n + sinn)| , 


The tangent vector of the surface is 
e, =P (t.r,1,0,0), e¢ =(0,0,1,0), ef = (0,0,0, 1). (32.4.12) 


The normal vector of the surface is 


— V1 —2M/R(1, tr, 0, 0) (32.4.13) 


7 [-1+ (1=2M/R)2Pp 
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Note that 


1 —(1—2M/R;)\/? 
tr= = ( /Bi) : (32.4.14) 
 dR/dt (1 —2M/R)(2M/R — 2M/R;)1? 
We can deduce that 
2M 2M\\? 2M \\/? 2M\—1 
ed | eee A ke fa 0x0 32.4.15 
eel a) ea) eee) ate 
The extrinsic curvature is 
Kab = Na,bea — Ta onyee en: (32.4.16) 
If one of a and b are 6 or ¢, we have 
Ka = —I* ant —Tagnr. (32.4.17) 
For example, I'"y, = 2M —r, I“, = 0. Thus, 
9M \ 1/2 
Ko =R (1 — Pe ) = asin X09 COS Xo. (32.4.18) 
Similar, we can derive that Ky, = asin xo cos xo sin? 0, Koy = Kno = Kno = 0. 
Next, we calculate K,,,. We have 
Kym = Nenty + en? in — er — 2", net hn — Pir 
= M4,R0 ntn + eee ae — int. — 21 ,,.net nT — La we 
= (nt.Rr + Ny Rt Re — I" ytet.e — 20 ppm — DMrt pe tnt 
= 0. (32.4.19) 


So we demonstrate that extrinsic geometries are the same, whether measured on its interior or on its 
exterior. 


32.5 STARS THAT COLLAPSE FROM INFINITY 


(a) Patch together a truncated Schwarzschild geometry and the geometry of a truncated “flat” (k = 0), 
dust-filled Friedmann universe to obtain a model of a star that collapses from rest at an infinite initial 
radius. 


(b) Similarly patch together a truncated Schwarzschild geometry and the geometry of a truncated “open” 


(k = —1), dust-filled Friedmann universe to obtain a star which collapses from infinity with finite initial 
inward velocity. 


Solution: 
(a) For a particle which free falls from infinity with zero initial zero velocity, we have 


dt 1 dr [2M 
dr  1—-2M/r’ dr ro 


(32.5.1) 


The world tube of the star surface is r = R(t) given by equations above. If we parameters the 3-surface 
with 7, 0, ¢, we can get 
ds? = —dr? + R?(r)d0?. (32.5.2) 
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If R = R; at tT = 0, we can deduce that 


2 Reve R V3 T 
=—. 32.5.3 
3 (st) (siz) 2M ( ) 
The metric in the star is 
ds? = —dr? + a?(r) (dx? + x°d?). (32.5.4) 


The star surface is given by x = xo. The evolution of a is determined by friedmann equation 


a? = 8rp0 (a ve 
>= — 32.5.5 
a4) (32.5.5) 


where po and ap is the density of the dust and scale factor at 7 = 0. The solution is 


(eon (ge) S oe (32.5.6) 


where m = 479x3a%/3. Two surfaces can be connected if M = mand agxo = Rj. 


(b) For a particle which free falls from infinity with zero initial zero velocity, we have 


dt E dr ~ 2M 
= = hb? —-14 ; 32.5. 
dr 1—2M/r’ dr r ( se 


The world tube of the star surface is r = R(t) given by equations above. If we parameters the 3-surface 
with 7, 0, ¢, we can get 
ds? = —dr? + R?(r)d0?. (32.5.8) 


The metric in the star is 
ds* = —dr? + a?(r)(dy? + sinh” yd”). (32.5.9) 


The star surface is given by y = xo. The evolution of a is determined by friedmann equation 


: 1 —3 
e = SEs ( z ) (32.5.10) 


a? 3 ao 


where /o and apo is the density of the dust and scale factor at r = 0. The equation above can be simplified 
to 


d D 
sinh yp — = i om” 4 sinh? yo, (32.5.11) 
dt asinh xo 


where m = 47po sinh® x0a% /3. Two surfaces can be connected if M = m, E = cosh yo and r = asinh Xo- 


32.6 GENERAL SPHERICAL COLLAPSE: METRIC IN COMOVING CO- 
ORDINATES 


Consider an inhomogeneous star with pressure, undergoing spherical collapse. Spherical symmetry alone 
is enough to guarantee the existence of a Schwarzschild coordinate system t,r, 6, ¢ throughout the interior 
and exterior of the star [see equation (32.2) and preceding discussion]. Label each spherical shell of the 
star by a parameter a, which tells how many baryons are contained interior to that shell. Then r(a, t) is 
the world line of the shell with label a. The expression for these world lines can be inverted to obtain 
a(r,t), the number of baryons interior to radius r at time t. Show that there exists a new time coordinate 
t(t,r), such that the line element (32.2), rewritten in the coordinates (t,a,0,@), has the form 


- ~ 2 ~ ~ ~ ~ ~ 
ds? = —e?* di? + [oe] +r7d’, = O(t,a),r=r(t,a), T =T(é,a). (32.6.1) 
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These are “comoving, synchronous coordinates” for the stellar interior. 


Solution: 


Suppose 
di = e” [e-*Aa,-dt + e 7% a dr] ; (32.6.2) 


e” is the integrating factor to ensure the existence of ¢. The coordinate transformation (t,r) — (t, a) bring 
equation (32.2) into 


ds? = gr PRR TEA eA g - eo a) ae + ea. =~ 9g dae (32.6.3) 


If e~*4a?. — e~?® a2, > 0, then we can bring 32.6.3 into 32.6.1 by choosing proper ® and I. In local 
normalized Lorentz frame, the condition can be rewritten as 


a”, > a". (32.6.4) 
Suppose the radial velocity of the baryon is v. After time Ai, the shell will move to # — vAt. Then we have 
a,puAt = a pvt. (32.6.5) 


Since v < 1, we must have a”, > a’. Thus we prove the existence of comoving coordinates. 


32.7 ADIABATIC SPHERICAL COLLAPSE: EQUATIONS OF EVOLUTION 


Describe the interior of a collapsing star by the comoving, synchronous metric 32.6.1, by the number 
density of baryons n, by the total density of mass-energy p, and by the pressure p. The 4-velocity of the 
star’s fluid is 


u =e °d/dt, (32.7.1) 
since the fluid is at rest in the coordinate system. Let a dot denote a proper time derivative as seen by the 


fluid-e.g., 


= un] = e~*(On/db)a; (32.7.2) 
and let a prime denote a partial derivative with respect to baryon number-e.g. 
n’ = (On/Oa);. (32.7.3) 


Denote by V the rate of change of (1/277) x (circumference of shell), as measured by a man riding in a 
given shell: 


Us? (32.7.4) 


and denote by m/(t, a) the “total mass-energy interior to shell a at time ¢”: 
m(t,a) = | Arr? p(t, a)r’da. (32.7.5) 
0 


(See Box 23.1 for discussion of this method of localizing mass-energy.) Assume that the collapse is adia- 
batic (no energy flow between adjacent shells; stress-energy tensor entirely that of a perfect fluid). 


(a) Show that the equations of collapse [baryon conservation, (22.3); local energy conservation, (22.11a); 
Euler equation, (22.13); and Einstein field equations (ex. 14.16)] can be reduced to the following eight 
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equations for the eight functions ®, I, r, n, p, p, V, m: 


7 =U, (32.7.6a) 
2\- i 
ne w = | (32.7.6b) 
nr Tr 
ee (32.7.6c) 
p+p mn 
: 2 pf 3 
Geog ee (32.7.6d) 
p+pr' - 
p=Pp(n,p), (32.7.6e) 
~ / ~ 
rns , ® = Oat star’s surface, (32.7.6f) 
p+p 
m' =4nr? pr’, (32.7.6) 
T = sign (r’)(1+ U? — 2m/r)/?. (32.7.6h) 


(b) The preceding equations are in a form useful for numerical calculations. For analytic work it is often 


useful to replace 32.7.6b by 
Tr 


n=—~, 
Arr?r! 


(32.7.7) 


and 32.7.6d by 
m = —4rr7pU. (32.7.8) 


Derive these equations. 


(c) Explain why equations 32.7.6g and 32.7.8 justify the remarks made in Box 23.1 about localizability 
of energy. 


Solution: 
(a) Equation 32.7.6a, 32.7.6e and 32.7.6g holds automatically by the definition in the exercise. 


The baryon conservation law gives 


ge N? 
0=V- (nu) =a tnV w= nt n(—g)-1?[(-9)¥2u]q = n+ = (=) ; (32.7.9) 


It can be rewritten as ; 
=0. (32.7.10) 


For adiabatic flow, we have ds/dr = 0 except in shock waves. The first law of thermodynamics gives 


pas (32.7.11) 
nr 

Note that 7 

a B _ aa a —20 
u®. gu” = u% + Poe (32.7.12) 

and 
$& 1 Tr? 26 @ 2 3 

P%qg = EPH, Digg = yePPO,  Toq = Ppp = 0. (32.7.13) 


The only none zero component of V,,u is (V,,u)! = I?’ /r’?. The Euler equation then gives 
(0+ p)®' +p’ =0. (32.7.14) 


And so ® = 0 outside the star. If we demand that = 0 at infinity, we must have ® = 0 at the star’s 
surface. 
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The stress energy of the fluid is Tg = (p + p)Uaug + Pgag. Explicitly, we have 


12 


Too = e2” p, T= eee 


rT Too = pr’, T33 = pr’ sin? 0. (32.7.15) 


All other components vanish. 


Einstein metric can be calculated from metric. Firstly, from Go, = 0 we have 


Tr’ —T6'U =0. (32.7.16) 
Note that U’ = (r’) — U®’. We have 

U’ ey oT 

v= m -= (32.7.17) 


Substituting 32.7.17 into 32.7.10, we can get 32.7.6b. From Gop = 8779 and 32.7.17, we can get 


— QT'r + Ur! + 2UU'r + (1 —T?)r’ = 8xpr?r"', (32.7.18) 


[r(l —T?) + U?r)]' = 2m’. (32.7.19) 


Noting that m(0) = 0, the integration of equation above will give 32.7.6h. From G11 = 87711, we can get 


W2r! 


/ 


U? — 2rU +1? — 1 = 8xpr. (32.7.20) 


vr 


Using equation 32.7.6f and 32.7.6h, we can obtain 32.7.6d. 


(b)Equation 32.7.10 can be rewritten as 


d (nr?r! 
—_ =0. 32.7.21 
alr) (62.7.2 
So we have 
T 
n= gC) erst (32.7.22) 
Ter 


where f(a) is an arbitrary function of baryon number a. On the other hand, from the definition of baryon 
number and number density we have 


a / 
a= / Annr? —da. 2:7.23) 
0) T 
It is easy to get f = 1/47 and so we have equation 32.7.7. 


Equation 32.7.6h can be rewritten as 
Im =r+rU? —rT?. (32.7.24) 


Take the time derivatives and we can get 
Qh =U + U8 + 2rUU — UT? — 2rIT. (32.7.25) 
Using 32.7.16 and 32.7.20, we can obtain equation 32.7.8. 


(c) From equation 32.7.6g and 32.7.8, we find that the mass-energy m associated with a given ball of 
matter (fixed baryon number) can change in time only to the extent that locally measurable energy fluxes 
can be detected at the boundary of the ball. And energy fluxes in this case it the power expended by 
pressure forces against the moving boundary surface. Thus the energy m is localized by the circumstance 
that transfer of energy is detectable by local measurements. 
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32.8 ANALYTIC SOLUTIONS FOR PRESSURE-FREE COLLAPSE 


Show how the general solution to the equations of collapse in the case of zero pressure can be generated. 


Solution: 


In the case of zero pressure, the equations of collapse can be simplified to the following equations. 


7 =U, (32.8.1a) 
n= — (32.8.1b) 
eens (32.8.1¢) 
p on 

m=0, (32.8.1d) 
& =0, (32.8.1e) 
m! = 4nr’ pr’, (32.8.1f) 
T = sign (r’)(1 + U? — 2m/r)/?. (32.8.1g) 


(1) At first, we specify mass inside shell a, m(a) at the beginning. It will not change with time according 
to 32.8.1d. 


(2) From 32.8.1c, we have (p/n) = 0. p and n can be related by 
p= pl(a)n. (32.8.2) 
Here (a) can be seen as rest masses of the particles at shell a. 


(3) Using 32.8.1b, 32.8.1f and 32.8.2, we can obtain 


r=—. (32.8.3) 
m 


And so [ is also independent of ¢. 


(4) From 32.8.1e, we know f = Of /Ot. Now using 32.8.1a, 32.8.1g, we can obtain 


ar \? 2m(a) 9 
(=) — 2m) _ p%(a) — 1. (32.8.4) 


If we specify the r(a) at t = 0, r(t,a) can be solved by the equation 32.8.4. 


The metric in this case therefore 
r'da\” 
ds* = —dt? + (=) +r7dn?. (32.8.5) 


The remaining quantities of interest can be calculated easily. 


32.9 COLLAPSE WITH UNIFORM DENSITY 


Recover the Friedmann-Schwarzschild solution for collapse with uniform density and zero pressure by 
specifying appropriate forms for m(a) and r(a) in the prescription of exercise 32.8. In the interior of 
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the star, give the dust particles nonzero rest masses, 4 = constant # 0; in the exterior give them zero 
rest masses, 4 = 0 (“imaginary dust particles” in vacuum). Reduce the resulting metric 32.8.5 to that of 
Friedmann inside the star, and to that of Novikov for the Schwarzschild geometry outside the star. 


Solution: 


The surface of the star is a = as. When a < s, we assume r(t,a) = f(t)R(a), T? = 1 — R? and 
m/R? = 2M/R3, where M is a constant and R, = R(as). The form of R(a) is determined by 32.8.3, 
ie. 


6MR? dR 
— 2 = eee 
yu(1 — R?) 7S da (32.9.1) 
The solution is 
meaner, (32.9.2) 
— 6M a 
The form of f is determined by 32.8.4, i.e. 
Of\? 2M1 
-~| = 1 32.9.3 
(He) <7 poe 
and we suppose Of /dt = 0 when ¢ = 0. So the initial distribution of r is 
* x 2M 
ro(a) = r(t =0,a) = f(t = 0)R(a) = BB R(a). (32.9.4) 
Especially, we have 
2M 
rs0 = T0(4s) = a (22.9.5) 
and so oat 
lr? =1-—-—., (32.9.6) 
Tso 
The metric becomes an 
ds? = —di? + f? ; “a + f Ran’. (32.9.7) 


It is clear that the resulting metric is Friedmann inside the star. 


When a > ao, m(a) is constant. And so we have m(a) = M by continuity. As m’ = 0 and yw = 0 outside 
the star, the value of I is arbitrary. And r(t,a) must satisfy that 


2 J 
(=) e a +0? 1. (32.9.8) 


And r(t,a@) satisfy the free fall equation for a particle in Schwartz metric with energy I'(a). Suppose 
Or /Ot = 0 at t = 0. We then have [? = 1 — 2M/ro. Note that I is also continuous across the star surface. 
The metric now becomes 


1 Or 
2 72 2 2 ICG2 
ds* = —dt* + 7 IM]rq (3 ) da* + r°dQ°. (32.9.9) 


Compare it with equation (31.11) and (31.12) in the textbook. It is clear that the resulting metric is 
Novikov outside the star. 


32.10 PRICE’S THEOREM FOR A SCALAR FIELD 


A collapsing spherical star, with an arbitrary nonspherical “scalar charge distribution,” generates an ex- 
ternal scalar field &. The vacuum field equation for is 06 = © ,* = 0. Ignore the back-reaction of the 
field’s stress-energy on the geometry of spacetime. 
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(a) Resolve the external field into scalar spherical harmonics, using Schwarzschild coordinates for the 
external Schwarzschild geometry: 


=> “W(t. r)¥in (0. $). G24101) 
£ 


Show that the vacuum field equation reduces to 


2M 2M (lf +1 
— Wer t+ Vere = (1 ) ( + ee We. (32.10.2) 


r r3 r2 


where r* is the “tortoise coordinate” of section 25.5 and Figure 25.4: 
r 
*=r+2MIn (= -1). 32.10.3 
r r+ N\og ( ) 


Notice that 32.10.2 is a flat-space, one-dimensional wave equation with effective potential 


Vee = (1 =) (= + ca ~) : (32.10.4) 


rs PD) 


Part of this effective potential [¢(¢ + 1)/r?] is the “centrifugal barrier”, and part [2M/r] is due to the 
curvature of spacetime. Notice the similarity of this effective potential for scalar waves, to the effective 
potentials for particles and photons moving in the Schwarzschild geometry, 


bs 2M L? 
(VV seorttenes = (1 = =) ( + Z| ; 


2M 
Ca (1 = =m) r? (32.10.5) 


r 


(Boxes 25.6 and 25.7). The scalar-wave potential, like the photon potential, is positive for all r > 2M. It 
rises, from 0 at r = 2M, to a barrier summit; then falls back to 0 at r = oo. 


(b) Show that there exist no physically acceptable static scalar-wav perturbations of a Schwarzschild black 
hole. [More precisely, show that all static solutions to equation 32.10.2 become infinite at either the 
horizon (r = 2M, r* = —oo) or at radial infinity.] This suggests that somehow the black hole formed by 
collapse must divest itself of the star’s external scalar field before it can settle down into a quiescent state. 


(c) The general solution to the wave equation 32.10.2 can be written in terms of a Fourier transform. 
For waves that begin near the horizon, propagate outward, and are partially transmitted and partially 
reflected (“rightward-propagating waves”), show that the general solution is 


We= / A(k) Ri (r*)e7**'dk, (32.10.6) 
where 
d? RE /dr*? = [—k? + Vew(r)| RE, (32.10.7) 
Ri, ee pee as r* — —oo, 
RE = Tet" as r* + 00. (32.10.8) 


Show that the “reflection and transmission coefficients for rightward-propagating waves”, re and TP) F 
have the following asymptotic forms for |k| < 1/M (short wave number; long wavelength): 


pe ___8 


PY) = -14a02Mik, TM”) = Bray Min (32.10.9) 


where a and ( are constants of order unity. Give a similar analysis for waves that impinge on a Schwarzschild 
black hole from outside (“leftward-propagating waves”). 
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(d) Show that, as the star collapses into the horizon, the world line of its surface in (¢,r*) coordinates is 
r* = R*(t) = —t — R* exp(—t/2M) + const., (32.10.10) 


where Rj is related to the magnitude a of the surface’s 4-acceleration (a > 0 for outward 4-acceleration) 


by 
1 1/2 
Ma+ (are + =) | ! (32.10.11) 


Thus, the world line of the surface appears to become null near the horizon (¢ + r* = V = constant); of 
course, this is due to pathology of the coordinate system there. Show, further, that the scalar field on the 
star’s surface (V = constant) must vary as 


eae {14 16Ma 
€ 


,=Qnt+Qne"/™, T=t-r*, (32.10.12) 


when the star is approaching the horizon (t — 00, r* > —oo, U — oo), in order that the rate of change 
of W, be finite as measured on the star’s surface. Notice that Qyo is the “final value” of the scalar field on 
the star’s surface. It can be regarded as an outgoing wave with zero wave number (infinite wavelength); 
and, consequently, it gets completely and destructively reflected by the effective potential. 


Conclusion: All multipoles of the scalar field die out at finite r* as t + oo (Price’s theorem for a scalar 


field.) 


Solution: 


(a) Generally, we have 


Sag Ging gl pW x: (32.10.13) 
In Schwarzschild metric, we have 
2(M — r) cos 8 
ae 32.10.1 
7 a o, r2 7 2 sin 8’ ( 4) 
So the field equation can be written as 
2M \~* 2M 2(M —r) 1 
—{1-— ® 1 ® ,,.,. ® , + ~— (sind®. —— ® 44 = 0. 
( r ) acl ( r ) r2 ' r? sin 0 on 0,0 = r2sinz9 '** 
(32.10.15) 
Substitute 32.10.1 into the field equation, we can get 
2M\—* 2M 2M 2M e(e+1 
elie) Wee dle Sp ee U, (e+ uy, =0. (32.10.16) 
- 7 po & r3 ) 
Using 
dr* 1 
= 32.10.1 
dr = 1—2M/r’ ( 2) 
we can get the field equation in tortoise coordinate, i.e. 32.10.2. 
(b) For static solutions, we have 
2M 2M 1 
Cen ae ee) wy, (32.10.18) 
: r r r2 
When r* — —o0 (r > 2M), we have W;,-.,-» — 0, and the asymptotic behavior of the W is 
Ww~r* or U~ constant. (32.10.19) 


If the solution is regular when r* — —oo, the only possibility is ¥ ~ constant. When r* > oo and £ > 0, 
we have Wy ,»,.» — €(¢+1)W)/r*?, and the asymptotic behavior of the W is 


Wn 1 or WA 7%, (32.10.20) 
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If the solution is regular when r* —+ oo, the only possibility is Y ~ r*—’. Now we want to connect two 
pieces of solution at infinity. We suppose W is positive when r* — —oo. Then we have Wy ,»;» > 0. So 
W, must be increasing as r increases, which is contradict to its behavior at r* — oo. The analysis for the 
opposite case is similar. 


If 2 = 0, we have 


2M 2M 2M 
 canaaely ee Von Vy = 0. (32.10.21) 
re a) 3 
We have exact solution 
2M 
Wo =cqur+ecorln{ 1——}. (32.10.22) 
i 
Clearly, it is not regular at r* — too. 
Thus all static solutions to equation 32.10.2 become infinite at either the horizon (r = 2M, r* = —oo) or 


at radial infinity. 


(c) If we substitute Fourier decomposition 32.10.36 into field equation 32.10.2, it is easy to obtain 32.10.37. 
When r* —> too, ie. r* > k7! > M, we have Veg — 0 and so 


RE = Qe*"" + Die" " (32.10.23) 


If we assume the waves are rightward-propagating, D; should be taken to 0 at r* — oo. So we have 
32.10.38 at infinity, up to a renormalization constant. 


At r* >> M (but r* < k71, or r* ~ k71, or r* >> k7+), we have 


PR, a5 HTD) | oe 
qe -| ke + | Re (32.10.24) 
The solution is 
RE = Cyr*h (ker*) + Dir*h (kr*), (32.10.25) 


where no (kr*) and ne?) (kr*) are the first and second type spherical Hankel function. When kr >> 1, we 
have asymptotic approximation 


AY (kr*) = eye rn?) (kr*) = ene (32.10.26) 
: kr*? l kr* 
In order to match 
RE = TP) ike” (32.10.27) 
at r >> k71. We must have 
RE = TOE rh (er) (32.10.28) 


atr* > M. 


At |r*| < k7! (but |r*| ~ M or |r*| >> M), RF = 2Miky, where y = y(r*) satisfies static field equation. 


dy 
— = Vary. 32.10.2 
7 ey ( 9) 
And according to discussion in (b), we have 
y=at iu as r* + —oo (32.10.30) 
and 
y = B(2M/r*)! as r* + +00. (32.10.31) 


where a and ( depend on multipole, but are both of order unity. 
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Now, by matching 32.10.28 and 32.10.31, noting that 


: (at : 
nh (kr ) eG ep ET at kr ~N 0, (32.10.32) 
we can get 
TW) = (1)! gpa emia. (32:10.33) 


Thus waves have no transmission in limit k 0. I have an extra (—1)! factor for Te. Please check it. 


By matching 32.10.30 and e**” + Pi) e-ike* noting that 
eff” 4 Re akr” 14 7® at kr* ~ 0, (32.10.34) 
we Can get 
ri) = —1 4 a2Mik. (32.10.35) 


So waves have complete reflection and complete destructive interference in limit k — 0. 


Analysis for leftward-propagating waves can be carried similarly. The general solution is 
Wy = ] A(k)L£(r*)e-**“dk, (32.10.36) 


where 
dL, /dr*? = [-k? + Vew(r) Li, (32.10.37) 
ioe + Te et as r* — 00, 
Lh + TP e-*r" ag p* + —00. (32.10.38) 


The “reflection and transmission coefficients for leftward-propagating waves”, ri?) and ae have the 
following asymptotic forms for |k| < 1/M (short wave number; long wavelength): 
a 


r@) = (-1)¢+" 4 aren Mine, T”) = B(2Mik) (32.10.39) 


where a and f are constants of order unity. Please see page 249 of the book Magic without Magic (Klauder 
et al.1972) for a more detailed discussion. 


(4) I do not know how to get the relation between Rj and four acceleration a. Any help is appreciated. 


Introduce Kruskal coordinates 
i=—4MeU/4M, § = 4MeV/4M, (32.10.40) 


Since & and @ are well-behaved coordinates at r = 2M, the partial derivatives OV /Ot and OW /00 should 
be finite. This implies that OV/OU must fall off sharply at the event horizon because 
OW _ VY oyam 
aU Ou 
and U — oo at r = 2M. The advanced time V is finite r = 2M so that OWV/OV is finite. 


(32.10.41) 


If we picture the path of the surface through space-time as V(U) or 6(i), then near r = 2M we have 


dV _dvdV dU _ dw e- U+V)/4M | .-U/4M 


= = 32.10.42 
dU dado’ da da pean) 


Thus we have > 
dv  OWwdV ss ow we U/AM. 


== = (32.10.43) 
dU OVdU OU 
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for large U. W varies as 7 
T= Qo+Qire VM (32.10.44) 


on star’s surface as R* —> —oo. 


The time-varying part of this surface field, © = Q,e~¥/4™, is of medium wavelength, so much of it 
gets through the potential and propagates off to V —> oo. But the static part, V = Qo, is of infinite 
wavelength and is completely reflected by the potential. Put in more physical terms, the curvature of 
spacetime prevents any information whatsoever about the final surface field T’ = Q, from propagating off 
to a distant external observer. 


32.11 NEWMAN-PENROSE “CONSTANTS” 


Wheeler (1955) showed that Maxwell’s equations for an ¢-pole electromagnetic field residing in the Schwarzschild 
geometry can be reduced to the wave equation 


2M\ &£4+1 
_ We tt + We pers = (1 a ) ( = yy. (32.11.1) 
r 


pe 


After this equation has been solved, the components of the electromagnetic field can be obtained by ap- 
plying certain differential operators to V¢(t,r*) Ym (0, ?). 


(a) Show that the general solution to the electromagnetic wave equation 32.11.1 for dipole (¢ = 1) fields, 
with outgoing-wave boundary conditions at r* — oo, has the form 


AO), oO) 


W, = fo(U) + = (2113) 
where U = t — r* is “retarded time”, and 
f= fo h=0,-,=-2+ Din =?) faa + (n— 2)M faa. (32.11.3) 
When spacetime is flat (17 = 0), this solution becomes 
Ww, = fi(U) + fi(U)/r. (32.11.4) 


The terms f2(U)/r2+--- which are absent in flat spacetime, are attributable to backscatter of the outgoing 
waves by the curvature of spacetime. They are sometimes called the “tail” of the waves. 


(b) Show that the general static dipole field has the form 32.11.2 with 


: 3 
(fo) static = 0; (fi) static =D= dipole moment; (f2)static — Fee ae (32.11.5) 


(c) Consider a star (not a black hole!) with a dipole field that is initially static. At time ¢ = 0, let 
the star suddenly change its dipole moment to a new static value D’. Equations 32.11.3 demand that 
fa be conserved [“Newman-Penrose (1965) constant”]. Hence, f2 will always exhibit a value 31M D/2 
corresponding to the old dipole moment; it can never change to 3M D’/2. This is a manifestation of the 
tail of the waves that are generated by the sudden change in dipole moment. To understand this tail 
effect more clearly, and to discover an important flaw in the above result, evaluate the solution 32.11.2 
for retarded time U > 0, using the assumptions 


* field has static form 32.11.5 for U < 0, 
* f, =D! forU>0. 
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Put the answer in the form 


Do 3MD &2M(D!— D)(-1)"(n4+ 10"? M2 M2U 
v= , 244: 
: r = 2r2 » (2r)” a rs? 4 G 2) 


(The terms neglected are small compared to those kept for all U /r, so long as r >> M.) Evidently, so long 
as the series converges the Newman- Penrose “constant” (coefficient of 1/r”) remembers the old D value 
and is conserved, as claimed above. Show, however, that the series diverges for U > 2r -i.e., it diverges 
inside a sphere that moves outward with asymptotically 1/3 the speed of light. Thus, the Newman-Penrose 
“constant” is well-defined and conserved only outside the “1/3-speed-of-light cone”. 


(d) Sum the series in 32.11.6 to obtain a solution valid even for U > 2r: 


D! 3MD! 2M(D'—D) (U M? 
De (D'- D) @ +3") Vg 
r 2r? r (U + 2r)? r3 
= the series 32.11.6 for U < 2r(domain of convergence of that series) 
D' MD' M M? ~ 
r 2r? Ur vr 


From this result conclude that at fixed r and late times the electromagnetic field becomes asymptotically 
static and the Newman-Penrose “constant” assumes the new value 3M D’/2 appropriate to the new dipole 
moment. 


Solution: 


(a) The expansion for outgoing waves assumes that at sufficiently large r the radial dependence can be 
analyzed as a power series in r~'. Thus we have the expansion 32.11.2. If we substitute 32.11.2 into 
32.11.1, we then have 


Sn kU) | RR+L Fe(O) — 2MR(k + 2)fe(W) _ Sr 2feU) 
S- a aE a = a (32.11.8) 
k=1 k=0 
By equating the coefficients of r—* of both side of the equation above, we can get 
2f = 2fo 
4f, + 2f1 = 2ft 
kf, + k(k — 1) fe—1 — 2Mk(k — 2) fro = 2fe—1 (K > 3). (32.11.9) 
Some simple algebra manipulation will give 32.11.3. When space time is flat, we have 
1)(n-2 
f= fo. a0, fp =-G FRO, (32.11.10) 


If fo £ 0, then fg = —2f.U/3+ f3(U = 0), which is unbound. Thus we must have f. = 0. By similar 
analysis, we can show that all higher terms vanish. The solution is therefore ¥, = f{(U) + fi(U)/r. 


(b) For static dipole field, we have f’, = 0, i.e. 
2nM 


fo = 9, fn—1 = —— fn—2 (n > 3). (32.11.11) 
n+l 
If f, = D, we can get 
i= = (2M)"—" (n > 2). (32.11.12) 
n+2 
(c) When /; changed form D to D’, we have 
fi = MAf, = M(D' —D) (32.11.13) 
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and so 
_ 12DM? 


——s 
In the case of U > M and r_>> M, we can neglect the constant term in fz. Generally, we can only keep 
terms with highest order of U. Suppose f, = C,,M(D’ — D)U"~?. We have 


PM aD, (32.11.14) 


(n + 1)(n — 2) 


fi = <7 Cn MDI nue (32.11.15) 
n 
and so j 
Geo. (32.11.16) 
2n 
As C3 = 1, we can obtain 
n+1 FS 
Cy = Sy, (32.11.17) 


Now the field can be written as 32.11.6. 


If U > 2r, the term 2M(D! — D)(—1)"*!(n + 1)r2(U//2r)"~? is infinite as n > oo and so the summation 
dose not converge mathematically. Though the value of the field may be finite by cancellation between 
infinite terms (called analytic continuation mathematically or renormalization physically), the Newman- 
Penrose “constant” become ill defined and cannot be evaluated uniquely from data in region U > 2r. 


When r > M, U > 2r is equivalent to r < t/3, so the divergent sphere move outward with 1/3 of speed 
of light. 


(4)Equation 32.11.6 can be rewritten as 


~\ n-2 = 
Di 3MD' M(D!'-D)<= U M? MU 
VW= +1 =a Ds 32.11.1 
: r Qr2 Qr? dr ) ( ) ve ( ps? ( _) 
Note that 
= n  8-2e 
So (n+3)a" = ~—, for |a| <1. (32.11.19) 
n=0 (1 — a)? 
By analytic continuation, we can obtain 
D' Ma 2M(D'—D) Uv M? M2U 
mee ( yea. Ze, (32.11.20) 
ro 2? i (U + 2r)2 rs? rd 
fUs>r> M, we have 
D!  3MD! M? M?U 
VW, = + : + O ; a : (32.11.21) 
r Qr2 nn i 


At fixed r and late times the electromagnetic field becomes asymptotically static and the Newman-Penrose 
“constant” assumes the new value 3 D'/2 appropriate to the new dipole moment. 
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Chapter 33 


BLACK HOLES 


33.1 KERR DESCRIPTION OF KILLING VECTORS 


(a) Use the transformation law from Boyer-Lindquist coordinates to Kerr coordinates [equation (4) of Box 
33.2] to show that 


_(a\ (a 
Sw) ~ (a)... 7 (3) 65 eee 


0 0 
= = = ‘ 33.1.1b 
So) a in (35) 55 


Verify explicitly by examining metric components that 


IFT = Mt, IF_= Geb IFE = Ide; (33.1.2) 
In accordance with equations 33.1.1. 


(b) Show that for a stationary observer (world line of constant r, 6), the angular velocity expressed in 
terms of Kerr coordinates is 


b é 
Q= “ = : = ma (33.1.3) 
Solution: 
(a) The transformation matrix is 
- 1 (r?+a7)/A 0 0 
ee aaa 
0 a/A 0 1) 56 


It is easy to see that 


= = —, (33.1.5) 


and 


= = (33.1.6) 
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In Boyer-Lindquist coordinates, we have 


A a?sin?6 r2 —2Mr +a? 4+ Q? — a? sin? 6 —2Mr+Q? 
Ke = q+ 2 — 2 2 ll = sl 2 2 = ’ (33.1.7) 
p p r? + a? cos? 6 r? + a? cos? 6 
aAsin?6@  a(a? +r?) sin? 6 a? +r? — A)asin? 0 2Mr — Q?)asin? 6 
96 = ( ae! : ) a) ail (33.1.8) 
p p p p 
and 2 ind 24 72)2 0:2 2 2)2 2 gin? 2 
Aa‘ sin* 6 r- + a“)*sin* 6 r- +.a*)* — Aa‘ sin* 6] sin* 6 
Ibo = 2 ( ) — (( ) 5) . (33.1.9) 
p p p 
In Kerr coordinates, we have 
2Mr — Q? 
og = -1+ a Q (33.1.10) 
a(2Mr — Q?) sin? 6 
Iv5 = ( @) (33.1.11) 
p 
and 2 2)2 2 gin? 2 
r- +.a*)* — Aa‘ sin* 6] sin* 6 
I¢6 = IK ) 2 . (33.1.12) 
Now, we have verified equation 33.1.2. 
(b) The transformation matrix gives 
dV = dt+(r?+a?)(dr/A), dé=d¢+a(dr/A). (33.1.13) 
For stationary object, we have dr = 0 and so 
dV =dt, dd=d¢. (33.1.14) 


Now, we have verified equation 33.1.3. 


33.2 OBSERVATIONS OF ANGULAR VELOCITY 


An observer, far from a black hole and at rest in the hole’s asymptotic Lorentz frame, watches (with his 
eyes) as a particle moves along a stationary (nongeodesic) orbit near the black hole. Let 2 = d¢/dt be 
the particle’s angular velocity, as defined and discussed above. The distant observer uses his stopwatch 
to measure the time required for the particle to make one complete circuit around the black hole (one 
complete circuit relative to the distant observer himself; i.e., relative to the hole’s asymptotic Lorentz 
frame). 


(a) Show that the circuit time measured is 27/Q. Thus, 2 can be regarded as the particle’s “angular 
velocity as measured from infinity.” 


(b) Let the observer moving with the particle measure its circuit time relative to the asymptotic Lorentz 


frame, using his eyes and a stopwatch he carries. Show that his answer for the circuit time must be 


Qn 
Ar = > (—g — 20g0¢ OP gag\l?. (33.2.1) 


Solution: 


(a) Suppose the observer is at (R, 90,40) and R >> M. At time ¢t, the particle pass ¢) and emit a photon to 
observer. The observer receive the photon at t+ At. At time ¢ + 27/Q, the particle pass ¢p again and emit 
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a photon to observer. The observer then will receive the photon at t + 27/Q + At. The time lag between 
two signals received by observer is therefore 27/Q, i.e. the circuit time measured is 27/Q. 


(b) The four velocity of the particle is u*(1,0, 0,9). Normalization gives 


(gee + 29g + gag? )u? = —1. (33.2.2) 
We can get 
“ = Nu’ = O(-ger — 2NGeg — 2? 944) 71. (33.2.3) 
The circuit time is 5 Ke 
ee (33.2.4) 


Ar = = 20 OF 
T do/dr Q ( Get Gto 960) 


33.3 LOCALLY NONROTATING OBSERVERS 


(a) Place a rigid, circular mirror (“ring mirror”) at fixed (r,@) around a black hole. Let an observer at (1, @) 
with angular velocity 2 emit a flash of light. Some of the photons will get caught by the mirror and will 
skim along its surface, circumnavigating the black hole in the positive-¢ direction. Others will get caught 
and will skim along in the negative-¢ direction. Show that the observer will receive back the photons from 
both directions simultaneously only if his angular velocity is 

(2Mr — Q?)a 


1 Got 
= OQmin + OQmnax = = . 33.3.1 
3! ) 966 (72 +2)? — Aa? sin? 6 ‘ : 


Q = w(r,d) = 


Thus in this case, and only in this case, can the observer regard the +¢ and —¢ directions as equivalent 
in terms of local geometry. Put differently, in this case and only in this case is the observer “nonrotating 
relative to the local spacetime geometry”. Thus, it is appropriate to use the name “locally nonrotating 
observer” for an observer who moves with the angular velocity Q = w(r, 6). 


(b) Associated with the axial symmetry of a black hole is a conserved quantity, pg = p - €(4) for geodesic 
motion. This quantity for any particle-whether it is moving along a geodesic or not-is called the “compo- 
nent of angular momentum along the black hole’s spin axis”, or simply the particle’s “angular momentum”. 
Show that of all stationary observers at fixed (r,@), only the “locally nonrotating observer” has zero an- 
gular momentum. [Note: Bardeen, Press, and Teukolsky (1972) have shown that the “locally nonrotating 
observer” can be a powerful tool in the analysis of physical processes near a black hole.] 


Solution: 


(a) Suppose the angular velocity of the photon is 2». The four velocity of the photon is u‘(1,0,0, Qpn). 
Using normalization condition, we have 


Gt + 29t6Qpn + 966221 = 0. (33.3.2) 
There are two solutions Qin and Qmin, satisfying 


Qmin + OQmax = a a (33.3.3) 
Iog 


If the observer will receive back the photons from both directions simultaneously, we have 


= (33.3.4) 


ie. Q = w(r, 9). 
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(b) The four momentum of the stationary observer is p'(1,0,0, 2). So we have 


Po = GbaP™ = V' (Gee + 9402). (33.3.5) 


If py = 0, we then have 


Q = — 2 = ul(r,6). (33.3.6) 
Ibe 


33.4 ORTHONORMAL FRAMES OF LOCALLY NONROTATING OBSERVERS 


(a) Let spacetime be filled with world lines of locally nonrotating observers, and let each such observer 
carry an orthonormal frame with himself. Show that the spatial orientations of these frames can be so 
chosen that their basis 1-forms are 


w! = |g —wgaglt/dt, w® = gi!’ (dd — wdt), w" = (p/A*/)dr, w® = pdb. (33.4.1) 
More specifically, show that these 1-forms are orthonormal and that the dual basis has 


0 


aE u = 4—velocity of locally nonrotating observer. (33.4.2) 


Show that —w! is a rotation-free field of 1-forms [dw! A w! = 0; exercise 4.4]. 


(b) One sometimes meets the mistaken notion that a “locally nonrotating observer” is in some sense locally 
inertial. To destroy this false impression, verify that: (i) such an observer has nonzero 4-acceleration, 


1 
a = Tye; = 5 V [gu — "996; (33.4.3) 


(ii) if such an observer carries gyroscopes with himself, applying the necessary accelerations at the gy- 
roscope centers of mass, he sees the gyroscopes precess relative to his orthonormal frame with angular 


velocity 
1/2 


1 Ibe W6 Al/2y) ra 
qprecess — Ty 2;€¢ + DP gag q = Cp ~er|. (33.4.4) 
Odt brt©O 2 lou — w2Geel/2 | p p 6 
Solution: 
(a) The metric of the spacetime is 
Git 0 0 —wIe¢ 1/(gte — w Gee) 0 0 w/ (gee — © G66) 
| 0 p/A oO aes 0 A/p? 0 0 
= Nl i 0 pp oOo |% = 0 0 1/p? 0 
—w9oo 0 ODO § Goo w/(git—wge) 0 0  git/[gee(gte — © 946) 
(33.4.5) 
Note that 
(w') = Get ~ w gggl/?(1, 0, 0, 0), 
jh 1/2 
(w® Ja = ee (—w, 0, 0, 1), 
(w*)a = p/A‘/?(0,1,0, 0), 
(w°)a = p(0,0, 1,0). (33.4.6) 


Direct calculation can show that these 1-forms are orthonormal. Also note that (0/08)* (w8 n= 5 . We 
can get 


ra) a 
(=) = |on — w?9ee|~1/2(1, 0, 0, w). (33.4.7) 
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Using d¢/dt = w(r,) for nonrotating observer, we know 0/0? is his four velocity. Since we have 

w! = [fdr A dt + |f[f7d0 A dt (33.4.8) 
where f = giz —wga4, we can easily deduce that dw! \w! = 0, ie. —w* is a rotation-free field of 1-forms. 
(b) Recall section 5 of the chapter 14. Note that 


dw (lm | )).gA/? pr tw? Nigra zim 6p “ly A wt 


saostins 


dw? = 5 (ln 940) .r ger mess Nw? += (Inga) op 19 Aw? 
= 95g wp rl FIT MAN? *wh Aw! tM gw al f lq U2 158 Aw* 


du" =In(p/A¥?) spt! Aw 


dw? = In(p) ,AM2p7 hw? Aw? (33.4.9) 
We then find that 
capt = SUF) AN 20, ogg! = 5 (im [f),0072, €5,° = 5 (ngyg), A297, 
m2 t6 or 2 
a a 5(Ing40).0P 7, eyi@ C.. har rl flO MAD ea Cae é = gi w wel fl” 425 a 
cag’ = n(o/ A *) co,° = In(p) AY? p71}. (33.4.10) 
Since 
Dasa = 5 (cna + Caao — Coap)s (33.4.11) 
we have 
Leg = —5(m lf), DE OD ye — 02, nlf AM? 9—*, Daag = —5(in|f1),007?, 
Vag = yew els, Vige = ~ 5920 w | f[-M2AM2 9-1, ligg = — 9, alf|/2p72, 


Tage = in(o/A"/?) if p7?. Tagg = —In(p), ,AY?p7}, ee = agi wyl fl /2A0/2 p71 


1 
= 1/2 = = 
Peas —5(in 969), A1/2p *, Tagg = sone lf” ce arn — 5 (In. geo),0P : 


T 
(33.4.12) 
All other terms either can be calculated by Dyiu24 = —Dvpa or vanish. 
The acceleration of the observer is 
1 1 1 ; 
a=u-Vu=I°xe a = Psi = (nif). + 5(nIfl),00 = 3 V lo — Go6)- (33.4.13) 
The angular velocity of the observer’s spatial frame is 
1 
Q= SeiGGReR: Vue; = 5 cigal ajeei = = Tgggee + Dngzeg- (33.4.14) 
The gyroscopes precess relative to his orthonormal frame with angular velocity 
1/2 
1 Ibe W6 Ag, 
gprecsess = —Q =Tazcen + Tg ,pe9 ep “e,|. (33.4.15) 
bee oF) O lou — wgeal'/? | p ae 
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33.5 LOCAL LIGHT CONES 


Calculate the shapes of the light cones depicted in the Kerr diagram for an uncharged Kerr black hole (part 
ILF of Box 33.2). In particular, introduce a new time coordinate 


i=V-—r (33.5.1) 


for which the slices of constant t are horizontal surfaces in the Kerr diagram. Then the Kerr diagram plots 
t vertically, r radially, and ¢ azimuthally, while holding @ = 7/2 (“equatorial slice through black hole”). 


(a) Show that the light cone emanating from given ¢, r and ¢ has the form 


dr (dé 2M /r 1 (dd /dby? 
a” (a) 1+2M/r — la +2M/r)2 1+2M/r° (33.5.2) 


(b) Show that the light cone slices through the surface of constant radius along the curves 
dr/dt =0, dd/dét = Qmin and Qmax, (33.5.3) 


where Qmin and Qmax are given by expressions (33.15a,b) (minimum and maximum allowed angular 
velocities for stationary observers). 


(c) Show that at the static limit, r = ro(m/2), the light cone is tangent to a curve of constant r, 6 and ¢. 
(d) Show that the light cone slices the surface of constant ¢ along the curves 


do dr 1—2M/r 
= — = 1 d ° 
dt 0, dt oe toe /r 


(33.5.4) 


(e) Show that the light cone is tangent to the horizon. 
(f) Make pictures of the shapes of the light cone as a function of radius. 


(g) Describe qualitatively how the light cone must look near the horizon in Boyer-Lindquist coordinates. 
(Note: it will look “crazy” because the coordinates are singular at the horizon.) 


Solution: 
(a)Take 6 = 7/2 and Q = 0, the metric in Kerr frame is 


r 


2M\ .~ e 2M “ : 4Ma .~ .~ 
ds? = — (1 = a) dV? + 2drdV + [1 +a? (1 + )| dé? — 2adbdr — ——“déaV. (33.5.5) 
1 i of 


In new coordinates t = V — r, we have dV = df + dt, and so 


2M 2M 4M 2 2M ~ 2M ~ 4Ma .~ ~ 
ds? = (1 ) di? 4 (1 + ) dr? +—drdt+ [2 +a? (1 + )| d¢*—2a (1 + ddr © dédi. 
I. r di r r df 


(33.5.6) 


For null geodesics, we have ds? = 0 and so 


9 ~ ~\ 2 2 
Cee ee aac) mee eee 
Tr dt r r dt | dt 7 dt r dt r 


(33.5.7) 


Solving the quadratic equation for dr/dt above, we can obtain 33.5.2. 
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(b) Using 33.5.6 and dr/dt = 0, we can get 


wy 2 as 
ee 2M\] [dé 4Ma dé 2M\ _ 
[ +a (1+ - )| (#) — (1 - ) =0. (33.5.8) 


Note that 


2M 2M 2M 
mm =- (1-2), Jt = — a 966 = +07 (1+) (33.5.9) 


when Q = 0 and 0 = 7/2 in Boyer-Lindquist coordinates. We can conclude that Qin and Qmax are the 
solution of 33.5.8. 


(c) At static limit, we have Q,nin = 0, ice. we can have dé / dt = 0 when dr/dt = 0 for null geodesics. And 
so the light cone is tangent to a curve of constant r, 6 and ¢. 


(d) According to 33.5.2, we have 


i ~ 1 Soa =a TG nee ae (33.5.10) 
when d¢/dt = 0. 
(e) At horizon, we have 
“ Onin = Cmax pee (33.5.11) 


when dr/dt = 0. So the light cone is tangent to the horizon. 


33.6 SUPERHAMIITONIAN FOR CHARGED-PARTICLE MOTION 


Show that Hamilton’s equations (33.28a) for the Hamiltonian (33.28b) reduce to equation (33.29a) for 
the value of the generalized momentum, and to the Lorentz force equation (33.29b). 


Solution: 


The Hamiltonian is 


1 
H = go (tn — eA, me eAy) (33.6.1) 
So we have 
dat OH 
ee GG BY = —7b_ fed 
P= om, g(a, —eA,) = 7" — eA (33.6.2) 
and 
dr OH ie . s 
a = 8 a (T —eA,)(me —eAg) eA, (7? — eA”). (33.6.3) 
Note that 
0 = (9°? 964) 6 = 9099 p +9" Gey: (33.6.4) 
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We have 
dp _ dg” pv Ey 
a. Wee 


d 
= ge Po Py a ght (ty - eA,) 
1 
= —9!"? doB,aP° P ar gt” [50° Pas “FE eAg vp - egh’ Ay vp” 
pv 1 a,B pv a 
= 9" | 5908 — GvB,0) PP’ + eg” Fvop 


1 
= — 59" (Gua,6 + QvB,a — Jop,v pp” + eFY pn, 
= PhP p + eF Da. (33.6.5) 


33.7 HAMILTON-JACOBI DERIVATION OF EQUATIONS OF MOTION 


Derive the first-order equations of motion (33.32) for a charged particle moving in the external fields of a 
Kerr-Newman black hole. Use the Hamilton-Jacobi method. 


Solution: 


(a) We first replace the generalized momentum 7, by the gradient 0.5/0x°% a of the Hamilton-Jacobi 
function hroughout the superhamiltonian of equation (33.28b) 


(b) Then we write down the Hamilton-Jacobi equation in the form 


Os Os 1 Os Os 
-—- —_—_— = a = aB —_ — 
ar H E 3a 59 & ca) & cp) : (33.7.1) 


(c) In Boyer-Lindquist coordinates, the metric restricted to (t, #) for a Kerr-Newman black hole is 


a —A +a? sin? 6 a(A— r? — a?) sin? 6 
_ 2 
cae & —r?—a?)sin?6@ [(r? + a2)? — Aa? sin? 6] sin? 6 ore) 
The inverse metric is 
deer. i [(r? + a?)? — Aa? sin? 6]sin?@ a(r? + a? — A) sin? 6 (33.7.3) 
-. Ap? sin? 6 a(r? + a? — A) sin? 6 —A +a? sin? 6 
Put back r and 6 coordinates and we can get 
a a i aC 1 ay? 
— a8 = 2 2 | N | n2 9 
I= 9 8x2 x8 ~~ Kp? [tr ee ax| "sin? E care 0s 
ALO" a ON 
: 33.7. 
+3 (+) +3 (5) (33.7.4) 
(d) The vector potential of EM field is 
Ag = Bee 0,0, —asin? 6). (33.7.5) 
p 
So we have 
(r? +. a7) A; 4 aAg=—Qr, Agt asin? 6A; =0 (33.7.6) 


324 


Now the Hamilton-Jacobi equation can be written as 


Os Pm 1 1 (r? | OP ee | Qr ee ea OS sin? o> : 
dr. 2Ap Oe BE) ag.” 2 p2sin? 6 | 06 Ot 
1A /as\? 11 (as? 
5p (=) ap (3) ; (33.7.7) 


(e) Because the equation has no explicit dependence on 4, ¢, or t, the solution must take the form 
1 
S= 5A — Bt + L2b + Sr(r) + So(8), (33.7.8) 


where the values of the “integration constants” follow from 0S/0\ = —H, 0S/0¢ = m¢ and 0S/0t = tr. 
Insert this assumed form into (33.35), we have 


1 2 1 ; 2 
w= Ap [-(r? +a@7)E+aL,+eQr] 4 ain? 8 [L. — aE sin’ 6] 
A (a8,\* 1 (08—\" 
+ (=) + 2 (St) ; (33.7.9) 


Multiply both sides of equation above by p? = r? + a? cos? 0, 


1 376 
—(r? + a? cos? )y? = = [-(r? +0?)E + abs + eQr]’ + L2 (1 race a ~2aL,E + a? E*(1— cos? 8) 
sin 
OS, \*  (AS—\” 
+A ( = ) . (FE) (33.7.10) 
Now we can separate the variable and get 
L2 cos? 0 7 
— a? cos? Op? + £ = Te — aE? cos? 6 + (=) (33.7.11) 
and ‘ 
2-9 1 2 2 2 2 OS, 
rp -h= A [-(r? ++.@7)E+aL,+eQr]°+(L,-ak)?+A 5 ; (33.7.12) 
r 


where the constant £ arises naturally as a “separation-of-variables constant” in this procedure. Using the 
definition 


L?2 
@ = L — cos” [or - E) + — ; 
sin* 0 
P= E(r? +a”) — L,a—eQr, 
R= P? —Alp?r? +(L,-—aEyY +4], (33.7.13) 


we can obtain the solution for S,. and So: 


S,. - {Par So = | vas (33.7.14) 


(f) We will use £ + (L, — aE)? as a new constant of motion instead of £. Therefore X = £+(L,—aE)?, 
u?, E or L, are new canonical momentum brought by generating function S. New canonical coordinates 
Y = 0S/0X are also constant of motion. The equation of motion is given by Y = 0S/0X. 


We can set all Y to 0, as they can be absorbed into the integration of r and 0 or eliminated by the redefinition 
of the origin of t and ¢. By successively setting 0S/0X to zero, we can obtain the equations describing 
the test-particle orbits. Note that 


O=L4 (Lz — aE)? — a?p? cos? 6 — (L, — aE sin? 0)”. (33.7.15) 


sin? 6 
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We have 
OR fale) 


a+ (Lk, aE] «Be +L, a] ~ 


OF gg BO os 


aye = 3 aye = —a Cos 0 

OR ag yn (OO 8 

JE = 2P(r +a ), ap 7 2elhe — aH sin 6). 
On. 00 | Pa ae 
aL. 2aP, dL. —2(L, — aE sin* 0)/sin* 0. 


Using 


we have the equation of motion 
/ dO" dr 
vo Pe 
° a? cos? 
Ke fs 
Ji 


dr =) dr 
Ox eee ae Ee 


‘=f ee 0) " " P(r? +a?) 
. vo AVR 


p= f aetsne oa 
. sin? 0VO AVR 


(g) By differentiating these equations, we have 


dé 3) 

dr R’ 

dX a®cos?6d0— or? sp? 

ie Jo @ JR JR 

dt _ a(L, —aEsin?0)d0 = P(r? +a?) | a(L, — aE sin? 0) + 


P(r? +a7)A71 


ae: vo dr AVR VR 
dp L,—aEsin?9d0 | oP _ L,sin"*0-aE+aPA7} 
dr sin? VQ dr AVR VR , 
After combining them, we have 
dé 
ous — 
pa, = Ve, 
dr 
pane 2 = 
p= VR, 
2 dt cee 
a ae a(L, —aEsin? 6) + P(r? +07)A™, 
gdp ree -1 
p- ar =L,sin-“0-aE+aPA™. 


(h) Using 7, = 0S/0x%, we have 


1 1. 
— 5H = 59°" (ta —eAa)(ms —eAg), m= —E, 
and 
L2 
To = 6 — eos? 9 | a2(u? — E*) + 3a |e 
sin* 0 
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3 


(33.7.16a) 


(33.7.16b) 


(33.7.16c) 


(33.7.16d) 


(33.7.17) 


(33.7.18a) 


(33.7.18b) 


(33.7.18c) 


(33.7.18d) 


(33.7.19a) 


(33.7.19b) 


(33.7.19c) 


(33.7.19d) 


(33.7.20a) 
(33.7.20b) 
(33.7.20c) 


(33.7.20d) 
(33.7.20e) 


(33.7.21) 


(33.7.22) 


Using 7, — eAg = pa, we have 
9° PoPB a =, E=-(p+eAr), Le=pgt eAg (33.7.23) 

and 

L? 


L = pg + cos’ |a*(u* — E*) + —4_ |. 
sin* 6 


(33.7.24) 


33.8 KERR-SCHILD COORDINATES 


(a) Show that In Kerr coordinates the ingoing null congruence (33.39) has the form (33.42a). Also show 
that the covariant components of the wave vector - after changing to a new affine parameter \new = Acia 
- are 


Kn) = 0, Ko) =0, Kg”) =asin?@, KO) = -1. (33.8.1) 


(b) Introduce new coordinates ft, x, y, z, defined by 
rt+iy= (r + ia)e** sin, z=rcosé, t=V—r; (33.8.2) 


and show that in tills “Kerr-Schild coordinate system” the metric takes the form 


ds? = (nag + 2HKEM KY \de*de?®, (33.8.3) 
where 
Mr —- $ 7 
SS ee aT PES) 33.8. 
r2 + a2(z/r)?’ (33.8.4) 
d dx) — a(xady — yd d . 
ko”) da = re yy x) a(a Y y x) ZQZ di. (33.8.5) 
r?2 + a? Tr 
For the transformation to analogous coordinates in which 
ds” = (nag + 2HROMORO™ \detde?, (33.8.6) 


see, e.g., Boyer and Lindquist (1967). 


Solution: 


(a) In Boyer-Lindquist coordinates, the four momentum of ingoing photons whose trajectories belong 
to principal null congruences are 


sp D 
+a°)E ak 
eo k” =—B, k° =0, kh? = = 33.8. 
A 9 E ? A % ( 7) 
Transformation between Boyer-Lindquist coordinates Kerr coordinates are described by 
dV = dt +(r?+a?)(dr/A), dd =dd+a(dr/A). (33.8.8) 
And so we can get 
21 72 
7 +a ze a 
bY =he4 "gr a0, be Hk 4+ SH = 33.8. 
ae 0, +z 0, (33.8.9) 
ie. k* = (0, —E,0,0). The metric in Kerr coordinates is 
-1 1 0 0 1 0 0 —asin? 6 
ay oe 0 0 —asin? 0 2Mr — Q? 0 0 0 0 
Jap ~ | 9 0 0 a 0 00 0 EGOS G10) 
0 -—asin?@ 0 (r?+a?)sin?@ —asin?@ 0 0 a?sin*é 
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So we have kg = gagk? = —gqa,E = —E(1,0,0,—asin6). Changing to a new affine parameter Anew = 
ola, we can get equation 33.8.1. 


(b)The transformation matrix between new coordinates a = t,x, y, z and Kerr coordinates @ = V,r,0,¢ 
is 


1 —1 0 0 
Ox* _ 10 cos sin 6 (r-cos ¢ — asin ¢) cos 0 —(r sin 6 + acos ¢) sin 6 (33.8.11) 
dx* 10 sindsind (rsind+acos¢)cosé (rcosd—asind) sind a 
0 cos 6 —rsind 0 
Note that in Kerr coordinates, 1 + 2H Kar) i will be transformed to 
Oa ab a + 2H REM RL) (33.8.12) 
One "P58 a 8 os 
It is easy to verify that 
-1 1 0 0 
Ox Ox? 1 0 0 —asin? 0 
aak6 sa =| 0 i 2 ; (33.8.13) 
0 —-asin?6 0 (r?+a?)sin? 6 
and 
1 0 0 —asin? 6 
(in) (in) _ 2Mr — Q? 0 0 0 0 
2H ks” = — ‘ a ‘ (33.8.14) 
—asin?@ 0 0 a?sin*é 


So in tills Kerr-Schild coordinate system the metric takes the form of 33.8.3. 


33.9 NULL GENERATORS OF HORIZON 


(a) Show that in Kerr coordinates the outgoing principle null congruence is described by the tangent vector 


— =2a—, —— = Ar? + a?)5. (33.9.1) 


(b) These components of the wave vector become singular at the horizon (A = 0), not because of a 
singularity in the coordinate system-the coordinates are well-behaved! - but because of poor normalization 
of the affine parameter. For each outgoing geodesic, let Ay be a constant, defined as the value of A at the 
event where the geodesic slices the hypersurface V = 0. Then renormalize the affine parameter for each 
geodesic 


EL 
= : 33.9.2 
Arey Ao Xold ( 9 ) 
Show that the resulting wave vectors 
do dr db _ | Ag WV ga, An 
a 7% a = 40 De? dd = 2(r +a 7 (33.9.3) 


are well-behaved as one approaches the horizon; and show that the geodesics on the horizon have the 
form 
6 = const., r=r,= const., = 2a\, V = 2(r2 +7). (33.9.4) 


(c) Show that these are the only test-particle trajectories that remain forever on the horizon. 
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Solution: 


(a) In Boyer-Lindquist coordinates, the outgoing principle null congruence is described by the tangent 
vector 


dO dr db aE dt (r?+a@’)E 
a HE ae Ga a mn . (33.9.5) 
Using - 
dV =dt+(r?+a’)(dr/A), d¢=dd+a(dr/A), (33.9.6) 
we can get 
dé . E dv... »E 


(b) When the photon approaches the horizon, we have Aj > 0 and so dr/dX — 0. A(r) will be a constant 
equal to Ap. So we have 7 
dé dr do dV 
Dg a ax 
The geodesic is well behaved and can be parameterized by 33.9.4. 


= 2(r? +a”). (33.9.8) 


(c) The line element at horizon with dr = 0 is 


ds? = —[1 — p-?(2Mr, — Q?)|dV? + p2d6? + p~?(r? + a”)? sin? Odd? — 2ap~?(2Mr4. — Q?) sin? OdddV. 


(33.9.9) 
Using A = r?. + a? + Q? — 2Mr, =O and p? =r? + a? cos? 6, we can obtain 
ds” = p~? sin? 6[adV — (r2. + a)ddJ? + p?d6?. (33.9.10) 
As ds? < 0, we must have - - 
dd = 0, adV = (r=. +. a”)dd. (33.9.11) 


So 33.9.4 are the only test-particle trajectories that remain forever on the horizon. 


33.10 ANGULAR MOMENTUM VECTOR FOR IN FALLING PARTICLE 


Derive equations (33.49d,e,f) for the components L, and L,, of the orbital angular momentum of a particle 
falling into a black hole. Assume negligible initial speed, E? — p:? ~ 0. 


Solution: 


At infinity, we have 
xz=rsinécos¢, y=rsinésing, z=rcosé. (33.10.1) 


Assume negligible initial speed, we can get 


Lz/ j= yz — zy = —r? sin dO — r? cos O sin 6 cos $6, (33.10.2a) 
L,/p = zz — 24 = r? cos 66 — r? cos 6 sin O sin $¢, (33.10.2b) 
Lz/w= xy — ye =r? sin? 66. (33.10.2c) 


Using equations 33.7.13 and 33.7.18 with conditions r >> M,a,Q and E? — pi? ~ 0, we have 
@=L-L* cot?6, P= Er?, A=r?, p? =r? (33.10.3) 


and so 


do dp -L dt 
RY = ac g06 ge 33.10. 
yas pS ep?! ( ” 
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Now we have 


Ly = —Sin bo9 V O09 — COtA59 COS Goo lz, Ly = 608 boo V Goo — COt Foo SIN boo Lz 


2+ = [0x 4 cot? 0,2 = VE. 


33.11 IRREDUCIBLE MASS IS IRREDUCIBLE 


Show that condition (33.56) is equivalent to 6Mj, > 0. 


Solution: 


The irreducible mass is defined as 
A \12 
My, = (F) ’ 


A =4n(r5. +0”). 


where A is the surface area of horizon, 


So 6M > 0 is equivalent to r, dr, + ada > 0. Using ry = M + \/M? — Q? — a?, we have 


ae Sa 


r ory + ada = ry (a0 


ry = M Saag 
— ri 6M — r+Q6Q — arsda n a(r, — M)da 
_ Ty = M T+ = M 
_ ri 6M —r+Q6Q — aM6(S/M) 
7 Ty —_ M 
_ (ri +.0?)6M — 14.Q6Q — adS 
- Ty = M , 
So 6Mix > 0 is equivalent to 
5M > ses ae 
ra +a 


33.12 SURFACE AREA OF A BLACK HOLE 


(33.10.5) 


(33.10.6) 


(33.11.1) 


(33.11.2) 


(33.11.3) 


(33.11.4) 


Show that the surface area of the horizon of the Kerr-Newman geometry [area of surface r = ry and t = 


const (Boyer-Lindquist coordinates) or V =const (Kerr coordinates) ] is 167M? 


Solution: 
In Boyer-Lindquist or Kerr coordinates, the line element on the horizon is 
ds? = pdb” + p-*(r3, +.a”)” sin” 6d”. 


The surface element is therefore 
dS = (r7. +a”) sin 0d6d¢. 
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(33.12.1) 


(33.12.2) 


The surface area is 


A= f(t +e) ) sin 6dbd¢ 


= 4n(r3, +a”) 
= 4n|[(M + \/M2 — Q? — a?)? + a? | 
= 4n(2M? — Q? + 2,\/M4 — Q?2M? — S?) 
= 4n(2M? — Q? + \/(2M2 — Q?)2 — Q4 — 492) (33.12.23) 
Note that A 
Q? S2 
M? = (| My ' 33,12, 
+7,) 7 4M? ( #) 
We can obtain 
A= 16rM. (33.12.5) 


33.13 ANGULAR VELOCITY OF A BLACK HOLE 


A general theorem [Hartle (1970) for relativistic case; Ostriker and Gunn (1969) for nonrelativistic case] 
says that, if one injects angular momentum into a rotating star while holding fixed all other contributions 
to its total mass-energy (contributions from entropy and from baryonic rest mass), then the injection 
produces a change in total mass-energy given by 


d(mass-energy) = (angular velocity of star at point of injection) d(angular momentum). = (33.13.1) 


By analogy, if one injects an angular momentum 0S into a rotating black hole while holding fixed all other 
contributions to its total mass-energy (contributions from irreducible mass and from charge), one identifies 
the coefficient 9), in the equation 


6M =0),6S (33.13.2) 
as the angular velocity of the hole: 
OQ, = (FS) ; (33.13.3) 
OS } o My 


(a) Show that the angular velocity of a black hole is equal to 


a 


Q, = 
2 2° 
ri +a 


(33.13.4) 


Notice that this is precisely the angular velocity of photons that live forever on the horizon [equation 
(33.42b); “barber-pole twist” of null generators of horizon]. 


(b) Show that any object falling into a black hole acquires an angular velocity (relative to Boyer-Lindquist 


coordinates) of 2 = ae in the late stages, as it approaches the horizon. (Recall that the horizon is a 


singularity of the Boyer-Lindquist coordinates. This is the reason that every object, regardless of its L., 
E, e, p, & can approach and does approach 2 = 2),.) 


Solution: 


(a) Generally, we have equation 33.11.4. If we demand that 6Mji, = 0 and 6Q = 0, we will have 


a 
6M = ——. 0S. 33.13.5 
es (33.13.5) 


And so we have 33.13.4. 
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(b) From equation 33.7.20, we have 


any _ 
dp _ (eee : aE)A +aP (33.13.6) 
dt = (L,—ak sin’ 6)aA + (r? + a?)P 
As the particle approaches the horizon, A —> 0, and so we have 
oe ’ (33.13.7) 


ae a 
dt r2 4+ a? 


33.14 SEPARATION OF VARIABLES FOR WAVE EQUATIONS 


This chapter has studied extensively the motion of small objects in the external fields of black holes. Of 
almost equal importance, but not so well-understood yet because of its complexity, is the evolution of weak 
electromagnetic and gravitational perturbations (“waves”) in the Kerr-Newman geometry. Just as one had 
no a priori reason to expect a “fourth constant” for test particle motion in the Kerr-Newman geometry, so 
one had no reason to expect separability for Maxwell’s equations, or for the wave equations describing 
gravitational perturbations-or even for the scalar wave equation Ly) = —w_,°. Thus it came as a great 
surprise when Carter (1968c) proved separability for the scalar wave equation, and later when Teukolsky 
(1972, 1973) separated both Maxwell’s equations and the wave equations for gravitational perturbations. 


Show that separation of variables for the scalar-wave equation in the (uncharged) Kerr geometry yields 
solutions of the form 
wb = (r? +.07)~/2uem (rT) Sme(—iwa, cos O)e(™F-¥) (33.14.1) 


where m and ¢ are integers with 0 < |m| < ¢; S;,¢ is a spheroidal harmonic [see Meixner and Scharfke 
(1954)]; and we, satisfies the differential equation 
du 
dr*2 


In order to put the equation in this form, define a Regge-Wheeler (1957) “tortoise” -type radial coordinate 
r* by 


+Vu=0. (33.14.2) 


dr* = A7*(r? + a?)dr, (33.14.3) 
and find an effective potential V(r*) given by 


2 
V=- € - as) + [(m — wa)? + £](r? +.47)-7A 


+ 2(Mr — a”)(r? + a?)~3A + 3a7(r? + a?) 4A?. (33.14.4) 


In this radial equation £ is a constant (analog of Carter’s constant for particle motion), given in terms of 
m and ¢ by 
b= Ane 0 (33.14.5) 


Ame is eigenfunction of spheroidal harmonic. 


Solution: 


The field equation Ow = 0 is equivalent to 
9° bop — 9°PT* g = 0. (33.14.6) 
The components of metric and inverse metric in Boyer-Lindquist coordinates are given by 33.7.2, 33.7.3 
and 33.7.4. Detailed calculations show that 
1 


9°? Tg = (0, 2M — 2r, cot 6, 0), (33.14.7) 


ao) 
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where p? = r? + a? cos” 6. The field equations can be written explicitly: 


2 2)\2 
= bt sin? OW tt 


4Mar 
A 


a? 1 
Wd Wa6+—zs V6 AV pr +2(r—M) r+ 09+cot 0,6 = 0, 
A sin* 0 
(33.14.8) 
where A = r? — 2Mr + a?. 


Suppose the field equation can be solved by separating variables and note that the field equation does not 
contain ¢ and ¢ explicitly. We would like to assume 


wb = R(r)O(O)e*" Fe". (33.14.9) 
Substitute 33.14.9 into 33.14.8. We can obtain 


(r? + a?)?w? — Marne + a?m? és AR wp + 20 —M)R, eee me © 69 + cot 00 6 
sin 


(2) 
(33.14.10) 
The first two terms of the equation functions of 7 only while the last three terms are functions of @ only. 
So we can introduce a constant £ such that 
0 66 + cot 00 6 2 m? 22 2 


6 a?w? sin? 6 ay = —-a*w mi —L. (33.14.11) 


The equation above can be rewritten as 


1 0/. .00 ae m2 7 : 
snd (sino) + (« w* cos” 6 — an? 6 0 =-(L+m°*)O. (33.14.12) 


The general solution is spheroidal harmonic © = Si,¢(—iwa,cos@). And \»e = £ +m? is the eigenvalue 
of this Sturm-Liouville differential equation and fixed by the requirement that S,,.¢(—iwa, cos @) must be 
finite for | cos 6| = 1. 


The differential equation for R(r) is 
A[AR pr +2(r — M)R,p] + [(r? +. 07)??? — 4Marmw + a?m?|R = (L+0?w?+m7)AR (33.14.13) 


Now we introduce u = R(r? + a?)!/? and note that d/dr = (r? + a?) A~!d/dr*. We have 


(r? 4 a2)1/2 r 
Ry = UW r* A “(P + a?)3/2 (33.14.14) 
and 
Regia: (r? + a2)3/2 ne 2(r — M)(r?2 + a?)1/2 . ia 
A?2 A2 A (r2+a2)1/2 
- u 3ur? 
Ur A(r2 +a2)!/2 (r2 + a2)3/2 + (72 + a2ys/2 (33.14.15) 
It is easy to get 
hie 23/2 uA? + 2uA(r — M)r Bur2A2 
AJAR pr + 2(r = M)R.»| = (r +a ) / U,r*r* (r2 ts a?)3/2 + (r2 ma a2)e/2 : (33.14.16) 
And so we have 
au 
“apa (33.14.17) 
where 
V ay? + AMarmw = a?m?* + (£4 a%w? +m)A | AP +2Ar= Mr _3r? A? (33.14.18) 


(r? +a’)? as (r? +a?) (r? +a?)4 


A little calculations can lead to 33.14.4. 
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Chapter 34 


GLOBAL TECHNIQUES, HORIZONS, 
AND SINGULARITY THEOREMS 


34.1 FLAT SPACETIME IN 1), €, 0, ¢ COORDINATES 


(a) Derive equation (34.2c) from (34.1) and (34.2a,b). 


(b) Show that the regions J+, I~, 1°, .Y+, and .4~ of flat spacetime are located at 


It :pw=7,€=0, 


I :p=-7,€=0, 

P:~=0,€=7c, 

J :pt+l=a,—m<w—-E<7, 

J-:p—-E= an, 1 <wtE<n. (34.1.1) 


[see equatlons (34.2)]. These are the regions depicted in Figure 34.2. 


(c) Show that in flat spacetime, in a 7, € coordinate diagram (Figure 34.2), radial null lines make angles 
of 45° with the vertical axis, and nonradial null lines make angles of less than 45°. 


Solution: 


(a) From (34.2a,b), we have 


dw + dé dw — dé 
dt+dr= dt —dr = : 34.1.2 
ae 2cos? $(q + €)’ - 2cos? $(w — €) Ogee? 
We can obtain 
—di? + dé? 
— dt? + dr? = —(dt — dr)(dt + dr) = : (34.1.3) 
4 cos? $(w + €) cos? $(a — €) 
Now we can derive equation (34.2c). 
(b) From (34.2a,b), we have 
w =arctan(t+r)+arctan(t—r), € =arctan(t+r)—arctan(t—r). (34.1.4) 


For future timelike infinity J+, we have t + +00 while r is finite. So we can get 7) = 7 and € = 0. For past 
timelike infinity I~, we have t + —co while r is finite. So we can get w = —7 and € = 0. For spacelike 
infinity I°, we have r + +00 while t is finite. So we can get 7 = 0 and € = 7. 
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Note that 
w+ € = 2arctan(t+1r),y — € = 2arctan(t — r). (34.1.5) 


For future null infinity .7*+, we have t + r — +00 while t — r is finite. So we can get ~ + € = 7m and 
w —€ © (—7,7). For past null infinity 7%, we have t — r — +00 while ¢ + r is finite. So we can get 
y—€=nandy+€e (-7,7). 

(c) For null geodesics, we have ds? = 0. From equation (34.2c), we can get 


dap? = dé? + 4 cos” aC + €) cos? aC — £)r?(d6? + sin” 6d¢”), (34.1.6) 


and so dy? = dé? for radial null lines while dy? > dé? for non-radial null lines. So radial null lines make 
angles of 45° with the vertical axis, and nonradial null lines make angles of less than 45°. 


34.2 SCHWARZSCHILD SPACETIME IN w, €, 0, 6 COORDINATES 


(a) Derive equations (34.3c,d) from (34.3a,b) and the Kruskal-Szekeres equations (31.14). 


(b) Use equations (34.3) to justify the precise form of the coordinate diagram in Figure 34.3. 


Solution: 


(a) The Schwarzschild geometry in Kruskal-Szekeres coordinates is 


32M3 
= ——e 
7 


Pe —7/2M (_dy? 4 du?) + r?(d6? + sin? Odd”). (34.2.1) 


Here r is to be regarded as a function of u and v defined implicitly by 


ee r/2M _ 2 _ 4,2 
(= 1) e€ ur —vU*. (34.2.2) 
From (34.3a,b), we have 
vtustan5(v +8), v-ustans(b—&. (34.2.3) 
So we have i i 
rn | he =: ea ee ee lke 
(1 aif) e (v + u)(v—u) = tan 5 (p+ €) tan 5( — 6). (34.2.4) 
Note that duetege ap — dé 
+ — 
dv+du= , dv-—du= ; 34.2.5 
a 2cos? $(w + €) on 2 cos? 5 (a — €) oe 
The metric becomes 
32M3 —dyy? + dé? 
aes ics ?(d6 + sin? 6d¢”). 34.2.6 
: ro dcos? L(p + A)cos® LA” ee) : : 
(b) Using 34.2.4, in w — € coordinates, the horizon r = 2M becomes 
1 1 
tan gv +8) tan gv — 8) = 0, (34.2.7) 
ie. 
p+e=Oorp—E=0. (34.2.8) 
The singularity r = 0 becomes 
1 1 
tan av + &) tan gs) =. (34.2.9) 
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Note that 1/ tana = cot a, we have 


ian aC baa aC as (34.2.10) 


1 1 T T 
gv +8) 5 Hj=y~= ae (34.2.11) 


34.3 REISSNER-NORDSTROM SPACETIME 


(a) Show that there exists a coordinate system in which the Reissner-Nordstrom geometry with 0 < |Q| < 
M (exercises 31.8 and 32.1) has the form 


ds? = F?(—dyy? + dé?) +r°dQ’, F=F(p,6), r=r(v,8), (34.3.1) 
and in which the honzons and infinities are as shown in Figure 34.4. 


(b) Use Figure 34.4 to deduce that the Reissner-Nordstrom geometry describes a “worm-hole” or bridge, 
connecting two asymptotically flat spacetimes, which: (i) expands to a state of maximum circumference; 
(ii) recontracts toward a state of minimum circumference, and in the process disconnects its outer regions 
from the two J°’s (spatial infinity) and reconnects them to a pair of r = 0 singularities; (iii) bounces; (iv) 
reexpands, and in the process disconnects its “outer regions” from the two singularities and reconnects 
them to a pair of Js in two new asymptotically flat universes; (v) slows its expansion to a halt; (vi) 
recontracts toward a state of minimum circumference, and in the process disconnects its outer regions 
from the two /°’s and reconnects them to a new pair of r = 0 singularities; etc. ad infinitum. 


Solution: 


(a) The metric of Reissner-Nordstrom geometry in t — r coordinates is 


2 aN aE 
ds? = (1 suas = ) di? + (1 ae ©) dr? + 7? d0?. (34.3.2) 
r r r r 
Define r*(r) by 
OO ad ge (34.3.3) 
dr 
where f = (1 — 2M/r + Q?/r?). The transformation matrix of coordinate transformation 
ie moe (34.3.4) 
U=t-r* 
: altsr) _ (1/2 
t,r 1/2 1/2 
= : 34.3.5 
a(V,U) Ge “y) : ; 
The new components of the metric are therefore 
1/2 f/2 ) @ 0 ) te 1/2 ) ( 0 a 
= : 34.3.6 
Gio he) FP) (He Fe) = (ee 0 se 
Le. . 
ds? = (1 zie = ) dVdU + r7dQ?. (34.3.7) 
r r 
Define r 7 
ti =tsen(fyeU/4", b= +eV/4™, (34.3.8) 
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We have a 
dUdV = sgn(f)16M2e"—Y)/4™ did’ = sgn(f)16M2e—" /2™ dado. (34.3.9) 


Now introducing new coordinates 


1 1 
a = tan gv — 8), b= tan 5(b + §). (34.3.10) 
We have 
d d. dy —d —di)? + dé? 
jai Oe et coos te ; (34.3.1) 
2 cos? 5(y + €) —2.cos? 5(y — €) 4 cos? 5 (7 — €) cos” 5(a + €) 
The metric is 
ds” = F?(—dy? + dé”) + r7d0?, (34.3.12) 
where 
. 1 1 2M @Q?'? 
F =2Me—"/™ sec =(a + €) sec =( — €) |1 + Q (34.3.13) 
2 2 r r2 
Note that 
psa nee ile! (34.3.14) 
; 
The integration gives 
2] —1j-r21 _-1 
gag OS eB 8 (34.3.15) 


Pa Ee 


So we have r* — co when r > 00; r* + —oo when r > 113 r* > 00 whenr > r_; r* > 0 when r = 0. 
Also note that 
iii = —sgn(f)e" /2™, 6/%i = —sgn(fye/?™”, 6 =e TO/4™M, & = —sen(fye —9/4™, (34.3.16) 


The spacelike infinity is i — —oo while 0/it is finite. In w — € coordinates, we have w = 2nz while 
= --7. We limit —7 < € < 7 in order to separate disconnect spacetime. 


The future timelike infinity is t > oo for € > 0 and t + —oo for € < 0, while r is finite. So we have 
b/t — —oo for € > 0 and t/t > 0 for € < 0 while dz is finite. In w — € coordinates, we can get 
wy = (2n + 1/2)m and € = +7/2. Similarly, we have = (2n — 1/2) and € = +7//2 for past time like 
infinity. 


The future null infinity is t + r — oo for € > 0 and r—t > ~ for € < 0. So we have t > oo for € > 0 and 
u — oo for € < 0. In 7) — € coordinates, we can get = + € = (2n + 1)z for € > O and a — € = (2n + 1)z for 
€ < 0 Similarly, we have w — € = (2n+1)z for € > 0 and w—€ = (2n+1)z for € < 0 in the case of past null 
infinity. Note we must keep the line representing the future (past) null infinity between spacelike infinity 
and future (past) timelike infinite. 


Horizon r = r_ sits att + r* > oo with t — r* finite or r* — t > oo with t + r* finite since horizon is 
null surface. So they are also lines w + € = (2n + 1)x in w — € coordinates. But we must keep the line 
representing the inner horizon beyond spacelike infinity and timelike infinite. 


Horizon r = r, sits at r* — t — —oo with t + r* infinite or r* + t > oo with t — r* finite, corresponding 
to ® = 0 or & = 0. So they are lines w + € = 2nz. 


Singularity r = r* = 0 corresponds to tii = —1. It is easily to get € = +7/2. Note we must keep it with 
the inner horizon. 


Put all the discussion together, we can get the following spacetime diagram copied from textbook. 
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(b) Consider the hypersurface 7) = constant. 


At ~ = 0, the worm whole expands to a state of maximum circumference 277+. 


When 0 < ~ < a, the worm hole recontracts. At w) = 2/2, the worm hole disconnects its outer regions 
from the two /°s and reconnects them to a pair of r = 0 singularities. 


At wy = 7, the worm hole recontracts to a state of minimum circumference 27r_, and then bounces. 


When 7 < ~ < 27, the worm hole reexpands. At 7) = 7/2, the worm hole disconnects its “outer regions” 
from the two singularities and reconnects them to a pair of [°s in two new asymptotically flat universes. 


At y = 27, the worm hole slows its expansion to a halt and expands to a state of maximum circumference 


QT 4... 


34.4 A BLACK HOLE CAN NEVER BIFURCATE 


Make plausible the theorem that no matter how hard one “zaps” a black hole, and no matter what one 
“zaps” it with, one can never make it bifurcate into two black holes. 


Solution: 


The solution is based on chapter 9.2 of the book The large scale structure of spacetime (S.W.Hawking & 
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G.F.R.Ellis) 
Let 4(71) be a black hole on .7(7,). Let 4g(72) and #3(72) be black holes on a later surface . (72). 


If 4 (71) bifurcates into Bo(72) and A3(rT2), then Bo(72) and A3(rT2) both intersect J*(A\(71)), and does 
not intersect with each other. 


Other the other hand, every future-directed inextendible timelike curve from 4; (7,) will intersect .Y (72). 
Thus 
I*(Ar(m1)) 1A (72) (34.4.1) 


is connected and will be contained in a connected component of #(r2), or the signal from 4\(7,) can 
escape to future null infinite .%*. If @(72) and #3(r72) both intersect J*(A1(71)), then we have 


J*(Ay(1)) M S (72) CG #o(T2) (34.4.2) 


and 
J*(Bi(11)) OA (t2) C Bs(12), (34.4.3) 


which is contradictory with the fact that 4(72) and 43(72) does not intersect with each other. 


So a black hole can never bifurcate. 
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Chapter 35 


PROPAGATION OF GRAVITATIONAL 
WAVES 


35.1 TRANSFORMATION OF PLANE WAVE TO TT GAUGE 


Let a plane wave of the form (35.4) be given, in some arbitrary gauge of linearized theory. Exhibit explicitly 
the transformation that puts it into the TT gauge. 


Solution: 


For plane wave 


Ayv = Ap exp(ikax™), (35.1.1) 
where k*° ka = 0, Ayak® = 0, the gauge transformation generated by 
&# = —iC” exp(ikax®) (35.1.2) 
will be 
Apynew = Apvjola — Cuky — Crky + QuvkaC®. (35.1.3) 


Work in a Lorentz frame where the 4-velocity u“, of the TT gauge is u? = 1, ud = 0. The the new A,,, 
must satisfy A,,o = 0 and Ax; = 0. We can obtain the equation 


Aoo,ola — Coko — Ciki = 0, (35.1.4a) 
Ajo,ola — Ciko — Cok; = 0, (35.1.4b) 
Aiji,oiad — 83Coko + Crk; = 0. (35.1.4c) 
From 35.1.4b, we have 
ki Aiooia = KiCiko + Cok? = kiCiko + Coko = ko(kiC; + Coko) = ko Aoo,ola (35.1.5) 


using ki = k? and Agoko = Aiki. Noting that ko 4 0, we conclude that 35.1.4a can be deduced from 
35.1.4b. Equation 35.1.4b and 35.1.4c can be written as 


ky ko Co Ajo,old 
ko ko Ci Ago,old 

. = 35.1.6 
k3 ko C2 A30,0ld ( ) 
3ko —ky —kog —ks C3 Aii,old 


The determine of the matrix is —4k5 4 0. So we must have a solution C,,, i.e. we can put plane wave into 
the TT gauge. 
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35.2 LIMITATION ON EXISTENCE OF TT GAUGE 


Although the metric perturbation h,,, for any gravitational wave in linearized theory can be put into the 
TT form (35.8), nonradiative h,,,’s cannot. Consider, for example, the external field of a rotating, spherical 
star, which cannot be written as a superposition of plane waves: 


2M 2M foe th 
hoo = eo jk = Sp nd hor = —2€kim po? (35.2.1) 


where r = \/x? + y? + z?, M is the star’s mass and S is its angular momentum. Show that this cannot be 
put into TT gauge. 


Solution: 


Suppose the external field of a rotating can be put into TT gauge, then we have 
hjx,00 = —2Ryoxo- (35.2.2) 


Rjoxo is gauge invariant, so it can be calculated using original h,,,. To linear order, we have 


Rjono = UV j00,% — Pjor,o = — Sho = ee ate): (35.2.3) 
Thus . 
hjx.oo = 2M Bont eGR). (35.2.4) 
Now we calculate Rozz in both the original gauge and the new gauge. In TT gauge, we have 
lor 1 rr 
Roxyz = Vorz,y — Voay,z = ~ a hez.oy + a tay.02: (35.2.5) 


Clearly, Rox, calculated in this way must be a function of time While Ro,,, calculated using original h,,, 
can not be a function of time. This is contradictory with the fact that R,..,. is gauge invariant. So the 
external field of a rotating can not be put into TT gauge. 


35.3. A CYLINDRICAL GRAVITATIONAL WAVE 


To restore one’s faith, which may have been shaken by exercise 35.2, one can consider the radiative solution 
whose only nonvanishing component h,,,, is 


hz = 4A cos(wt) Jo(w Vx? + y?), (35.3.1) 


where Jo is the Bessel function. This solution represents a superposition of ingoing and outgoing cylindrical 
gravitational waves. For this gravitational field calculate Rjo,0 and from it infer h{,". Then calculate 
several other components of Ragys (e.g., Reyzy) in the original gauge and in TT gauge, and verify that 
the answers are the same. 


Solution: 


In the original gauge, we have 


1 0 0 0 
Ob 0 “0 

hw =15 g 1 9 | 2Acos(wt)Jo(we), (35.3.2) 
Os--0; « 40r> ot 
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where p = \/x? + y?. So the curvature tensor 


1 1 
Rjoro = Vj00,4 — Vjor,0 = — 5 (hoo. 5k + hjr,o0) = — 5 hjK,00- (35.3.3) 


We can infer that 
hig = —w*hoo,jk + hyn. (35.3.4) 


Then we calculate several other components of R35 in the original gauge and in TT gauge. For example, 
in the original gauge, we have 


1 


In TT gauge, we have 


i TT TT TT 
Reyry = — 5 lyy.2e Ne Pies a) = 2hey,cy) 


1 1 _ 
= ~ 5 yy,2e Ty hee,yy) a pis * (Koo awae A hoo,xeyy = 2hoo,ryay) 
1 
= — 5 fyy.cx ye Rex,yy)- (35.3.6) 


By similar procedure, we can verify that other components of R.g-+5 in the original gauge and in TT gauge 
are the same. 


35.4 NON-TT PARTS OF METRIC PERTURBATION 


From Box 35.1 establish the formula h? = V~?(hxxuw — hein); then verify the gauge invariance of h” 
directly, by showing that hj.x 1 — hein is gauge-invariant. Use dh;; = &,; + €),;. Show similarly that the 
quantities ho; defined by 


how = hok _— V7 (6 uk + hxi,i0) (35.4.1) 
are gauge-invariant. Show from the gauge-invariant linearized field equations (18.5) that 
V2nt =—-1607T™, V?hon = —167Tox, (35.4.2) 


so h and ho, must vamsh for waves in empty space. 


Solution: 


The projection operator to transverse direction is 


Pix = Ojk — V~?0; 0p. (35.4.3) 
So we have 
h? = Pahgt = hin — Vo Axia = V2 Chew, — eae): (35.4.4) 
Under gauge transformation, we have 
O( hick. — Puat,nt) = 2En,e0t — €x;tnt — €t,4nt = 0. (35.4.5) 


So h” is gauge invariant. 
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As for ho,., we have 


= 1 1 
Shor = Shox — V~? on - 3550 (—Sho0, ux + ORiiur) + ORett0 5 Ska ( dhoo,to 4 sso) 


1 1 
= bho, — V~? ston + dhio,ik — 3 (—Sho0,0% + hiion) + dhkt0 — 3 (Shoo, 40 + sss) 


= dhon — V~? (dhio,ik — Shit,or + Ohe1,10) 
= fon + bro — V? (Ei,oik + £0,iik — 26i,00k + €k,u0 + £1,410) 
= £04 + £0 — V7 (04k + &k,ii0) 


So ho, is gauge invariant. 


The gauge-invariant linearized field equations is 
Qa Qa Qa 3 B 
Wider + Waren _ ee ~ Rw — Nv (hog Pe hg ) = l6nTw- 
The 00 component of the equation is 
2Noa,0° — 2oo,0° — h,00 + Ce on ve 
= — 2ho0,00 + 2ho:,01 + ho0,00 — hoo,it + hoo,00 — Rii,oo + (hoo,00 — 2hoi,01 + his,i3) 


+ (—hoo + his),oo — (—hoo + his) 55 
=hij,43 = hij; _ 167Too. 


Note that 
Vn? = hee — Pasar 


We have 
V72h? = -162Too. 


The linearized field equations can also be written as 
= Rye — Nutra” + Pye ry + hae = aT. 
The 0&4 component of the equation is 


= Rome ay hog e + lige 


=hox,00 hok,3j t hig se hixo,o0 { his.50 
= — how, 35 + hoa + hyj jo = L67Tox. 
Note that ; ; ; ; 
V7 hor = hor.i7 — (R6,yn + Pesto): 
We have ; 
V7hor = —167Tox. 


(35.4.6) 


(35.4.7) 


(35.4.8) 


(35.4.9) 


(35.4.10) 


(35.4.11) 


(35.4.12) 


(35.4.13) 


(35.4.14) 


35.5 ALTERNATIVE CALCULATION OF RELATIVE OSCILLATIONS 


Introduce a TT coordinate system in which, at time t = 0, the two particles are both at rest. Use the 
geodesic equation to show that subsequently they both always remain at rest in the TT coordinates, despite 
the action of the wave. This means that the contravariant components of the separation vector are always 


constant in the TT coordinate frame: 


ene SS a 
n’ = Xp — ©, = const. 
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(35.5.1) 


Call this constant ai, (0): Transform these components to the comoving orthonormal frame; the answer 
should be equation (35.15). 


Solution: 


The geodesic equation particles is 
d? x4 ~~ de? da? 
—~— +I" ,— — =0. 35.5.2 
dr? oB dr dr ( ) 
In TT gauge, Beg = 0 unless if a = 0 or 6 = 0. However, dx*/dr 4 0 unless a = 0. If the particle is at 
rest at t = 0, we have d?x) /dr? = 0 at t = 0. And so it will remain at rest. 


Assuming x4 = 0, the coordinate transformation to local Lorentz frame of A is 
fe . ce : 
gaat ahiy + O(h?, 2”) (35.5.3) 
So we have i 
ag = 2, + aha PB: (35.5.4) 


Supposing h7," vanish when 7 = 0, we have 


, 2 1 : 
@B(T) = LB) + shy TBE): (35.5.5) 


35.6 ROTATIONAL TRANSFORMATIONS FOR POLARIZATION STATES 


Consider two Lorentz coordinate systems, one rotated by an angle 6 about the z direction relative to the 
other: 
t=t, xc =xcosé+ysind, y’ =ycosd—y' sind, z’ =z. (35.6.1) 


Let | +) and | |) be quantum-mechanical states of a neutrino with spin-up and spin-down relative to the x 
direction; and similarly for | +’) and | |’). Let e,, ey, €2’, ey, be the unit polarization vectors in the two 
coordinate systems for an electromagnetic wave traveling in the z-direction; and similarly e,, e,, e4/, 
ex for a gravitational wave in linearized theory. Derive the following transformation laws: 


ak | 1 1 
|") =| 1) cos 54+] 1)sin 56 | 1’) =—|4)sin 58+ 1) cos 58; 
€z/ = €, coSP + ey,sin#; ey = —e, sind + ey cos 6; 
ey =e, cos20+e, sin20; ex = —e;, sin20 + ex cos 20. (35.6.2) 


What is the generalization to the linear-polarization basis states for a radiation field of arbitrary spin S? 


Solution: 


Using | t) and | {) as base vector, the operator for spin in x and y direction is 


L720 cme 
8.=5 (4 ey s=5 (7 a (35.6.3) 


So the spin operate in x’ direction is 


(35.6.4) 


1 ; re 
Sy = $0080 +5,sind = 5 (OF sin 0 ) 


sin@ —cos@. 
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The eigenvector is 


Die od ll 1 1 1 1 
(cos 59, sin 5°) for \ = 53 ( sin 56,00850 for \ = “5 (35.6.5) 


| t’) =|) cos so + |) sin se | J’) = —| t) sin so + |) cos 50. (35.6.6) 


The unit polarization vectors for an electromagnetic wave is a normal vector in space. The transformation 
laws are identical to that of coordinates. So we have 


€z/ = €, cosP + e,sin#; ey = —ez sin@ + e, cos. (35.6.7) 
Note that 
aa Ot* _, OxF 
hid = — fy’) —_., 35.6. 
Ox’ OxI G08) 
We have 
cos@ —sind 1 0O cos? sin cos260 ~~ sin 20 
i (ee cos 0 ) (; =" (: sin 0 =o ~ fee — cos a) (35.6.9) 
and 
cos@ —sind 0 1 cos@ sin@ —sin2@ cos20 
eS (S. cos 6 ) G i) ic sin 0 oF = ( cos 20 mee (35.6.10) 
i.e. 
ey =e, cos20+e, sin20; ey, = —e, sin20 +e, cos20. (35.6.11) 


The generalization to the linear-polarization basis states for a radiation field of arbitrary spin S is 


€g = €, cos SO + e,sin Sd; ey, = —e,sin SO + e, cos SO. (35.6.12) 


35.7 ELLIPTICAL POLARIZATION 


Discuss elliptically polarized gravitational waves in a manner analogous to the discussion of linearly and 
circularly polarized waves in Figure 35.2. 


Solution: 


For elliptical polarized waves e = (2e, + ie,)/W/5, deformation of a ring of test particles are shown 
in the following figure. 
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35.8 GLOBALLY WELL-BEHAVED COORDINATES FOR PLANE WAVE 


Find a coordinate transformation similar to (35.35), which puts the exact plane-wave solution (35.29a), 


(35.31), into the form 


ds* = dX? + dY* — dUdV + (X? —Y?)FdU?, F = F(U) completely arbitrary. 


(35.8.1) 


This coordinate system has the advantage of no coordinate singularities anywhere; while the original 
coordinate system has the advantages of an easy transition to linearized theory, and easy interpretation 


of the action of the wave on test particles. 


Solution: 


The coordinate transformation can be given by 


X 
Taal 
_ YY 
Y= Te-B’ 

u=U, 


where L” + (3’)?L = 0. Then we can get 


Fee aan De sep dU 
leg ag 
1 TPs 3 
ty= ph [ev-v (2-0) a), 
du = dU, 
L' ef 
w= av 2x (F +0") axa (F-s')ay 


L"” L’2 L" L’ 
2 ” Bp Pe et 
x? (S- Fete") +? (F- Fo") aw 


The metric of the spacetime is therefore 


ds? = L?e7? da” + L?e~*? dy? — dudv 
Li : i a 
- jax-x(F+5') au| +[av-y (F-<') au| 
L' F L' ; 
— dUdV + 2X 7+ dXdU + 2Y 778 dUdY 


L! L’2 L” L’? 
Dol Se ae ee " DfES oe a Se 2 
+[2(4 arte") +¥?( )| av 


= dX* + dY? — dUdV + (X?-Y?’) (= 


If we assume F'(U) = 2L’6'/L + 6”, then we have 


dL! / 
ds? = dX? + dY? — dUdV + F(U)(X? -Y’) (= + 6") dU?. 
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(35.8.2a) 


(35.8.2b) 
(35.8.2c) 


(35.8.2d) 


(35.8.3a) 


(35.8.3b) 


(35.8.3c) 


(35.8.3d) 


(35.8.4) 


(35.8.5) 


35.9 GEODESIC COMPLETENESS FOR PLANE-WAVE MANIFOLD 


Prove that the coordinate system (X,Y,U,V) of exercise 35.8 completely covers its spacetime manifold. 
More specifically, show that every geodesic can be extended in both directions for an arbitrarily large 
affine-parameter length without leaving the X, Y, U, V coordinate system. This property is called geodesic 
completeness. 


[Hint: Choose an arbitrary event and an arbitrary tangent vector d/d) there. They determine an arbitrary 
geodesic. Perform a coordinate transformation that leaves the form of the metric unchanged and puts 
d/dd either in the (J,V) = constant 2-surface, or in the (X, Y) = constant 2-surface. Verify that the 
two coordinate systems cover the same region of spacetime. Then analyze completeness of geodesic in 
(X,Y,U,V) coordinates. ] 


I do not know how to find a coordinate transformation that leaves the form of the metric unchanged and 
puts an arbitrary vector either in the (U,V) = constant 2-surface, or in the (X, Y) = constant 2-surface. 
Any help is appreciated. 


35.10 PLANE WAVE WITH TWO POLARIZATIONS PRESENT 


The exact plane-wave solution (35.29) has polarization e,. Construct a similar solution, containing two 
arbitrary amplitudes, 3(w) and y(w), for polarizations e, and e,,. Extend the discussions of section 35.9- 
35.12 to this solution. 


Solution: 


Suppose the metric is 
ds” = L?(e?? dx? + 4ydady + e~?? dy”) — dudv. (35.10.1) 


The only component of the Ricci tensor that does not vanish identically is 


2 [(1 — 497) 26? — (1+ 49?) Ly? — 2y(1 — 47?) Ly" — 41 — 47) + (1 = 49 PE] 


—= (1 —4y°7E 


(35.10.2) 
The field equation is 


(1 — 497)? L” — 4(1 — 497 )y7/L! + [(1 — 49°) 8? — (14 477)? — 211 - 47 yy] L=0. — (35.10.3) 


The linearized version of this equation is L’’ = 0. Therefore the solution corresponding to linearized theory 
is 


L=1, (wu) and y(u) arbitrary but small. (35.10.4) 
The corresponding metric is 
ds* = (14 28)dx? + (1 — 28)dy? + 4ydady + dz? — dt?, B=6(t—z), y=7(t—2z). (35.10.5) 


Notice that this is a plane wave containing two arbitrary amplitudes, 3(u) and y(u), for polarizations e+ 
and ex. 


Return attention to the exact plane wave, and focus on the case where the “wave factor” {(u) and y(u) 
is a pulse of duration 2T, and |(’|,|y'| < 1/T throughout the pulse. Then the exact solution is: (1) for 


u <T (flat spacetime; pulse has not yet arrived), 


p=y=0, L=1; (35.10.6) 
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(2) for —T < u < T (interior of pulse), 


B = B(u) is arbitrary, except that |3’| < 1/T, 
7 = y(u) is arbitrary, except that |y'| < 1/7, 


L(u) =1- / {| [@'2 (a) — y/2(a) — 2n(@)o" (jaa dii + O(h’4), (35.10.7) 
-T \J-1T 
where h ~ 6, y, 6’T, 7/T and yT?. (3) for u > T (after the pulse has passed), 
2 
B=0,7=0L=1-+, a=— pee) (35.10.8) 
a fe (B”2 _ yl? = 2y7"")du 


Perform the coordinate transformation as equation (35.35), we can show that spacetime is completely flat 
in regions where the “wave factor” vanishes - which is everywhere outside the pulse. 


Consider a family of particles that are all at rest in the original t, x, y, z coordinate system before the 
pulse arrives. Then even while the pulse is passing, and after it has gone, the particles remain at rest in 
the coordinate system from the fact that Io, = 0. 


Two particles whose separation is in the direction of propagation of the pulse (z-direction) have constant 
proper separation since g,, = 1. Plane wave is completely transverse, like a plane wave of linearized 
theory. 


Neighboring particles transverse to the propagation direction have a proper separation that wiggles as the 
pulse passes 
As? = L[(1 + 28)(Az)? + (1 — 28)(Ay)? + 4yArAy]. (35.10.9) 


Superimposed on the usual linearized-theory type of wiggling is a very small net acceleration of the par- 
ticles toward each other due to L. This is an acceleration of almost Newtonian type, caused by the grav- 
itational attraction of the energy that the gravitational wave carries between the two particles. The total 
effect of all the energy that passes is to convert the particles from an initial state of relative rest, to a final 
state of relative motion with speed 


dAs LAs; As; 
—d = 35.10.10 
dt dt a? ( ) 


Ufinal = 
where As; is the initial particle separation. 


Think of the exact gravitational plane-wave solution as ripples in the spacetime curvature, described by 
G(u) and y(uw), propagating on a very slightly curved background spacetime, characterized by L(u). By 
similar discussion in section 12, we can show that the wavelength of gravitational wave is much smaller 
than the radius of curvature of background. This difference in scales enables one to separate out the 
background from the ripples. 


The metric for the background of the gravitational plane wave is 
ds” = g)dr"da” = L? (dx? + dy”) — dudv. (35.10.11) 
The metric for the full spacetime is 
ds” = (9 + Puy )da¥da”, he = —hyy = 28, hay = hye = 27, all other hy, = 0. (35.10.12) 


One can think of the ripples as a transverse, traceless, G,,,, = —2L'"/Lsymmetric tensor field h,,, propa- 
gating in the background geometry. 


Suppose the background curvature is produced the gravitational wave ripples h,,,. We have 


B 2L” EFF 
GQ) = = 8a. (35.10.13) 


350 


Using equation 35.10.3, to the second order of h, we have 


a 2 WV 
qe) = FO By a (35.10.14) 
T 

In averaging sense, we have 

O = ((y7)") = 277) + ly"). (35.10.15) 
So 
12 12 
+ 1 

(Tu) = (=er) = ( se-hinwhinn) ‘ (35.10.16) 


35.11 CONNECTION COEFFICIENTS AND CURVATURE TENSORS FOR 
A PERTURBED METRIC 


In a specific coordinate frame of an arbitrary spacetime, write the metric coefficients in covariant repre- 
sentation in the form 
Que = 92) + Py. (35.11.1) 


(At the end of the calculation, one can split h,,, into two parts, hy, + Ay» +jyv and out of this split obtain 
the formulas used in the text.) Assume that the typical components of h,,,, are much less than those of g(/); 
so one can expand Christoffel symhols and curvature tensors in h,,,. Raise and lower indices of h,,,, with 


(8): and denote by a “|” covariant derivatives relative to g‘®) and by a “;” covariant derivatives relative to 
Gy > Iw 


a 


uv: 


(a) Here g,,, and g//) can be thought of as two different metrics coexisting in the spacetime manifold. Show 
that the difference between the corresponding covariant derivatives, V — V®) -indeed, the difference 
between any two covariant derivatives!- is a tensor with components 


6, = Pet, (35.11.2) 
(b) Show that 

gt” = gts, — WY + MORE, — RMORE NS + (35.11.3) 
and also that 

gt? = ght — AMY + heOhy — hehe hgyg”. (35.11.4) 


(c) By calculating in a local Lorentz frame of g'") and then transforming back to the original frame, show 
that 


1 a 
SY, = 37° (holy + Ney p = hipryle)s (35.11.5a) 
fey (B)a _ a a OL (a a pL 
FN ys — 95 = s poly Ss pyle + yD 86 — Fs 9 By? (35.11.56) 
Ras —_ R™ 35 = Sa 5\cx _ S"sal6 + Sao 95 = Bee aa (35.11.5c) 


(d) Show that expression 35.11.5c reduces to 

Res = R™ 95 aL R” 55 a R” 4s bedi (35.11.6) 
where R“) and R®) are defined by equations (35.58). 
Solution: 


(a) For any vector field u = u“e,, we have 


(V-—V™ )u = (u*.g — u"\g)ea @ wh = ey PH 44 Jt Ce @w*, (35.11.7) 
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Suppose that 
S = 8%4,€a® w? @w? = (Tg, — Tee 2 tu ea @ w? @w?. (35.11.8) 


We have 
(V-V®)u = S-u. (35.11.9) 


Since (V — V“)u is a tensor, Su is a tensor for any vector field wu. And so S is a tensor with components 


fo _ na (B)a 
2 SI gl (35.11.10) 
(b) Introduce a formal parameter «¢ in 
uv = 92) + €hiyy. (35.11.11) 
And we have the expansion 
gh” = gt + aay 4... Mey 4b .., (35.11.12) 
Using guag®” = 67, we can obtain 
5 =O + e(Mpaghth + 22D) +--+ ean DY + gar) 4. (35.11.13) 


Thus coefficients for all orders of ¢ must vanish, i.e. 


g NE = peg new gly ot (35.11.14) 
Explicitly, we have 
Dav — poy, gay — pepov, (uv — hei nghey Des (35.11.15) 
ie. 
gt” = gtk — heY + hPOhy — hho ne he de os. (35.11.16) 
If we note that 
gly — peg ln—Dey — pengg(r—2)6y — _ pengnbelr—9, (35.11.17) 


we have 


gi” = gi 4 ghey 4 7 (2)uv AE ASAE (a0) 4 gO faa) 
_ gf = Ae’ 4 pee ne — bene heyg”. (35.11.18) 


(c) In local Lorentz frame of G95 at the origin we have 


Tey = 0, T% ey, = 8% By, Deby = 9, GoByy = Ropyy = Naply- (35.11.19) 


So we can get 


Taped 1 na 
Say ~ M5, = Le (Gap, + Goy,8 — 9By,0) = 57° (haply + Rayia — hey|a); (35.11.20a) 


a (B)a _ pa Qa Qa LL ou be (B)a (B)a 
Fo ays — FO ays = OP 5,7 — B69 HE ul 5 — sl” ay FP p59 — Tg 
— ga a a [ a LL 
= SN B87 — OBy,5 FO uy S56 — 5S" By 
=O pi OP syle tO ye Be OO WO ny’ (35.11.20b) 


7,6 


(B) — aa a a bb a LL 
Rog — BR 55 = 8 %g610 — Spas + Spa S 95 — 35 S04" (35.11.20c) 


Because the leftmost and rightmost hand of equations 35.11.20 are tensors. So they will hold in any other 
frames. 
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(d) Using equations 35.11.20a and 35.11.16, we have 


age set 
SM oy = 5 (ates — BES +--+) Rapiy + Rare — herla) (35.11.21) 


Thus, we can get 


[ea 1 a a 
SM pola = 5 [Coes — AO? +--+) (Rppis + hosia — hesie)| 10 
1 a a a 
= 5 lh Bisa + saa — Pesta”) 
7 i 
— FP a(hpais + hpsia — hpoip) — sh? (Rpsisa + Rpsiga — hpslpa) +*** — (B5-11.22a) 
[ea 1 a a 
S Ba|6 = 3 [Coe — RP + )Rpsla + Rpals — hoalp)] \5 
es dad. ccs 
= 5 [Cgc — bh? +++ pata js 
1 i ren 
= 3 fe5 — 5h JaMpala — 5h Rapes +++ (35.11.22b) 
1 
Spa 35 = Gh aln (has + Psa — hg) +++ (35.11.22c) 
a 1 a a a 
S75 Sb, = G(R as + Aus — ys) CR gig + Raya — Bea) +o (35.11.22d) 
It is easy to obtain that 
1 a a a 
R ., - 5h aise +P s)¢0 — Ppsja® — higs) (35.11.23) 
and 
R® = 1p (h h h 12° (h h h 1? Lor) 
ps = PP a(hopis + hpsis — hasjp) — sh°?(Mpp|sa + hpsisa — hpsipa) + 5h shoals + sho? hapias 
[ | 1 a a la 4 | 
t+ Fhau (RM gis + Msg — Ppa”) — GOR ys + PP bin — Bus) RM gig + Baya — Ppa”) (35.11.24) 


If we note that 


(hss Fh sy — fig VPP ain + hig — he IH) = ho pPoyis + Misys, = Dhauhaie s MOST 25) 


a 


We can simplify equation 35.11.24 into 
RO c= = | aaah? ne h h h 
85 = 5 | pPaplah 5 +h (hesjap + hap|as — hppisa — hpsisa) 


a OL 1 
hi pein Tigi) = G — sh) isi Tiga hey) (35.11.26) 


35.12 GAUGE TRANSFORMATIONS IN A CURVED BACKGROUND 


(a) Show that the infinitesimal coordinate transformation (35.65a) induces the change (35.65b) in the 
functional form of the metric perturbation. 


(b) Discuss the relationship between this gauge transformation and the concept of a Killing vector. 


Solution: 
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(a) The transformation law gives 


: OE - x OEP 

~ Guv (z £) Ort Jav (Z) FA) py Jue (Z) 

B rae B Pot = Oe" B = Og B as 
Gua \@) — Gur. pe’ 2) + hae (Zz) — Fu gow (Z) = Fav Ine (z) 

(B) (> (B) Pra(B) (B)Pa(B)) ¢P (a > ge (B) (> age (B) (a 
a Gu (z) = ( prea ae Gel wig )§ (Z) ae Ayv(Z) _ Dyn dev (z) = Ox” Wants) 
= giv (£) + Ry (%) — Eup (%) — E42). (35.12.1) 

So we have 
i > yw _ Ely _ Evy (35.12.2) 


(b) If €” is a Killing field, then the infinitesimal transformation x"°’" = x" + e€¥ will leave h,,, invariant. 


35.13 TRANSVERSE-TRACELESS GAUGE FOR GRAVITATIONAL WAVES 
PROPAGATING IN A CURVED BACKGROUND 


(a) Show that, in vacuum in a curved background spacetime, the gauge condition h ie [oe AS preserved 


by transformations whose generator satisfies the wave equation ane = 0. 


(b) Locally (over distances much smaller than ®) linearized theory is applicable; so there exists such a 
transformation which makes 

h=0+ error, h,u* =0+ error. (35.13.1) 
Here u“ is a vector field that is as nearly covariantly constant as possible (u% g = 9); i.e., it is a constant 
vector in the inertial coordinates of linearized theory; and the errors are small over distances much less 
than ®. Show that h = 0 can be imposed globally along with h ula = 95 ie, show that, if it is imposed on 
an initial hypersurface, the propagation equation (35.68) preserves it. 


(c) Show that in general, the background curvature prevents any vector field from being covariantly con- 
stant (u*, ~ u®/R at best); and from this show that h,,..u* = 0 cannot be imposed globally along with 


7 |B 
Ae = 
Hw |o ; 


Solution: 


(a) After a gauge transformation, we have 


a 1 _ 
new a _ pold a a a old B Qa 
h ue =h ms Eig Eis 5 Gua(h — 2€ ia)! 


ld 
= he ae Sula — Sale + Say 


old (oa a Vv 
Se Se Re: (35.13.2) 


In vacuum, the only source of a nonvanishing Ricci tensor is the stress-energy carried by the gravitational 
waves thenlselves; hence Rii)) ~ A?/X and can be neglected. So the gauge condition is preserved by 


transformations whose generator satisfies the wave equation aoe = 0. 
(b) Take the trace of the propagation equation (35.64) and impose the gauge condition Be = 0, we 


have 
“= 0, (35.13.3) 
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Choose the coordinates in which the hypersurface with h = 0 is t = ty. Now, let us solve the wave equation 
E+ RRe =0 (35.13.4) 


with initial conditions 
6) ,,=0, &,=0 (35.13.5) 


on hypersurface ¢ = to. Equation 35.13.5 can be rewritten as 
4 a Le a 
an =——— |i? oti a gfe + He = ‘are (35.13.6) 


Note that € ‘| +4 Will be fixed by €” and aan , through 35.13.4. In principle, we can find appropriate initial 
value of €“ and é" 2 tO make 35.13.5 holds. And then will can solve equation 35.13.4 throughout the 


whole spacetime. Using the gauge transformation generated by €", we can keep h = 0 on hypersurface 
and h <i =U whole spacetime, as well as make h , = 0 on this surface. Now the propagation equation 


35.13.3 will ensure that h = 0 in whole spacetime. 


(c) If there exist a vector field u“ whose covariant derivatives vanish everywhere, then we have um ay = 
um pt and so we can derive that 
a(B) p 
R pay = 0. (35.13.7) 


But this is impossible for a generic background curvature without special geometry. 


35.14 BRILL-HARTLE AVERAGE 


Isaacson (1968b) introduces the following averaging scheme, which he names “Brill-Hartle averaging”. 
(a) In the small region, of size several times it, where the averaging occurs, there will be a unique geodesic 
of gii,) connecting any two points P’ and ?; so given a tensor E(P’) at P’, one can parallel transport it 


along this geodesic to ?’, getting there a tensor E(P’)_, >». 


(b) Let f(?’, P) be a weighting function that falls smoothly to zero when P’ and P are separated by many 


wavelengths, and such that 
[£0 WOO =1. (35.14.1) 


(c) Then the average of the tensor field E(P’) over several wavelengths about the point P is 


(B)5 = ‘| (2). f (P,P) /—g@(P dia (35.14.2) 


(i) Show that there exists an entity ge (P, P’), whose primed index transforms as a tensor at P and 
whose unprimed index transforms as a tensor at ?’, such that (for E second rank) 


Ea (P')_.» = ge oP Baa (P'). (35.14.3) 


This entity is called the “bivector of geodesic parallel displacement”; see DeWitt and Brehme (1960) or 
Synge (1960a). 


(ii) Rewriting expression 35.14.2 in coordinate language as 


(Eap(a)) = f 9" ea! 99" (@,2") By a’ f(e,2! Vg ENE, (35.14.4) 


derive the three averaging rules cited at the beginning of section 35.15. 
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Solution: 
(i) The matrix g Pe (x, x’) is defined as the solution of the equation 


dgpe dx? 
a 35.14.5 
dt aoIp dr ( a) 


with initial conditions that oP (@, x’) is an identical matrix when x = x’. Here x(r) is a geodesic from 
x’. Now we have 


dE d r rd 
oB a Cg a” ) Ey 


dr dr 
, dx? , , dx? , dx? 
— (TP (B)p (B)V TP? (B)V (B) E ryt 
( aoe Gp 98 T* BoSe “Ge 90 dr 
p p dx? 
= (r acEpa +P soHap) ae (35.14.6) 


i.e. E is parallel transport along the geodesic. Since E,,,, is a tensor at x’ while Ey, is a tensor at z, it is 
obvious that g Pe (x, x’)’s primed index transforms as a tensor at x and whose unprimed index transforms 
as a tensor at 2’. 


(ii) Firstly, we have 


Ayv|aB = Rev\Bee = Ro vapor ate Re pl up (35.14.7) 


And the Riemann tensor is of the order 0?g‘") or (Og®)?. Suppose the background metric varies over the 
region with scale ®, then the average value of Riemann tensor will be of the order (R)~? while 07h will 
be of the order hA~”, i.e. the fractional errors made by freely commuting are of the order (A/R)?. 


Secondly, for any tensor S, the covariant derivative VS is of the form (0+T’). From equation 35.14.5, the 


matrix gp (x, x’) is of the order 1 + A/R and its derivative is of the order 1/R. The derivative of Ip is 


also of the order 1/R. So we have 
(95) = f 6 (e,2)VS(e')f(e/=9Pate! 
= [Sef V/=9P ate +0 (3) 
= Je (stv—9™) dx — [sonata +0 (3) (35.14.8) 
The first term may be converted to a surface integral taken in the region where f = 0. As for second term, 


since f(P’, P) is a weighting function that falls smoothly to zero when ?’ and ? are separated by many 
wavelengths, SO can be neglected when compare with f0, since OS varies a lot over 4, i.e. 


- 
(VS) ~O (3) (35.14.9) 


35.15 GEOMETRIC OPTICS 


Develop geometric optics for gravitational waves of small amplitude propagating in a curved background. 
Pattern the analysis after geometric optics for electromagnetic waves. In particular, let h,,, have an am- 
plitude that varies slowly (on a scale ¢ < ®) and a phase 6 that varies rapidly (64 ~ 1/4). Expand the 
amplitude in powers of A/é, so that 


Ruy = Re{Ayy + Buy + Cu, +++ ele, (35.15.1) 
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Here « is a formal expansion parameter, actually equal to unity, which reminds one that the terms attached 
to e” are proportional to (A/R)". Define the following quantities (with Aj, denoting the complex conjugate 
of Ap): 


“wave vector”: ky = 0.4 (35.15.2a) 

1 1/2 
“scalar amplitude”: A = (54i.4") (35.15.2b) 
“polarization”: €,, = Apy/A. (35.15.2c) 


By inserting expression 35.15.1 into the gauge condition (35.66) and the propagation equation (35.68), 
derive the fundamental equations of geometrical optics as follows. 


(a) The rays (curves perpendicular to surfaces of constant phase) are null geodesics; i.e. 


kak” = 0, (35.15.3a) 
egg =U. (35.15.3b) 


(b) The polarization is orthogonal to the rays and is parallel transported along them; 


Cnak® = 0, (35.15.3c) 
Cuvlak™ = 0. (35.15.3d) 


(c) The scalar amplitude decreases as the rays diverge away from each other in accordance with 


1 
A ak = — Sh A. (35.15.3e) 


(A?k*)),, = 0(“conservation of gravitons”). (35.15.3f) 


(d) The correction B,,, to the amplitude obeys 
Bek 3A (35.15.3g) 


4 GRE) Aor, (35.15.3h) 


ee i, 
Bujak = —Sk%\q Bu + 5tA a 


pv |a 
In accordance with exercise 35.13, specialize the gauge so that h = 0, ie., 


€,” = 0. (35.15.31) 


a 


Then show that the stress-energy tensor (35.70) for the waves is 


pv 


1 
Tem) == 4 . 35.15.3j 
30m Ruky ( y 


This has the same form as the stress-energy tensor for a beam of particles with zero rest mass. Show 


explicitly that aa =0. 


Solution: 


Firstly, we have 
Ryuvla = 8,00" ee AO a ae (35.15.4) 


where 4, = Ay +¢€Byy +CC,, +--+. Using the definition 35.15.2a and contracting v and a, the gauge 
condition becomes 


pi = (Sim +f", ) eifle <9, (35.15.5) 
€ 


|v 
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Taking another derivative, we have 
i 1 i i se 
Ryv\ap = Olas uv _ 29,098 Luv + Ayu + OA ura + Byy\ op e : (35.15.6) 
Using the definition 35.15.2a and contracting a and (3, we can arrive at 


h,% = (ie aw — hgh yy + EK Ala + Lyvja *) elie, (35.15.7) 


‘alee 
The wave equation (35.68) now becomes 
ie 1k 


Ay — € heh Ly + Lie hk” yvja + Lavi + 2RO) 5, IP = 0. (35.15.8) 


Ja via 


(a) Take the term of the order e~? from 35.15.8, and we can get 
kak* Appy = 0, (35.15.9) 
Le. kyk? = 0. 


As a result, we also have 


1 
hegh” =Oigpk =Oigak” = Bygigh” = 5 (kak), =0. (35.15.10) 


(b) & (c) Take the term of the order e~! from 35.15.5, and we can get 
ky AY” = 0, (35.15.11) 
Le. €yqk® = 0. 
Take the term of the order e~! from 35.15.8, and we can get 
k% 4 Auy + 2k” Auvja = 0. (35.15.12) 


Substitute A,,, = Ae,,,, into the equation above, we have 
(R%jqA + 2k Aa) Cw + 2k Aer = 0. (35.15.13) 
Multiplying both sides of the equation above with e*“”, we have 


0 = (h%\QA + 2kA,a) eave” + RA (CM Cur ig = 2 (kK qA + 2k*A,a) . (35.15.14) 


A. (35.15.15) 
Then we can get 
2k Aeyyia = 0, (35.15.16) 


i.e. Euvla = 0. 
(d) Take the term of the order O(1) from 35.15.5, and we can get 


ik, BY” + AM, =0, (35.15.17) 


Buak® =1A,,,|%. (35.15.18) 


Lo 
Take the term of the order O(1) from 35.15.8, and we can get 


ike 74 9R® , AWe =O, (35.15.19) 


Buy + 2tk*Buyja + A aed 


la pv |a 
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Bujak? = — Sh Buy + 5tA ria” + 1ReuavA e G5.15.20) 
Equation (35.70’) states that 
1 Read Tap < = a —_ 
TY = (Raph ,) iff, = h = 0. (35.15.21) 
To the order of e~?, we have 
Respite, = RukyAapAt? = 2A? ky ky (35.15.22) 
Note that ; 

(ReX ReY) = 5XY* (35.15.23) 
if X,Y x e’® and @ varies quickly when compared with the scale of the domain of averaging. So we have 
1 

Ti? Ah 35,15.2 
i 327 . ( a 
Using equation 35.15.3b and 35.15.3e, we have 
1 
TOM = 39 (AAR RM + ARM RY + ARMKY,) = 0. (35.15.25) 
TT 


35.16 GRAVITONS 


Show that geometric optics, as developed in the preceding exercise, is equivalent to the following: “A 
graviton is postulated to be a particle of zero rest mass and 4-momentum p, which moves along a null 
geodesic. It parallel transports with itself a transverse traceless polarization tensor e. Geometric optics is 
the theory of a stream of such gravitons moving through spacetime.” Exhibit the relationship between the 
quantities in this version of geometric optics and the quantities in the preceding version. 


Solution: 


A graviton is postulated to be a particle of zero rest mass and 4-momentum p, which moves along a 
null geodesic. This is equivalent to 


p-p=0, Vpp=0. (35.16.1) 
It parallel transports with itself a transverse traceless polarization tensor e. This is equivalent to 
e-p=0, e*, =), Vpe = 0. (35.16.2) 


If we assume p is proportional to k, geometric optics developed in the preceding exercise is equivalent to 
the statements in this exercise. 


35.17 GRAVITATIONAL DEFLECTION OF GRAVITATIONAL WAVES 


Show that gravitational waves of short wavelength passing through the solar system experience the same 
redshift and gravitational deflection as does light. 


Solution: 
Gravitons (in short wavelength approximation) and photons both follow null geodesic in spacetime. So 


gravitational waves of short wavelength passing through the solar system must experience the same red- 
shift and gravitational deflection as does light. 
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35.18 GAUGE INVARIANCE OF 73" 


Show that the stress-energy tensor (ise of equation (35.70) is invariant under gauge transformations of 
the form (35.65). 


Solution: 
Under gauge transformation, we have 
pnw = ee = bily — Evy 4 qo ce ppew = pold f' yaaa (35.18.1) 


The stress-energy tensor of gravitational waves is 


1 TL Tap Le. = yap 


Under gauge transformation, we have 


Popiph® a vy? hepiwh ae 
(Ealpu + Elan — 9b" on) Wy 
tape are ty Oe lan) 
+ (Eejau + Ep} — GREP oy EM, + EPI%, — GEE ov) (35.18.3) 
shih > hihi € ou bly spol geee eae 7 see a (35.18.4) 
aa ae ae 
Ge Fs — Eos Pauly 
— A a (Latuv + Sulav — 9E lev) 
(Ee + Ol, — GSE ne (eur + Eulav — IRE Vor) (35.18.5) 
RP Powln ns A? ghavln 
— (Ee + Eg — gE og Ravin 
= eter esi Dae joa) 
+ (CP + 678, — gS5EP on (Ealvn + Evian — 952 E lop) (35.18.6) 
So we have 
Roplnl”? 1, — SP = 2A sheacuiv) 
 Rapih™,, - shah — 2h gRecule) 


= Ball”), — Rasp, + Bayan, + kalau, — AE ub lov 
ats el? h 4 Exl8 h = é? AP 4 Ave g a noe € = é? nh? 
BVaply a Bly [pB"" ply |asoluv |asHlav lov" wI|B 
al|B a|B alB a B B |B 
—=< gE Sal — gE a Sulaw —€ | aie 6 lite _ gE ane Bu iv fps ju © Cegea y a Oe |pBo T eigen B 
alB 7 41 ¢olB FT _¢eP 7B | Zaps pap _¢p TB 
+ plavle tO aM aviy — 8 pa! vj +P igSalpn +h ipSvian — 8 py vip 


= EF hte — Eg vtaye — Eek pion — FO Evia + Epp eon +E patron +E iaue oe + okey B 
(35.18.7) 


As stated in the exercise 35.14, there are some useful rules for manipulating quantities inside the averaging 
brackets: 
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* Covariant derivatives commute; 


¢ Gradients average out to zero. 


I think it is impossible to eliminate the h°? iaSulav because there is no other terms ever containing ¢,,. Some 


other difficulties also exist. Any help is appreciated. I have posted the question on the Stackexchange. 
Please check it. 


35.19 7S”) EXPRESSED AS THE AVERAGE OF A STRESS-ENERGY 
PSEUDOTENSOR 


Calculate the average over several wavelengths of the Landau-Lifshitz stress-energy pseudotensor [equa- 


tion (20.22)] for gravitational waves with X/R < 1. The result should be equal to ras 


Solution: 


The Landau-Lifshitz pseudotensor is 


1 
(—9)tte, {a ao no a + 59 oa oy 


~ 167 
=o" gut” ot" 5 ee onl 0) toe oy a 
+ (299° — 9°?) (2gupGor — toate) 8" 98} (35.19.1) 
where g°? = (—g)'/?g°. For simplicity, we will perform the calculation in flat background and TT gauge, 
~ Juv = Nav + ry, he”, =0, he, = 0. (35.19.2) 


As a result, we have 
2 Vv Vv 2 
—g=1+0(h*), gg”, =—h” , + O(h*). (35.19.3) 


Up to the second order of h, we have 


c (4 
ss eT {+5 xp RPP gp OP aah” Oh gad AP? ya eg he 


1 
+ qaneen’e - na attach” she? + Oh). (35.19.4) 


When taking the average over the region of which the scale is several times that of the typical wavelength 
of the gravitational wave, we have 


(@.mb) = —(abm).- (35.19.5) 
So we have 
Ce fh a Gee yO, (35.19.6) 
using Lorentz gauge condition 
Ciuph?* hl = —(jaah™ yh) =O (35.19.7) 
using field equation. Finally, we can get 
(1085) = ta Be (hY™ hee) = th, nee ,\ = TOR (35.19.8) 
put = 3am | 7 Wvelor AM wh = B90 pa,al ph ~ * (aw) ‘oe 
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35.20 SHORTWAVE APPROXIMATION FROM A VARIATIONAL VIEW- 
POINT 


Readers who have studied the variational approach to gravitation theory in Chapter 21 may find attractive 
the following derivation of the basic equations of the shortwave approximation. It was devised, indepen- 
dently, by Sandor Kovacs and Bernard Schutz, and by Bryce DeWitt (unpublished, 1971). MacCallum and 
Taub (1973) give a “non-Palatini” version. 


(a) Define 
= 1 
Guy = ce +h, Aw = hw - 5 Iu h (35.20.1a) 
lt ies 
Woy = 5915 (Raply + Rare — hana) - (35.20.1b) 


Raise and lower indices on h,,, and W", with the background metric. Using the results of exercise 35.11, 
derive the following expression for the Lagrangian of the gravitational field: 


1 £ : 
im — (—g)/? R=L'+ (perfect divergence of form <) + (corrections of order ~ Beets and smaller } , 
7 x 
(35.20.1c) 
where 
1 1/2 Sais és a Y (1770 a 
Li= = (—g) / bs — ht ( pile oS + 93) (W Ba Wa — Wey We a )| - (35.20.1d) 


Drop the corrections of order A?/\* from £; and, knowing in advance that the field equations will demand 
Be os APY ”, drop also the corrections of order Ri) A. Knowing that a perfect divergence contributes 
nothing in an extremization calculation, drop the divergence term from £. Then ZL’ is the only remaining 
part of £. 


(b) Extremize J = [ L'd*zx by the Palatini method (section 21.2); i.e., abandon (temporarily) definition 
35.20.1b of W",., and extremize J with respect to independent variations of W",, = W". ,, he aire 
and g(3) = g¢s;- Show that extremization with respect to W“,. leads back to equation 35.20.1b for W",_ 
in terms of h,,,. Show that extremization with respect to h"”, when combined with equations (35.20.1a, 
35.20.1b), leads to the propagation equation for gravitational waves (35.64). Show that extremization 
with respect to g‘?“”, when combined with equations (35.20.1a, 35.20.1b) and with the propagation 
equation (35.64), and when averaged over several wavelengths, leads to 


Ge ssnTe” (35.20.1e) 
(aw) . . 7 
where Tv’ is given by equation (35.70). 
Solution: 
(a) From equation 35.11.20, we have 
1 a 
S*4, — 37° (heply + Ney p = have) (35.20.2a) 
R= gt RO +g (Sie — Say + 8% pa uy — Say 00) (35.20.2b) 


From gyv = 9fiy + Ryu, we can get 
gt” = gi — hYY + O(h?), g=g™(L +h) +O(h?), 


1 
Say = Whig, — Sh Raply + hale — heya) + O(h®) (35.20.3) 
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So 


(= g?R= (= gor (1+ 


= (-9)? |e (RO uy + (alas — RMY)(S™ 


5) R+O(h3, R™h?) 


a 
pula S pa|v 


+ (- 9) gts ei ere _ W* alu ) ts O(h3, R®h) 


a a B 
+ W% 54 Why, — Wa, WA | 


= (—g)1/? ae = hy ( pula arene, Its) (W go We = Wey Wa ] 
vv egy (si. — So eiliy) 
1 Vv [e3 a 
+ (<9 )/A gis ( ow cate) + O(h3, Rh) 
= (=9)¥2 [RB — RW — Wav) + 968) 50, Way — Way WP) 
) 
+55 [(-9)/2(8%, = se,)| + 0(h3, Rh). (35.20.4) 
Now we can get the equation 35.20.1¢c and 35.20.1d. 
(b) The extremization with respect to W“ ay gives 
1675L! = =|= g®)/2 he (5We pvl|a ow "peed P (= gg (3)0(W "Be We, = Bv Ww ay 
= (-g a) aa ag go iw. ~~ pene 
a (= gh Pr gi “e dW, sap aes _ Woy owe La w? rn ae . 
= (—g)1/2 ae — hee woe ae, + 9fW", 5Y =i WwW, — gf OW 5w%,, 
(35.20.5) 
So we have the equation of motion 
Re AP nba + ot W ag + 96) Woo 9x — IW ag — 9fajWioq = 0- (35.20.6) 
By contracting a and v, we can get - 
hey — 9s) W" 0g (35.20.7) 
And so we have 7 
AM + 9 W ag — Wao — 9fj)Whig = 0. (35.20.8) 
By contracting j. and v, we can get 7 
Pig + 2W 9 =0. (35.20.9) 
And so we have 
ne” = GSW oo — 9f5Whoa = 0, (35.20.10) 
ie. 
Ruvie = Woe + Wave: (35.20.11) 
Now it is easily to derive that 
a 1 ap 
W pv => 53 9(8) (Pauly + Ravi — hyip): (35.20.12) 
The extremization with respect to h“” gives 
1676L' = —(-g)"? (Wig — Wisely ORM (35.20.13) 
So we have the equation of motion 
eo ele = 2: (35.20.14) 
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Using 35.20.1b, we can get 


ap _ 
Is) [Peuiva + Pegs lives ~ PuviBa = (Rgulav + Figesl iw = Rualpv) = 0, (35.20.15) 


Paple® + havlp? — Busia” — Alan = 0. (35.20.16) 


ap|y pv|a 


The extremization with respect to gis, gives 


1676L' =6 [(-9)/?2R™ an (Wea Wea —s Wor We, )6 [(-9)/? ots = he (Wala _ WY eel )6(—g™) 1? 
= {ax + (Wes We = V Ws) = 9 (Ws Ws —Ww* o Wooo ots - ad ae a We pale ) ain} 
x (—g )/? Sgt. (35.20.17) 

So we have the equation of motion 


a a 1 a a o Epo a a 
Gur t(W Ba Wes oa Bv WP ee 5 (Ww Ba We =v Bo Woe )9ts) <he (W pola Ww pele) oo — 
(35.20.18) 
Note that W° 


pala 


—_Wwe 


pa\o 


= 0 from 35.20.14. So we can get 


R® + (Ws Way, — We, Woy) = 0. (35.20.19) 


pa 


Using 35.20.1b, we have 


Waa WE ay — Wy Waa = hl (pyle + Ravin — huria)— 7 [A ),Rapy + Rupiah, — Ayaiph, | . 


(35.20.20) 

If we use the TT gauge and take the average, it is easy to derive that 

1 

a B Qa = aB 

(Wg Wei — Way Wea) = ah atop) (35.20.21) 
We can also find that (hol ai = 0. So we have 
G® = 1 (a8 fez (35.20.22) 
w= 30g nla? 
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Chapter 36 


GENERATION OF GRAVITATIONAL 
WAVES 


36.1 GRAVITATIONAL WAVES FROM ROTATING BEAM 


A long steel beam of length / and mass M rotates end over end with angular velocity w. Show that the 
power it radiates as gravitational waves is 


2 
Lew = gee. (36.1.1) 


Use this formula to verify that the rod described in the text radiates 2.2 x 10~?? ergs/sec. 


Solution: 


Set the mass center of the beam as the origin and the line perpendicular to the rotation plain as z axis. 
The second moment of the mass distribution of the beam is 


2 M 1 

 — :) —l' cos Ol’ cos 6 dl’ = — MI? cos? 6, 

-1/2 12 
i 1 

Leys Lges Due sinOcos6,  Iyy = Me ati Oy, Gas SO: (36.1.2) 


I,, is a constant can be neglected when calculating power of GW wave. So its trace free part is 


1 cos?6—5 sinOcosd 0 
Fiz = MP | sindcosé sin?0—-4 0 (36.1.3) 
ie 0 oo 
3 
Thus 
2: 1 sin20 —cos2@ 0 
tn = guru cos29 —sin20 0]. (36.1.4) 
0 0 0 
We then have 
fs (F jx F jx) = 2 ptt’ = 2 rt? ~ 2.26 x 10-ergs™ (36.1.5) 
ae 45 455 ; i 
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36.2 GRAVITATIONAL WAVES FROM MATTER FALLING INTO A BLACK 
HOLE 


A lump of matter with mass m falls into a black hole of mass M. Show that a burst of gravitational waves 
is emitted with duration M and power Lew ~ (m/M)?L,, so that the total energy radiated is given in 
crude order of magnitude by equation (36.13). 


Solution: 


The non spherical part of kinetic energy is Fing ~ Mm/R. The period of the system is T ~ (M/R°)~1/?. 
So we have 


En 2 M3 2 
Lone ~ ( :) Ly ~ pg —Lo. (36.2.1) 


The infalling matter will radiate only weakly when it is far from the gravitational radius; but as it falls 


through the gravitational radius, ie. R ~ M ,it should emit a strong burst. And so we have 
ee 
Vina (36.2.2) 


Lem ae, 


The total energy emitted is 
Exadiated © m?/M. (36.2.3) 


So the burst of gravitational waves is emitted with duration T ~ E;adiatea/Lam ~ M. 


36.3. GRAVITATIONAL WAVES FROM A VIBRATING NEUTRON STAR 


Idealize a neutron star as a sphere of incompressible fluid of mass M and radius R, with structure gov- 
erned by Newton’s laws of gravity. Let the star pulsate in its fundamental quadrupole mode. Using New- 
tonian theory, calculate: the angular frequency of pulsation, w; the energy of pulsation E,,1;; the quantity 


¥) /5, which, according to equation (36.1), is the power radiated in gravitational waves, L.w; and the 


e-folding time, 7 = Epus/Lew for radiating away the energy of the pulsations. Compare the answers with 
equations (36.15) - which are based on a much cruder approximation-and with the results in Box 36.1, 
which are based on much better approximations. 


Solution: 


The fundamental equations in Newtonian fluid mechanics are 


d d 
OE 2s Oe po ==pV b= Vn, (Vo =A, (36.3.1) 
dt dt 
where d/dt is the time derivative comoving with the matter 
d 0 
ee Vv. Sed 
a +u-V (36.3.2) 
For incompressible fluid, we have 
dp 
ew) 36.3.3 
7 ( ) 


The spherically symmetric and static solution for an incompressible fluid is 


(r) ps if r<R es 22 9?(R?—1?) if r<R ie 2tp.r? —Inp.R? if r<R 

r= Tr) = r= 7 

a 0 if r>R ™ 0 if r>R ? —{7eR if r>R 
(36.3.4) 
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In the limit of small oscillations, we will apply first order perturbation theory and neglect all higher terms. 
Suppose that the perturbation of velocity, density, pressure and gravitational potential are dv, dp, dp and 
O@ respectively. The first order perturbations of the equation 36.3.1 and 36.3.3 are 


ae + dv: V po = —poV -dv= 0, (36.3.5) 
po = —poV 59 ~ 5pV dn — Vop, (36.3.6) 
V6 = Ardp. (36.3.7) 


Suppose the material particles are moved from their equilibrium position rp by a displacement s(ro, t), 
and ||s|| < 1. To the first order, we have 

Os 
Ot 
For a point inside the star (r < R), the perturbation of density vanish because the fluid is imcompressible. 
For a point at the surface of the star (r = R), the mass of the bump at a surface element AS is Am = 
psAS +s = p,s,AS, causing a surface density perturbation dc = p,s,. We can conclude that 


bu (36.3.8) 


bP = ps8,0(r — R). (36.3.9) 
It is compatible with 
Oop 


noting that Vpo = p.0(r — R)Ff. As a result, we have 

V°6¢ = 4mp.s,6(r — R). (36.3.11) 
Taking the divergence of equation 36.3, we have 

V76p=0 for r<R. (36.3.12) 
Because the pressure vanish at the surface of the star, we have 


Sp + Po, —0 at r=R. (36.3.13) 
rT 


For r < R, equation can be written as 


2 


Psa = —p,Vo¢d — Vop. (36.3.14) 


So we also have V X s =O whenr < R. 
s can be expanded using vector spherical harmonics, 


8 => (Uim(r) Yim + Vim(t)Wim + Wim(t) Bim), (36.3.15) 


l,m 


where 
Yim = Yim, Vim = rVYim, Pim =Tx VYim- (36.3.16) 


Using V-s =O and V x s=0O(r < R), we have 


du; m 
dr 


il +1) 


r 


2 
be Vim =0, Wim=0 (r<R). (36.3.17) 
7 


dp and dp can be expanded using spherical harmonics, 


p= Fane, 16=) thine. (36.3.18) 
lm 


lm 
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Substituting 36.3.15 and 36.3.18 into 36.3.14, we can obtain 


d®j,,, dPim Pim Pim 
we oe , ps0" Vim = Ps eee (r < R) (36.3.19) 
dr dr r r 


psw’Uim = Ps 


Because V?6p = 0 and V75¢ = 0 when r  R, we have 


Lo: lL: 
Omir) = {an if r<R Pn) if r<R oe 


Bmr | if r>R 0 if r>R 
Note that : ri 
R R 
ea =Arpss,, od =0. (36.3.21) 
Or | p- ae 
We have 
— (1+ 1) BimR? —1Ag, RR = 4ap.Uin(R), AtmR! = Bink. (36.3.22) 
The solution is (R) (R) 
Ar psUim(R At psUim(R) -) 
Apa ee 3.23 
Gina (@i+1) ” peee2) 
Using equation 36.3.13, we have 
4 
Chin RE — PRU mn (R)- (36.3.24) 
The solution is ; 
Ar p{Uim(R) 
Cim = — 3R-1 (36.3.25) 
Note that quation 36.3.19 and 36.3.20 gives 
psw!*Uim (1) = (psAim + Cim)ir'-!,  psw*Vim(r) = (ps Aim + Cim)r'}. (36.3.26) 
We can get 
8l(1 — 1)mp. r\l-l 1 ee 
2 = pees Sere — — = — 
w= Sora? Uimlr) = Vim (R) (F) > Vinlr) = GUim(R)(F) (36.3.27) 
It is compatible with 36.3.17. Now we have 
=S(¥ +o0 (ZL) y, (R)e~* (36.3.28) 
s= lm 7 lm R Im € ’ oe 


l,m 


Define € as the root mean squared fractional departure of the surface point from the original sphere, 
average over the sphere. We have 


1 Sie) 02 (R) 
2 — dQ r,pea. = lm 36.3.2 
peak “Ar i R? An R? ese7) 


The pulsing energy of the star 


1 Ue fe 21-2 i 
5° | pelSponkl? AV = ni | drr? (=) fe (¥in Yin she D es in) (36.3.30) 
0 


9 R i 
2 

= Fp Roa (36.3.31) 
16(1 == 1) 2, 2 pd¢2 

— oN 1,252 R 36.3.32 
3(01+ 1)" fe" speak ( ) 
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The reduced second quadrupole moment of the star is 


1 : 1 ; 
f= jw bp (+ Qr— rt) = paRUm( Re" f ao Yim ( Qr- 31) = psR*Uim( Rye" X 


(36.3.33) 
The radiation power of the gravitational wave is 
Wl! 25. 9 att 2 
Low = 5 (Fis Fu) = FPR Ea Tr XX, (36.3.34) 
We can show that : 
TrX.Xt = aoe (36.3.35) 
So, for quadrupole oscillations, | = 2, we have 
16 16 65536 16875 
2 2 2p5¢2 5 5 p10 ¢2 -3 -3 p—5 
= 7 7E"Ps) Epuls = 8 eak> L = BPO1DE 8 eak> = Tne s ‘ 
Ws T5mPs Bouts = 75% Poke Speaks Low = peazgg™ Poke Speaks T= Gogg ™ P oe 


They can also be written in terms of M and R, 


4M 1 3 (M\? (92 /MS? 625 (M\~? 
Sy eR. He ene ope Pee i ee errata ai eM ° 
eer Re «Reh (=) Beak: ew az (zr) peak? 7 "64 (=) 


(36.3.37) 
Suppose M = 1.1 x 10°°g, R= 1.414 x 10®cm, peak = 0.1. We have 


w = 4.557 x 10°sec™*, Epuis = 3-426 x 10°°erg, Lew = 1.433 x 10°°ergs*, 17 =2.391s. (36.3.38) 


36.4 PULSAR SLOWDOWN 


The pulsar NP 0532 in the Crab Nebula has a period of 0.033 seconds and is slowing down at the rate 
dP/dt = 1.35 x 10-°sec/yr. Assuming the pulsar is a typical neutron star, calculate the rate at which it is 
losing rotational energy. If this energy loss is due primarily to gravitational radiation reaction, what is the 
magnitude of the star’s nonaxial deformation? 


Solution: 


For an ellipsoid with principal axes a, b and c, the reduced second quadrupole moment is 


2a? — b? — 
M 
4ij== 2b? — 2 — a? (36.4.1) 


2c? — a? — b? 


Applying the rotation operator R(z) around the z-axis and differentiating three times with respect to time, 
we obtain 


AM sin2Qwt —cos2wt 
Fi; = w° (a? — b?) sin2wt —sin 2wt (36.4.2) 
0 
The power of gravitational wave radiation will be 
32 72 6/2 722 
If we assume a = b = r and (a — b)/r =e < 1, then we have 
128 32 
Lew = pp we Rte = elu, (36.4.4) 
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where J = 2M R?/5 is the moment of inertia of the ellipsoid around the z-axis. The energy conservation 
equation gives 
I dw? 2 
a 32 2124) 


Putting back c and G, we have 
dw 32G 5, 5 
— = —-— Ee lw”. 36.4.6 
a nop 6 Iw (36.4.6) 
Since 
_ 2a ag dw. Ord P ee 
Oi i 190sec"*, io pa = 2.47 x 107 ’sec™*, (36.4.7) 


if we assume M = 1.1 x 10°°g, R = 1.414 x 10°cm, we can get ¢ = 0.025. 


36.5 ENERGY AND ANGULAR MOMENTUM LOSSES DUE TO RADI- 
ATION REACTION 


Derive equations (36.31) for the rate at which gravitational radiation damping saps energy and angular 
momentum from a slow-motion source. Base the derivation on equations (36.26b) and (36.30). 


Solution: 


Firstly, we have 


1d°#; 
greact = Fe tit (36.5.1) 
and 
dE dJ; 
rT => i, porsrcty, dz, aa = i: EjklT RPO? dex . (36.5.2) 
We can derive that 
2 d>F; 
Ot = Eee. (36.5.3) 
Thus, 
dE 2 dF iz 1d°F;, d 1 Fiz 
ae se a8 [orien x = -§ Ts aa ¢ PL; LR a) = er arcs dF jx t. (36.5.4) 
After taking average, we can integrate by parts, and so we can get 
dE 1 /d?F 5x d?F;x 
Ap EN ae a (36.5.5) 
As for angular momentum, we have 
dJ; 2 dF); 2 dF; 
ae = ae i: EXkIL RPL; dea = — Seiki a5 hi. (36.5.6) 
After taking average, we can integrate by parts, and so we can get 
dy; 2 BE; dp; 
dt = alae dts dt . (36.5.7) 
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36.6 GRAVITATIONAL WAVES FROM BINARY STAR SYSTEMS 


Apply the full formalism of section 36.7 and 36.8 to a binary star system with circular orbits. Calculate 
the angular distribution of the gravitational waves; the total power radiated; the total angular momentum 
radiated; the radiation-reaction forces; and the loss of energy and angular momentum due to radiation 
reaction. Compare the answers with the results quoted in section 36.6. 


Solution: 


We choose the center of mass as the origin of the system. If the distance of between two stars is a, 
we have 


M M ‘ 
cost 6 (u iy ae ~asinst) 5(z). (36.6.1) 


The second momentum of the system is 


cos 2wt + 1 sin 2wt 0 


i= [osie! Pe = pba" sin 2wt 1—cos2wt 0]. (36.6.2) 
2 
0 0 0 
As a result, we have 
, cos2wt sin2wt 0 ” sin2wt —cos2wt 0 
Fin = —2pwa? | sin2wt —cos2wt O|, Fi, =4yw%a? | —cosQut —sin2Qut 0]. (36.6.3) 
0 0 0 0 0 0 


The gravitational wave is given by 
2 pi Bl 


hy = tik (t—r), (36.6.4) 
where 
“TT Bod Bs 1 SCs Wa LaXp 
Fix = Pjatgy Por — =PirPartgy, Par = bar - 5 (36.6.5) 
2 r 
The total power radiated is 
Pees ae 32 
Lew = = (taetigy = ewe’. (36.6.6) 
Using w?a? = m, + m2 = M, we have 
dE 32p2.M3 
ee ae 36.6. 
dt oe 5a® Bee?) 
Note that 
oe eee 0 i 0 
(Fra Fat) = 8y2wat{-1 0 0). (36.6.8) 
0 0 0 
The total angular momentum radiated is 
Dh diy ae bts 2 
ae (Fra Fa) = = PuPaX(0, 0, 1), (36.6.9) 
i.e., 
dL, a3/2 
Soa aya Se (36.6.10) 
Note that a 
E= ee Ly = pM1/2q)/?, (36.6.11) 
a 
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Equation 36.6.7 and 36.6.10 are compatible. 


Radiation reaction force is 


x sin 2wt — y cos Qwt 


2 PF jp 2p a? 
Gi gg, rs Set si UE I (36.6.12) 
: 5 dts 5) 0 
The position and velocity of star are 
r=r(coswt,sinwt,0), v=wr(—sinwt, coswt,0). (36.6.13) 
We have ee 
32 
Fyvp = — (36.6.14) 
pad s0 6,2 2, 6,4 
dE 32uw"?a 32p-“wa 
am S (mir? + mor?) = ae ane (36.6.15) 
We also have a 
2 
M, =aF, —yF, = 7 amr. (36.6.16) 
meee 5.2 2,542 
z 2 2 
“ a — “(myr? + mor3) = ee (36.6.17) 


Equation 36.6.15 and 36.6.17 are identical with equation 36.6.7 and 36.6.10. 


36.7 MAGNITUDE OF t'” 


Consider a slow-motion source of gravitational waves. Show that far from the source, but in the near zone 
(R <r <A) the components of the “stress-energy pseudotensor” t“” die out as 1/r*, but in the radiation 
zone (r > A) they die out only as 1/r?. 


Solution: 
From the definition of t“”, we have t ~ (Oh)?. The gravitation wave originating from the source is 

ht” (t, 2) = if ee dex’. (36.7.1) 
Note that OT ~ £ and 0(1/r) ~ 1/r?. So we have 


Oh~w - + 2 where ha Z (36.7.2) 
r A r 


If r < A, we have 0h ~ h/r and so t ~ 1/r*. If r >> A, we have 0h ~ h/A and sot ~ 1/r?. 


36.8 PROOF THAT THE TRANVERSE TRACELESS PARTS OF 


Prove by direct computation that the TT parts of J;;, (86.42b) and #;;, (36.46) are identical, no matter 
where the observer is who does the TT projection (i.e., no matter what the unit vector n in the projection 
operator may be). 
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Solution: 


Note that 


anes (36.8.1) 


Fyn = [jn — 3 


We have 


1 
gk = PjaFabPor — gPirFabta 
1 1 1 
= Pil tops g abl Poe - Pik Pas Lab — goal 


ion + STP bi Ps 


ae ae 6 


2 (36.8.2) 


36.9 ENERGY AND ANGULAR MOMENTUM RADIATED 
(a) For the gravitational waves in asymptotically flat spacetime described by equation (36.47), calculate 
the smeared-out stress-energy tensor Téy,) of equation (35.23). 


(b) Perform the integrals of equations (36.23) and (36.25) to obtain the total power and angular momen- 
tum radiated. 


Solution: 


(a) Firstly, we have 


2 a? TFR (t —r) 1 


je = ae Dae = a5 (Pf jy)» (36.9.1) 
and , 
Tig = F5% = PjatjxPor — 5 Pix Parton. (36.9.2) 


2 
We can derive that 


1 1 
Tig Tin = (PtasPo = a Pastas) (PeFonPa oa fi ,Peatst 


1 
= PacPratavtcd <7 gf abPedtartea 


1 
= ce — NaNe) (Oba Npna) (dab NaNy) (Oca nena) Favtcd 


2 


1 1 
— (Sct = 7 dabdea = 2WachbNd a SabMcNd + srr Fated 


2 
1 

= Tartar — 2fartaanyna + gtanoncnatarted- (36.9.3) 

Note that 
Aiko = — hk (36.9.4) 

We have 
1 1 7 
ig =i =i. = 320 (hinoljko) = Sar? (Tix Ti) 
1 ee 1 

~ 8ar? (Fn Fon — Ine FigFinrn + 5(My Fjum)?) (36.9.5) 
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(b) 


Uses es 1 
Lew(E, r) = fe dQ = on (Fay F gt) | (55 = WN4NKd;L + snr dQ. (36.9.6) 


Using the fact that 


4 4 
fe Nin; = oe feo NINN = Fe (6iy5u + dikOjl + bit0jk)s (36.9.7) 
we can derive that ‘ 
Lew(t,r) = 5 Catan) (36.9.8) 
Similarly, for 
a= 8rr2 ee (—6njF4m FE mprp 25 91jFemtmtp ¥ pgttq) ’ (36.9.9) 
we have 
fe gir? = af jk (2m Em) + (FFs +h tn))| = #56 jk Guat ay) = ae jk (lint ok) 
(36.9.10) 
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Chapter 37 


DETECTION OF GRAVITATIONAL 
WAVES 


37.1 GENERAL PLANE WAVE IN TT GAUGE 


Show that the most general linearized plane wave can be described in the transverse-traceless gauge of 
linearized theory by expressions (37.1). 


Solution: 


Under a gauge transformation generated by £", we have 
Puy > Py — Env — Eryn + Nuvb?p- (37.1.1) 


Suppose that €“ is the solution of 7 
a a ae (37.1.2) 


After the gauge transformation, we have 7 
he =0, (37.1.3) 


called Lorentz gauge. 


In Lorentz gauge, a plane wave propagated along z direction h,,, (t— z) can be expressed as a superposition 
of monochromatic plane waves, 


Any exp(ik,x") where A*’k, =0, k, = k(—1,0,0,1), (37.1.4) 
or explicit A“° = AX, 
Consider a gauge transformation generated by 
fh = =1C? exp(tk, x"). (37.1.5) 


Note that €,,.. + &.,. = (Cukv + CLk,) exp[—ik(t — z)]. We have the transformation 


yn. Sean Oss) een Oo (37.1.6) 


Now solve the equation for C,, 


A®_ Cik— OK! =0, AY, —20*k, =0 (37.1.7) 
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In new gauges, we have A’? = 0, A” ,, = 0. Since transformation generated by 37.1 will keep the wave in 
Lorentz gauge, we have Av? = A#*, Now we can get A9” = A*# = 0 and A” u = 0. 


If we make gauge transformation for each mode of plane wave, the resulting wave must satisfy that 


0, ee Saal, fie, (37.1.8) 


So the most general linearized plane wave can be described in the transverse-traceless gauge of linearized 
theory by 
Ane = —hyy = ALE —2), hay = hye = Ax(t— 2) (37.1.9) 
In the TT gauge, the time-space components 
Ryoko = Rojok = —Rjoor = —Rojro (37.1.10) 


of the Riemann curvature tensor have an especially simple form (see exercise 18.4) 


1 
Rjoxo = ~ 5 hiK,00 (37.1.11) 
So we have 
1 - Wi & 
Rzoxz0 = —Ryoyo = 5 A+tt — 2), Rzoyo = Ryoxo = ~5Ax(t =). (37.1.12) 


In the TT gauge, the stress energy tensor of gravitational wave is 


1 
GW 7 pV 
i Be = 3927 Clava a): (37.1.13) 
So we can get 
1 , . 
TS" = TSS = — TS" = Fe (AR + AR). (37.1.14) 


37.2 TEST-PARTICLE MOTION IN PROPER REFERENCE FRAME 


Show that a slowly moving test particle, falling freely through the proper reference frame of equation 
(37.2), obeys the equation of motion (geodesic equation) 


— ae ca O(|2*}). (37.2.1) 


Thus, one can interpret —a; as the “local acceleration of gravity”. 


Solution: 


The metric in the “proper reference frame of the detector” is 


ds? = — (1+ 2052") (ax°)” + 55, da? dr* +0 ({e"[') dx* de? (37.2.2) 
So we have 
ds = |- (a0°)” + 555 da! as! [1+ 0(|2*|)] (37.2.3) 
and F 
1a =a;+ 0(|x*|) (37.2.4) 
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For a slowly moving test particle, we have dr = — ds = dt. So the equation of motion 


will become 


Pas - dx® dx? 


dr?‘ 48 dr dr — 


Pe! _ a, +0(|s#). 


(37.2.5) 


(37.2.6) 


37.3 CONNECTION COEFFICIENTS IN PROPER REFERENCE FRAME 


(a) Calculate on for the metric 37.2.2, ignoring corrections of 0 (le! |). 


(b) Calculate Ri ano using the standard formula (8.44), and leaving spatial derivatives of the connection 


coefficients unevaluated because of the unknown corrections of 0 ((e’ ). 


(c) Use the answer to part (b) to evaluate the 0 (le’ ) corrections to I’ a0" 


Solution: 


(a) Firstly, we have 


and 


for other components. 


Using 


we can get 


and 


for other components. 


(b) 


(c) 


900,43 = — 20; + 0(I2"l) 


Iap 4 = o(Ie’l) 


a AD ngs 
oO — _plb * ee al 
Tay = 59°" (Gn8,4 + 9p4,8 — 984,a)) 


: . 1 j j 
Pee = l= — 9 900,i + 0(I2") =e o(I2") 


P55 = O((e"l) 


= I 50% — azaz + 0(Ie’) - 


50 = a(a" =0)4+r a = 0)e" + 0((x'[?) 


40,6 


=az+ (Rap, + azaz)a* + 0(Ie7?) 
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(37.3.1) 


(37.3.2) 


(37.3.3) 


(37.3.4) 


(37.3.5) 


(37.3.6) 


(37.3.7) 


37.4 WHY THEa- xz? 


Explain the origin of the a - x correction in equation (5b) of Box 37.1. 


Solution: 


Take the viewpoint of an observer at rest at the spatial origin who watches two freely falling particles 


respond to the inertial force. Suppose the force is at 2 direction. 


At time t = 0, put the particle A at the origin and the particle B at (0,0, zo). As time passes, the separation 
of the particles in their common Lorentz frame remains fixed; so there develops a Lorentz contraction in 


2 direction from the viewpoint of the observer fixed at the origin. So we have 
1/2 
zp — 2a = 20 (1-07) ; 
where v = at. 


Take the derivative with respect to time. We have 


d?zp dd? za za 


= = —z9a” when ‘+0. 


di dé? (1 — v2)3/2 


Because particle A is at the origin, we have 


d?z, ” 
diz 
As a result, 
“= = —a(1+az0). 
Or more generally, we have 
o =-a’(1l+a-az) 


37.5 ORIENTATION OF POLARIZATION DIAGRAM 


Derive equation (2) of Box 37.2. 


Solution: 
New coordinates relate with old coordinates through 

£= 2 cosdo —¥'sindo, §=2' singdo +7 cos do. 
The equation of motion in will be 


dz’ cos dp — 9’ sin do 
dé? 


and 


dz’ sin bp + 9 cos do 
dt? 
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coe " 
= [Ay (2 cos bo — sin do) + Ax (4 sin do + 9’ cos 0)| 


i ee : 
=a Ax (2’ sin bo + cos go) + Ax (# cos do — 9’ sin 0)| 


(37.4.1) 


(37.4.2) 


(37.4.3) 


(37.4.4) 


(37.4.5) 


(37.5.1) 


(37.5.2) 


(37.5.3) 


It can be simplified as 


d?z/ 1 


r= 5 (Ay cos 26y + Ay sin 249)a’ + (—Ay sin 26p + Ay. cos 2608 (37.5.4) 
and 
dy 1 ts Bo a s) = 2. 2 re 
W735 [-(Ay cos 2b + Ay sin 240)9' + (—Ay sin 2¢9 + Ax cos 269) # (37.5.5) 


We will get the same pattern in new coordinates if 


— A, sin 2¢9 + Ay cos 2¢9 = 0. (37.5.6) 
We have the solution 
d : t A, (37.5.7) 
= — arctan = é ei 
05 A, 


37.6 RELATIVE MOTION OF FREELY FALLING BODIES AS A DETEC- 
TOR OF GRAVITATIONAL WAVES 


Consider two test bodies initially at rest with respect to each other in flat, empty spacetime. (The case 
where other, gravitating bodies are nearby can be treated without too much more difficulty; but this 
exercise concerns only the simplest example!) A plane, nearly monochromatic gravitational wave, with 
angular frequency w and polarization e,, impinges on the bodies, coming from the —z direction. As 
shown in exercise 35.5, the bodies remain forever at rest in those TT coordinates that constituted the 
bodies’ global inertial frame before the wave arrived. Calculate, for arbitrary separations (Ax, Ay, Az) of 
the test bodies, the redshift and the round-trip travel time of photons going back and forth between them. 
Compare the answer, for large Ax, Ay, Az, with the answer one would have obtained by using (without 
justification!) the equation of geodesic deviation. Physically, why does the correct answer oscillate with 
increasing separation? Discuss the feasibility and the potential sensitivity of such a detector using current 
technology. 


Solution: 


We can decompose the geodesic of the photon into a background path plus a perturbation, 


x (Xr) = (0) (A) + (1) (A); (37.6.1) 


where «/,) solves the geodesic equation in the background. For convenience we denote the wave vector 


of the background path as k,, and the derivative of the deviation vector as /,,. The condition that a path be 
null is of course 


(nav + hyv)(! + k*)(Y +k”) =0. (37.6.2) 


At zeroth order we simply have 7,,k"k” = 0. We can obtain that k* = k(1,sin 6 cos ¢, sin 6 sin ¢, cos 6), 
where 6 and ¢ are spherical coordinates of (Az, Ay, Az). At first order we obtain 


Qn kh lY + AyvktkY = 0. (37.6.3) 
We now turn to the perturbed geodesic equation. The zeroth-order geodesic equation simply tells us that 
£() (\) is a straight trajectory, while at first order we have 


dl# 


ne (37.6.4) 
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Particularly, we have for = 0 


dl° ae 
7a —(T°gk*h® +1°,,,k4K), (37.6.5) 
where 
TW —iw(t—z 
Note that 
(0) (A) =k. (37.6.7) 
We have . 
dl _ Ww —iwr(k—k*) 250 y\2 
po 8 Axe [(k”) (k”)*] (37.6.8) 


The integration gives 


vy)2 2 #2 : 
Ay (k ) a (k") (eA e ri etre = kAy sin 9160820 (—iwAr(1—cos) _1)gito, (37.6.9) 


Alo = = 
2 1—cosé 


where ¢9 = —w(to — Zo) is the initial phase. The redshift of the photon is 


i A 
a=-7= a cos 26(1 + cos 8) (e~#A7— 8 9) _ 1) ¢# 0, (37.6.10) 
For photon propagate back, we have 
= ° = Ay —iwAr(1+cos 6) —iwAr(1—cos 0) ido 
2g = — 7 = > COB 2(1 — cos @)(e —l)e ere, (37.6.11) 
The total redshift is z = z, + zo. 
If wAr < 1, we have 
z = A, cos2¢sin? QwAre(?o-7/2), (37.6.12) 


The correct answer oscillate with increasing separation because the spacetime is oscillate when the photon 
propagates. 


37.7 EARTH-MOON SEPARATION AS A GRAVITATIONAL-WAVE DE- 
TECTOR 


In the early 1970’s one can monitor the Earth-moon separation using laser ranging to a precision of 10 
cm, with successive observations separated by at least one round-trip travel time. Suppose that no oscilla- 
tions in round-trip travel time are observed except those (of rather long periods) to be expected from the 
Earth-moon-sun-planets gravitational interaction. What limits can one then place on the energy flux of 
gravitational waves that pass the Earth? The mathematical formula for the answer should yield numerically 

Flux < 10'Serg/cm? sec for 0.3 cycle/sec < v < 1 cycle/sec (37.7.1) 
corresponding to a limit on the mass density in gravitational waves of 


Density < 1078 g/cm’. (37.7.2) 


Why is this an uninteresting limit? 


Solution: 
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The Earth-moon separation is about 3.84 x 10!° cm. With a 10 cm precision, the upper limit of the ampli- 
tude of gravitational wave is 


1 
The corresponding energy flux is 
1 mv*h2e3 
355 sjielise v) 71 aes 10'Serg/cm? sec. (37.7.4) 
The corresponding density is 
eine 
Paget 107!8¢/cm?. (37.7.5) 


The energy flux of solar radiation is 1.368 x 10°erg/cm? sec. So this upper limit is too high to be interesting. 


37.8 POWER RERADIATED 


The idealized gravitational wave detector of Figure 37.4 vibrates with angular frequency w. Show that the 
power it radiates as gravitational waves is given by equation (37.37). 


Solution: 
Put the detector on the x axis. We have 
p= Mo(a —€— L)d(y)d(z) + Md(a@ + € + L)d(y)d(z). (37.8.1) 
The second moment of mass distribution is 
Tne = 2M(L +)? (37.8.2) 


and all other components vanish. The reduced quadruple is 


4 2 2 
Foe = 3M(L+ a —3MiL +f), Fa= —3M(L+ as (37.8.3) 


The power of radiation is 


Lie vy _ 8M? /d3(L+€)? dB(L + €)? 
P==(Fiy#u) = 5 ( 78 78 ) (37.8.4) 
If € is mush smaller of L, we have 
32M?L? / dé dé 32M? L7w® 2 
eal aa: (3 =) 15 eo: ee 


37.9 CROSS SECTIONS CALCULATED BY DETAILED BALANCE 


Use the principle of detailed balance to derive the cross sections (37.41) for a vibrating, resonant detector 
of any size, shape, or mass (e.g., for the vibrating Earth, or Weber’s vibrating cylinder, or the idealized 
detector of Figure 37.4). 


Solution: 
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Let the detector be in thermal equilibrium with a bath of blackbody gravitational waves. Then it must 
be losing energy by reradiation as rapidly as it is absorbing it from the waves. Internal damping can be 
ignored because, in true thermal equilibrium, energy loss by internal damping will match energy gain 
from random internal Brownian forces. In detail, the balance of energy in and out reads 


[4rI, (V0) | blackbody X i (7) all directions LY = Aaw x (Energy in normal mode of detector). (37.9.1) 


Using the familiar form of the Planck spectrum and the fact that gravitational waves have two independent 
states of polarization, we have 
I 2hv3 
” ~~ exp[hy;/kT] — 1° 
On the other hand, the average number of quanta (phonon) for a normal mode with frequency v; of 
detector is given by 


(37.9.2) 


—— explo EF =e ne 
Thus, the energy in normal mode with frequency v; of detector is 
E,= se (37.9.4) 
Put them together, we can obtain 
/ Gerri de oM = Tees (37.9.5) 
8714 2 


37.10 NORMAL-MODE ANALYSIS OF VIBRATING, RESONANT DETEC- 
TORS 


Derive all the results for vibrating, resonant detectors quoted in Box 37.4. Pattern the derivation after the 
treatment of the idealized detector in section 37.6. 


Solution: 


(a) Let the detector be driven by the polarized waves of equation 
hjk = A(t —N-: Beis EjkNk = 0, ej = 0, Cjkejk = 2, (37.10.1) 


and let it be wave-dominated (E\yibration < kT). The displacements da = &(x,t) of its mass elements 
satisfy that 


g 


TO 2 


We decompose the displacements into normal modes of the detector as 
£=)_ B,(t)un(a). (37.10.3) 
Using the orthonormalization condition 
/ Um * Und’z = Mbmn, (37.10.4) 


multiplying 37.10.2 by pu,, and integrating over the whole space, we can get 


7 Bn 1. 
By + — +w2Bn = sa Fuiesje! Br, (37.10.5) 


n 
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Note that wo = w,, and 7) = 7, for nth mode. Using the definition of the moment of inertia factor for the 


nth normal mode 
L(n)ik = [-ouiriatete = [elu +uha) dx, 


and corresponding reduced quadrupole factor for the nth normal mode 


1 
= slinjadyrs 


Fnyik = L(njjk — 3 


equation 37.10.5 can be written as 


. Bn lt 
Bn a a w? B, — —— Al (n) jee; = 


T) a 4M AF nyij6iz- 


1 
4M 


(b) Fourier-analyze the amplitudes of the detector and waves, 


B,,(t) = (2x)~/? [- Bn(w)e* dw, A(t) = (20)~/? l- A(w)e7™* du, 


and substitute 37.10.9 into 37.10.8. We can derive that 


2h -W ~ 2n 1 
—-W B, = ‘e + w, Bn => ae” ? AF (n) ig Caz. 
The solution is 7 


4M (w? + iw/T, — w2)° 
If Jw + w,| < wy, we have the approximation 


Se as Wn AF (n)ij€ij 
M(\w| a 1/27, ~~ Wn) : 


n= 


(c) The total energy deposited in the detector can be calculated by integrating 
(energy deposited) = 7 (Force per unit volume) - (Velocity) d°z dt. 

For nth mode, the force per unit volume is 

fi= ! Ape; ;x4 

re 2 Peqgx 
The velocity of a small volume is a 
vu; = Bnui,. 

It follows that 


(energy deposited in nth normal mode) = 5 | Apes? By u’, dea dt = iFouens | AB, dt. 


(d) Apply Parseval’s theorem to 37.10.16, we have 
/ AB, dt = ‘i —w? A* (iw B) dw 
Using 37.10.12, we can obtain 


(energy deposited in nth normal mode) 
=: eu f i 3__ HnlAPFnyiseis 
a 8M (|w| + i/2t, — Wn) 
1 Wy |Al?(|w] — wy — i/2T:p) 
—ilg : 2 3 n n n d 
jHinvesl fe Serio Pe 


wiz. -c,.)2 [ penlAn)P (el = wn = i/27n) 
y Fm jij ijl [8 8M [(|w| — wn)? + (1/27)? d 


dw 
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(37.10.6) 


(37.10.7) 


(37.10.8) 


(37.10.9) 


(37.10.10) 


(37.10.11) 


(37.10.12) 


(37.10.13) 


(37.10.14) 


(37.10.15) 


(37.10.16) 


(37.10.17) 


(37.10.18) 


Since 


|w| — Wr 
d 10.1 
/ (wl —w,)2 + (1/2)? Ww (37.10.19) 
must vanish because of symmetry consiseration, we have 
t n)ig ety . 2 n 7 A ? 
(energy deposited in nth normal mode) = i “ HF a i (ale = (iar, : | dv, 
(37.10.20) 
where v = w/2n. 
(e) The energy flux of the gravitational wave is 
1s, 
rs = —_ (A?) . 37.10.21 
167 time avg ( z ) 
The total energy per unit area is 
1 : 
t= po dts fe dt. (37.10.22) 
Using Parseval theorem, we have 
1 P 2| Al? 
= Fe [WAP dw = / wa wv. (37.10.23) 


Thus the total energy per unit area per unit frequency carried by the waves past the detector is 


21 Al2 
Ce 4 (37.10.24) 


From the definition of scattering cross section, we have 
(energy deposited in nth normal mode) = no dv. (37.10.25) 


Using equation 37.10.20 and 37.10.24, we can conclude that 


T |F(nyageagl? w2 | Tr 
ae . 37.10.26 
oY) = GM (elon)? + OamaP 7500;26) 
It follows that 
es = 37.10.2 
fo. (y) - 4 M lz +1] 4 M ( 7 7) 


(f) For simplicity, we suppose the n is in the z direction. For unpolarized radiation (random mixture of 
polarizations) with propagation direction n, we have 


cos@ sin 
Cig = ee 668 ,) 5 (37.10.28) 


with 6 uniformly distributed within [0, 27). Thus, 


(lF(nyigeig |?) = (lE(n) aa C08 9 — F(n)yy C08 O + 2F(n)ry Sin 6|”) 
= Peirce _ Fieiinsn| oT AlF np) ey |" 


9 (37.10.29) 

Recall that ‘ 
FO) = PnP — 5PTr(PFiny), Pin = dye — nyne- (37.10.30) 

It follows that ‘ 
(njex = —F(myy = 5 Fen)ax —Fnyyy)> Finjoy = Finows (37.10.31) 
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and all other components vanish. Thus, we have 


(lE(nyiz €a |?) = [FGnyagj |? 


_alFBaP o FE 


we | Ts nig 
onl”) = 4M (ol on)? + O/ora®? Foon" = 4 M 


(g) From equation 37.10.30, we have 


1 1 
Fiptiy = Gaza _ 3 Pastas (FoteaP _ 9 Peake 


1 
> PacPoatavtca = gf abPeatartea 


= ce = NaNe) (Oba Npna) 2 


1 ‘L 
— (Sct - =Oab0ed - 2WachbNa + SabMcNd + sManonna Fated 


2 2 


1 
= Faotap — 2Fartaanyna + gtanencnatabted- 


When averaged over all directions, we have 


1 1 
(ity Zhatw | (55 _ 2NyNKOGL + srnjr dQ. 


a] ee avg = Ar 


Using the fact that 
1 1 1 1 
= dQ NN; = 3 fis de dQ N{NjINKN] = 7p (id Fm + ik O5t + Ji105k)s 


we can derive that 5 
ed (GA sl al pana” eee Hore 
Cz tij Vines avg 5 ti Fij 


For unpolarized radiation, averaged over all directions, cross sections are 


_ ot lEqisl? w? [Tn 


onlv) = 19g (jw] — wr)? + (1/2)? 


For nth normal mode, we have 
Olj% =1n)jrBn(t), O62 = By(t)un. 


The power of radiated gravitational waves are 


di. Sere ches 1 
Lew = 5 (OF 02 a) = BlFimislWn nae avg” 


time avg 
The kinetic energy of the detector is 
Exin = 5 | else)? a= su BE | pun -Un dix = 5 Mu BR. 
The total energy of the detector is 
Eget = 2 (Bidn) = Mw (BF) ie 


The Einstein A coefficients for gravitational wave radiation is 


Lew 1 Fonyagl? 4 
Ans = 
aa 6 aE 
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|? 


L 
(dab NaNy) (Oca —_ nena) Favtcd 


(37.10.32) 


(37.10.33) 


(37.10.34) 


(37.10.35) 


(37.10.36) 


(37.10.37) 


(37.10.38) 


(37.10.39) 


(37.10.40) 


(37.10.41) 


(37.10.42) 


(37.10.43) 


The Einstein A coefficients for internal damping is 


1 
A= (37.10.44) 
TO 
Now we can write down Jog 
us wAldiss 
n(v) = =r < : 37.10.45 
70) = OY Ta ton)? + (Acie 2P ae 
and 
/ on(v) dv = oi Aew: (37.10.46) 
37.11 SPECTRUM OF ENERGY RADIATED BY A SOURCE 
Derive the results quoted in the last section of Box 37.4. 
Solution: 
The component of polarization e;; of a gravitational wave h/;" is 
1 
3g Hn ejeis- (37.11.1) 
Noting that 
1 
h™™ = PhP—SPTs(Ph), Pye = 5jx — nye (37.11.2) 
and 
EjRNk = 0, ej = 0, CjREjk = 2: (37.11.3) 
we have 


Tr(h**e) = Tr(PhPe) — 5 (Ph) Tr(Pe) = Tr(Phe) — 5 (Ph) Tre = Tr(ePh) = Tr{he}. (37.11.4) 


The gravitational wave generated by the source is given by 


2. 
hay = “Fp. (37.11.5) 
So the energy flux of gravitational wave with polarization tensor e;; is 
— Ty = ee (Tr(he) Tr(he) ) ee (Tr(#e) Tr(#e)) (37.11.6) 
a); ty oA 16mr? ~ 
13; 
dE Li esse 
di dQ — Taq (lf sesl’)- (37.11.7) 
Using Parseval’s theorem, we can obtain 
dE 1 ae s ak e 
eo ijei|° dt = —— | |Iij;e:;|?w® dw. 37.11. 
dn wag | \Tueu! va | | a OEM) 


So the total energy per unit frequency (v > 0) radiated over all time, into a unit solid angle about the 
direction n, and with polarization tensor e, is 


dE 1 ~ 
ard — 8 S- [Tijeis|?w®. (37.11.9) 


w=t2rv 
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Summed over polarizations, we have 


1 a 
— Ter = 35 (ENG) = gs (fy ty) (37.11.10) 
By similar method, we have 
ae q ZIT 2, 6 1 1 TT 19 6 
dvdQ 4 Hy Pum = 27 a Pw”. (37.11.11) 
wWH=t2TV,1,79 wl 


Using equation 37.10.5, the total energy radiated per unit frequency, integrated over all directions, is 


dE 1 ee 4a ‘ 
=o S "4m x a lFij|w® == >> HFig|?w. (37.11,12) 
i,j tJ 


37.12 PATTERNS OF EMISSION AND ABSORPTION 


The elementary dumbbell oscillator of Figure 37.4, initially unexcited, has a cross section for absorption 
of unpolarized gravitational radiation proportional to sin* 6, and when excited radiates with an intensity 
also proportional to sin* 6 (Chapter 36). The patterns of emission and absorption are identical. Any other 
dumb bell oscillator gives the same pattern, apart from a possible difference of orientation. Consider a 
nonrotating oscillator of general shape undergoing free vibrations in a single nondegenerate (and therefore 
nonrotatory) mode, or excited from outside by unpolarized radiation. 


(a) Show that its pattern of emission is identical with its pattern of absorption. [Hint: Make the compar- 
isons suggested in the last few parts of Box 37.4.] 


(b) Show that this emission pattern (absorption pattern), apart from three Euler angles that describe the 
orientation of this pattern in space, and apart from a fourth parameter that determines total intensity, is 
uniquely fixed by a single (“fifth”) parameter. 


(c) Construct diagrams for the pattern of intensity for the two extreme values of this parameter and for a 
natural choice of parameter intermediate between these two extremes. 


(d) Define the parameter in question in terms of a certain dimensionless combination of the principal 
moments of the reduced quadrupole tensor. 


Solution: 


(a) For unpolarized radiation with propagation direction n, the cross section of absorption of gravita- 
tional waves is 

us Fimagl Wal Tn 

4 M — (|w|—wpy)? + (1/2T)?° 


The total energy per unit frequency (v > 0) radiated over all time, into a unit solid angle about the 
direction n, and summed over polarizations, is 


(37.12.1) 


On(v) = 


dE thes 
a aq = alta Pe. (37.12.2) 
Since | 
aH leeese OO" e™ for G0, (37.12.3) 
we have ‘ 
fy = Teej Br (37.12.4) 


1/(2T,) — i(w — wy)” 
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and so 


me 
#,,°=|F Bel? ; 37.12.5 
| aj |" = | Caagl | | (w = Wn)? af (1/2T,)? ( 7 ) 


Thus, its pattern of emission is identical with its pattern of absorption. 


(b) The emission pattern is determined by F(,.) ;;,. Adjusting three Euler angles that describe the orientation 
of this pattern in space properly, we can bring #(,,);, into diagonal form as 


—2x 
pxJ= x—1 (37.12.6) 
1 


Fn); 


where 0 < x < 1/2. Apart from a fourth parameter that determines total intensity, the pattern is uniquely 
fixed by a single parameter a. 


(c) The pattern of the emission is determined by |Jj,"|?. Suppose n = (sin @ cos ¢, sin @ sin ¢, cos @). We 
have 


1 
Jj. 2 = or [(4cos* $ — 4 cos? 6 + 1) sin’ @ — 4sin? 6 + 4] x 
— [(2cos* $ — 5cos? d + 2) sin* 6 + (6 cos? ¢ — 5) sin? 6 + a 
pi 
15 (cos* ¢ —4cos? d+ 4) sin? @ + (3 cos” o- 2) sin? 6 +5 = (37.12.7) 
For x = 0, we have 
1 1 
Jizz"? = 5 (cost ¢ — 4cos” ¢ + 4) sin" 6 + (3cos’  — 2) sin? 6+ 5. (37.12.8) 
For x = 1/2, we have 
a7)? = sin 6, (37.12.9) 
(d) The parameter can be defined as 
min(|J;|) 
= —_ 37.12.10 
= Tmax)’ ee 


where [;, [2 and J3 is the principal moments of the reduced quadrupole tensor. 


37.13 MULTIMODE DETECTOR 


Consider a cylindrical bar of length very long compared to its diameter. Designate the fundamental mode 
of end-to-end vibration of the bar as n = 1, and call the mode with n — 1 nodes in its eigenfunction the 
“nth mode”. Show that the cross section for the interception of unpolarized gravitational waves at the nth 
resonance, integrated over that resonance, and averaged over direction, is given by the formula [Ruffini 
and Wheeler (1971b)] 


— Be ue es Ok n odd (zero for even n), (37.13.1) 


/ : 
nth resonance, random 


where v is the speed of sound in the bar expressed in the same units as the speed of light, c; and I is the 
mass of the bar (geometric units; multiply the righthand side by the factor G/c = 2.22 x 107 '8cm? Hz/g 
when employing conventional units). Show that this expression gives { o dv = 1.0 x 10~?'cm? Hz for the 
lowest mode of Weber’s bar. Multimode detectors are (1973) under construction by William Fairbank and 
William Hamilton, and by David Douglass and John A. Tyson. 
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Solution: 


For nth mode, we have 


— /2cos I(z 5) na oe hee re (87:13:3) 


The “moment of inertia factor for the nth normal mode” is 


L/2 a 
ae =| V2.cos (+ +5) na ade =4V2ML ane FOr node (37.13.3) 


L/2 0 for neven 
So for n odd, we have 


w [Fil 9  Unjee 9 _ 32Mv? 


a(v) dv = w= w= ; (37.13.4) 
ie resonance, random ( ) 10 M 15 M 15mn? 
For Weber’s bar, we have 
M=1.4x 108g, v=vd\=153cm x 2 x 1660Hz = 5.0796 x 10°cm/s. (37.13.5) 
So we obtain 7 
2 GM 
pow ain A GME ge ee. (37.13.6) 
br 


37.14 CROSS SECTION OF IDEALIZED MODEL OF EARTH FOR AB- 
SORPTION OF GRAVITATIONAL RADIATION 


The observed period of quadrupole vibration of the earth is 54 minutes [see, e.g., Bolt (1964) or Press 
(1965) for survey and bibliography]. To analyze that mode of vibration, with all due allowance for elasticity 
and the variation of density in the earth, is a major enterprise. Therefore, for a first estimate of the cross 
section of the earth for the absorption of quadrupole radiation, treat it as a globe of fluid of uniform density 
held in the shape of a sphere by gravitational forces alone (zero rigidity). Let the surface be displaced 
from r = ato 

r= a+taaP (cos 8), (37.14.1) 
where @ is polar angle measured from the North Pole and a is the fractional elongation of the principal 


axis. The motion of lowest energy compatible with this change of shape is described by the velocity field 


1 1 
@=-Za0, @=-jZ0y, & =a (37.14.2) 


(zero divergence, zero curl). 


(a) Show that the sum of the kinetic energy and the gravitational potential energy is 


3M? a? 3 
E= 1 Ma?a?. 37.14.3 
es ( =) +a ana (37.14.3) 


(b) Show that the angular frequency of the free quadrupole vibration is 


1 1/2 
w= (=) ps (37.14.4) 


(c) Show that the reduced quadrupole moments are 


Ma? 2M a2 
es, ee (37.14.5) 
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(d) Show that the rate of emission of vibrational energy, averaged over a period, is 


dE 3 
7 Gp = jo5™ “at Ocak: (37.14.6) 


(e) Show that the exponential rate of decay of energy by reason of gravitational wave dampIng, or “grav- 
itational radiation line broadening”, is 
4 
Agw = 55 Ma’w". (37.14.7) 


(f) Show that the resonance integral of the absorption cross section for radiation incident from random 
directions with random polarization is 


2n Ma? 
— ete) dy 25 x2 . (37.14.8) 


(g) Evaluate this resonance integral. 


Solution: 


(a) The kinetic energy is 


1 : 1 1 ie 1 3 
K= 5 | gtx = al Ga + ae + | d?z = fae | 2nr* dr = ET pwa = sp ve’. 


2 4 ; 
(37.14.9) 
The potential energy of the earth without viberation is 
1 1 [* (2x 16 3M? 
Y= 5 | 90 a= a p (For - 2npa?) Arr? dr = Fen ee” aes ir, (37.14.10) 
From Exercise 36.3, we have 
: . ar (32? 
bp = p€-75(r—a) where €-7= ay a ail (37.14.11) 
r 
I can not figure out the correct answer for the variation of potential energy. I thought 
1 [6 é 
ive / ALLA Oe (37.14.12) 
2 lr —r'| 
but only to find that 
8 
iV = —5pT Oa’ p”. (37.14.13) 
The correct answer should be ‘i 
iV = eh Oa p. (37.14.14) 
Any help is appreciated. 
(b) Since 
3 M? 3 
B= ——a’? + — Maa? 14.15 
Vo + sea" + 50 Ma’d’, (37.14.15) 
we have 
M? 20 \? /12M\'?_— /16n\*/? 
re : = fet) ae (37.14.16) 
25a 3Ma? 5a 5 
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1 


1 
81= f iprardx=pat [(E-AFaF a0 = 7Mava —1 : (37.14.17) 
2 
It is easy to see that d#,;; = d1;;. 
(d) The rate of emission of vibrational energy, averaged over a period, is 
dE Tae oss 6 3 
= (F) =. (fi tiz) = Jog eae” (a?) = Jog ate ocak (37.14.18) 
(e) The average viberating energy of the earth in a period is 
3 2-2 3 2.2.9 
(E) = 39 Ma an) = 39 Ma CO Or anics (37.14.19) 
So “gravitational radiation line broadening” is 
— (dE /dt 4 
Ani = ( 7 ) = 55 Maw Ocak: (37.14.20) 


(f) The resonance integral of the absorption cross section for radiation incident from random directions 
with random polarization is 


2 Qn Ma? 
/ (a(v)) dv = EOP Aus = "Mary? = : (37.14.21) 
resonance 2 25 25 r 
(g) This resonance integral is 
In GMa? 1 24nG? M? 
Se ee ee Sees ay (37.14.22) 


2 5 125ac3 
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Chapter 39 


OTHER THEORIES OF GRAVITY AND 
POST-NEWTONIAN APPROXIMATION 


39.1 ORDERS OF MAGNITUDE IN GRAVITATIONALLY BOUND SYS- 
TEMS 


Use Newtonian theory to derive conditions (39.7) for any gravitationally bound system. [Hint: Such 
concepts as orbital velocities, the speeds of sound and shear waves, the virial theorem, and hydrostatic 
equilibrium are relevant. ] 


Solution: 


For circular orbits in solar system, we have 


ie. 


and so e? > v?. From hydrostatic equilibrium, we have 
Vp = poVU, (39.1.2) 


and so «? = p/po. Stress-energy tensor of gravity is 


tiy ~ UU jy ~ UU 4; ~ Upo, (39.1.3) 
and so ¢ > |t;;|/po. Finally, we have 
pS ge (39.1.4) 
Po Po Po 


and so e? > II. 


39.2 PATTERN OF TERMS IN POST-NEWTONIAN EXPANSION 


Verify the statements in the paragraph following equation (39.11). In particular, suppose that one wishes 
to evaluate the coordinate acceleration, d?x;/dt?, to accuracy <?‘U_; for some integer N. Show that 
this undertaking requires a knowledge of goo to accuracy «7% *?, of go, to 2% *1, and of gj;, to «2%. Also 
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suppose that one knows T°° to accuracy poe? T® to poe?X +1, and T;;, to poe?’ +? Show that to calculate 
T°, with accuracy +19; and T7°.,, with accuracy <?‘*?p9,;, one must know goo to °N*?, gox to 
eN*+1 and gj, to «7. This dictates the pattern of Box 

Solution: 


Firstly, from equation (39.11), we have 


dx; 
dt? 


=U, +terms of order {egox,;; €?gxi,j} + terms of higher order in goo,;. (39.2.1) 


Notice that U_; is of the order ¢?. If one wishes to evaluate d?a;/dt? to accuracy <?“'U_;. We must require 
a knowledge of goo to accuracy «2% +?, of go, to e?N +1, and of gj, to €7%. 


Secondly, we have 


DS POs ee eg 
= 7%, + 7%, 41% 97 + 279, 7% 479, 74 
Fg TO) + PO ig TO + 1% TO + 157% 
~ (Go00,0 + 9oi,i + 913,0)P0 + (G00, + 9i0,0 + 9ij,n)€P0 + (Goi,g + 913,0)€ Po 
~ (€goo + goi + €93)P0,i + (Goo + €Gi0 + Gi5 )€P0,i + (Goi + €Gi5 )€" Po, i- (39.2.2) 


2N+1 2N+1 N 


To calculate T°°., with accuracy « /o,j, One must know goo to €7%, gox to € , and gj; toe. 


a 


Thirdly, we have 


fae at ae ol Mae Roe Ma 
(39.2.3) 


Notice that P7997 ~ (go0,; +.903,0)00 ~ (goo + €go;)/o,;. To calculate T°, with accuracy e?\ +? po,;, one 
must know goo to «2+? and go; to e*1. 


In conclusion, to calculate T°°., with accuracy ¢?“ +19; and T/®, with accuracy 7“ +? ;, one must 
know goo to e?4+?, go, to e2N*1, and gj, to 2%. 


39.3  NEWTONIAN APPROXIMATION 


(a) Derive equations (39.13) for the components of the stress-energy tensor in the PPN coordinate frame. 


(b) Show that, in the PPN coordinate frame, i Race reduces to equation (39.15a), and T! “y» When com- 
bined with (39.15a), reduces to equation (39.15b). 


Solution: 


(a) In the rest frame of the matter, we have 7), = p, Tg; = 0 and Ty = ty. Lorentz-transform these 
components by a pure boost with ordinary velocity —v, to obtain T.,3. The boost matrix is 


( Y ae ) (39.3.1) 


yu, ig + (¥ — Inn; 
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So we have 


pos ( 7 YUN; p 0 7 yun; 
yun; big + (y—lA)ning] (0 tae. } \yuns big + (Cy — Iran; 


_ (p+ v? nityen;) y7 puny + yungtes + Vy — lungty rin; 
~ Vy? puny + yungtz: + (7 — lungtgnins y7 pu?ning + tig + 2(7 - 1)ninat ps +(7- 1)?ngtpninin; 
(39.3.2) 
Notice that 
1 
p=pot O(poe’), u~O(e), y=lt 5 + O(e*), te wy O(poe?). (39.3.3) 
We can get 
To — Po + O(poe?), T% = pov; + O(poe®), TI = ty + poviv; + O(poe*). (39.3.4) 
(b) To the order of O(c”), we have 
TOO HT FT, + yg TO? + AP TY + 19,79 + Pog TY + T's TO + 1%, 7% 
—_ fdas sit f Ne nie 20° ar” aia +I%,, 7 “s O(e?) 
Apo, Ppovi 2 
= - O : 39.3.5 
A ae (€*) (39.3.5) 
To the order of O(e*), we also have 
deo! Cpe od Rare alas Ro A 
=T, +7", +P ool” + O(e?) 
sa» at 
= are oe T) in 5 900,50 site O(e?) 
Opov; . Itz; + poviv; dU 3 
a ar poss + O(e') 
= Opo Opovi Ov; Ov; Ots; OU ; 3 
“ra ( Bt + Oat) + POG + POM ARE + Zi — PO G_s + OCC) 
dv Ota; OU 
= a 4 9(e), 39.3.6 
DOW oa ae (€°) (39.3.6) 
39.4 A USEFUL FORMULA 
Derive from equations (39.15) the following useful formula, valid for any function f(a, t): 
d d t 
Fs [eve t) f(x, t) Ba = [eve ied d°x + fractional errors of O(¢’). (39.4.1) 


Here both integrals are extended over all of space; and df/dt is the derivative following the matter 
(39.16). 


Solution: 
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) 


-/ eee Fe. + po(e,) AE) Bz 


= , [- ee He, t) + po(a, t) ON: | d°x + fractional errors of O(¢*) 


=) Opo(a, t) f (x, tv’ avi af (x,t) 
at 


Gat + pox, t) f(x, tas + po(x, t) 


— [ rote. ie.) dz — ¢ po(«, t) f(x, t)v + dS + fractional errors of 0(e7) 
Trgs—oo 


l| 


[vote ie.) d°x + fractional errors of (e’). 


d°x + fractional errors of O(c”) 


(39.4.2) 


39.5 STRESS TENSOR FOR NEWTONIAN GRAVITATIONAL FIELD 


Define a “stress tensor for the Newtonian gravitational field U” as follows: 


1 1 
Lik = dn (su. = 5 bint . 


Show that the equations of motion for the matter (39.15b) can be rewritten in the forms 


du; Otin tty . 
po 7 = 7 ; /* + fractional errors of O(e*) 
Xx 


(p0v;),t + (tyr + tag + pov;¥n),% = 0 + fractional errors of O(c”). 


Solution: 


Firstly, we have 
tk, = ZU, 
So 


du;  Otsz 
Po - + 7 Po a = fractional errors of O(c’) 


is equivalent to 39.5.2. From exercise 39.3, we have 


Otz3 + poviv; du; Ot 
jt eee Si 


Ox? dt Ox? 


Opov; 
Ot 


So we can get 39.5.3. 


39.6 NEWTONIAN VIRIAL THEOREMS 


(a) From equation 39.5.3 show that 


Ij, 
dt? 


= 2 f(t + ts; + povjvk) dx + fractional errors of O(c”), 
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1 1 
ae (UO jnU np +U jU ke — Ojr0 nU 1) = TU irk = —poU j. 


(39.5.1) 


(39.5.2) 
(39.5.3) 


(39.5.4) 


(39.5.5) 


(39.5.6) 


(39.6.1) 


where J,;, is the second moment of the system’s mass distribution, 


Lge feos, heen (39.6.2) 
This is called the “time-dependent tensor virial theorem”. 


(b) From this infer that, if ( longtime denotes an average over a long period of time, then 


ee time 


(fen + tas + Pov;Uk) ate) =O (/ poe? a) ; (39.6.3) 
long time 


This is called the “tensor virial theorem”. 


(c) By contraction of indices and use of equations (39.18), (39.14a), and (39.5e), derive the (ordinary) 
virial theorems: 


1d?7 


1 
saa [eo d3a — / 5 Pou dz + 3 | pate + fractional errors of O(c”), (39.6.4) 


where I is the trace of the second moment of the mass distribution 


[= Lj; => [oor dex; (39.6.5) 


1 
( f ove? da — i: poU a+ 3 [ rate) =0 (/ poe’ ar). (39.6.6) 
long time 


Solution: 


(a) Firstly, we have 


Pi, df. 
t= S | rorjanate. (39.6.7) 


Secondly, we have 


; Opov; Ox; OxrK 
[Poin x= | An tah x= | pow sn r+ | poten, dx 


= f eovies at / POvRe; xr (39.6.8) 
Thus we have ; 
Ad? Li, 
aa = 2 [ (ors) a0 da + 2 | (povn).ees de. (39.6.9) 


Using 39.5.3, we have 
Joos) dz = — [i + tas + povjVi) ik dz = ic: + tas + povjVi)&k,i d?a 
= cr + tag + PovjUk) dea (39.6.10) 
Now we obtain equation 39.6.1. 


(b) Since tj + t33 + povjvk ~ poe’, equation 39.6.1 is equivalent to 


= ‘| [tin + ta; + povjuk + 0(po¢*)| d?x. (39.6.11) 
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So we have 


iw 
( ft +t; + pov; Uk) dz) = ( a + o( | pot’) 9) = o( | pot’) dr 
long time long time 


(39.6.12) 


(c)Firstly, we have 


se UU; + 6a U = Pe es Et) Ly + (UU,) 4 (39.613) 
ti An tt 2 UY IY Ll | = Sr Foor am Sr ett Qi se 2 PO Sr tah VU. 
and 
tig = Sp. (39.6.14) 
By contracting equation 39.6.1, we have 
a? 1 2) 43 : 2 
ae 2 (—5Upo + 3p + pov”) d°x + fractional errors of O(e7), (39.6.15) 


i.e., equation 39.6.4. By contracting equation 39.6.12, we have 39.6.6. 


39.7 PULSATION FREQUENCY FOR NEWTONIAN STAR 


Use the ordinary, time-dependent virial theorem 39.6.4 to derive the following equation for the funda- 
mental angular frequency of pulsation of a nonrotating, Newtonian star: 


7 = |star’s self-gravitational energy| 
= (3 : 39.7.1 
Memeo (trace of second moment of star’s mass distribution) ’ etd) 
e Tipd? 
I’, = pressure-weihted average of adiabatic index = Les (39.7.2) 


fpdBe - 


In the derivation assume that the pulsations are “homologous” -i.e., that a fluid element with equilibrium 
position x’ (relative to center of mass x’ = 0) gets displaced to x) + €/ (x,t), where 


€) = (small constant)! e~**". (39.7.3) 


Assume nothing else. 


Solution: 


Suppose € = srcoswt. For an mass element at r, it will move to r(1 + scoswt). The density of the mass 
element will be po(1+s cos wt)~°. The gravitational potential at the mass element will be U(1+s coswt)~+. 


For adiabatic process, we have p « p'. So the pressure at the mass element will become p(1+scoswt)~3". 


For a static star, we have d?J/dt? = 0. Thus 


1 
3 | pate = i 5 hol da = |QI, (39.7.4) 
where 2 is star’s self-gravitational energy. 


For a pulsing star, the trace of second moment of star’s mass distribution is 


i fixe + scoswt)~3(1+ scoswt)°r* dr dQ = (14 scoswt)*I = (14 2s coswt)I (39.7.5) 
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Star’s self-gravitational energy is 

C= / po(1+s coswt)~3U(1+8 coswt)~*(1+s coswt)~3r? dr dQ = —(1+s coswt)~*|Q| ~ —(1—s cos wt)|Q|. 
(39.7.6) 

The pressure integral is 


3 f pats cos wt)" (1+ coswt)?r? dr dQ = (14s coswt)3~""|Q| = [1+(3—-31,)s cos wt]|Q|. (39.7.7) 


Note that kinetic energy { pov? d*r vanishes to the first order of s. So we have 


—w*Iscoswt = |Q|s coswt + (3 — 3P',)s cos wt. (39.7.8) 
It follows that 
- Q 
w? = (30, — 4) Or (39.7.9) 


39.8 ABSENCE OF “METRIC-GENERATES-METRIC” TERMS IN POST- 
NEWTONIAN LIMIT 


In writing down the post-Newtonian metric corrections, one might be tempted to include terms that are 
generated by the Newtonian potential acting alone, without any direct aid from the matter. After all, 
general relativity and other metric theories are nonlinear; so the two-step process (matter) — U — (post- 
Newtonian metric corrections) seems quite natural. Show that such terms are not needed, because the 
equations (39.14)-(39.16) of the Newtonian approximation enable one to reexpress them in terms of direct 
integrals over the matter distribution. In particular, show that 


O7U(a2',t) da’ 
Ox'Ot |x — a’ | 


= 2n[V; (a, t) — W;(w,t)], (39.8.1) 


where V; and W; are defined by equations (39.23c,d); also show that 


po(a’, t)U (a’, t) 
ja — x'| 


i OU (a’,t) OU(a’,t) 1 d3 x’. (39.8.2) 


Ox’, Ox’, |x — a’ | 


d?z' = —2n[U (a, t)]? + an 
J 


Note that the terms on the righthand sides of 39.8.1 and 39.8.2 are already included in the expressions 
(39.23e,f) for go; and goo. 


Solution: 


(a) Firstly, we have 


PU(a',t) Bo _ of & po(s",t) aa) aa! 
Ox'Ot |x —2'| Oa! Ot la’ — x" | la — a’ | 
_ pees a 1 1 da! dba! 
Oxy Ox!, \ |e! — a!"| } |x — | 
on 1 1 
ar " t ; N" t a3 mWo43 
[ oto" dente". actor (Terman) emer ee” 


(39.8.3) 
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Secondly, we notice that 


ft 1 
| r? dr dQ. ——_ 
0 rir—Tq| 


Ta R 
= aran + | i 
0 |r — ra| r lr—Ta| 


a 


a 4a 
=) » | dr pith fo 1 tim )Yim (0 wha) 
1=0 m=-l 
lee) l 
dQ ——— Y, 0 Yim a) a 
LE / i TaN ,O)Yi ( da) 
= Soo I dr adi + > 3 ik dr "a Adin 
1=0 m=-l l=0 m=-l 
= anf” ar san f dr 
= 4rR—-20Tr4. 
So we have 
a 1 ene | 1 o =e 
Ox,0x', \ |x’ —a2"|] |x — 2'| |e’ — x!"| Ox),Ox’, \ |x — x’ | 
7 ne 1 1 3! 
OUR) |e al") |e Sy On,0n2), \e'| |e = (eae) 
0? bij (aj — 21) (ary — 2%) 
= 2 1 — 2 uw J 
OL ,02 ; (Sen Roe) - (= — a" | ja — a!’ |8 ) 


It follows that 


(39.8.4) 


(39.8.5) 


v5) da " 


ai OSE ae ge 


OxOt |x —2'| a 
= 2n|V;(@,t) — Wj(@, t) 


ja’ — a!’| ja — a’|3 


(b) 


jeeowes i. es 


Ox’, Ox, |x—2’| 


dO (OU(a',t) 1 
—— f U(a’,t) Aah ( pee ee a) d3 a" 
J 


2 / / 
Gay 2 ee) KF ue pS) 2 ( : )e 


) Ox’, Ox', |x — x! | Axl, Ox, 


1 10U?(z',t) O 1 
U (a! )(—Anpo(e! 0) a + 5 ) aa! 
| 


--| 


5 
_ Anpo(a@',t)U(@',t) | lio, a 1 3, 
-{| |a — a’ | + BU) ay ou la — a’ | a 


_ / [Pee ue eis sea!) eo 


ja — x| 


po(a’, t)U (at) 
le — 2 


= —2n[U(a,t))? + tn | 
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(39.8.6) 


(39.8.7) 


39.9 REMOVAL OF © TERM FROM go 


Show that the coordinate transformation (39.25) removes the © term from the metric coefficient goo of 
equation (39.24), as claimed in the text. 


Solution: 


After coordinate transformation, we have 


Ox® Ox? 
Ga’ B! (Znsw) = Jap (Zo1a) axe" axe" (39.9.1) 


From (39.25), we have 


Bnew = Told = / a —e TD) aia! (39.9.2) 
And so : - 
saat = (1 55 / eee a aa’) . (39.9.3) 
Notice that 
/ (pov;),e(@j — ©) de! = i (t54 + t33 + povjri)i(@j — £5) Ba! 
le «| le «| 
= [tes + ty + pone) aes — =) Ba! ~ O(e4). (39.9.4) 


To the order of O(e*), we have 


new _ old Ox ora Axor 
960" (fnew) = Joo (toa) 5 0 9x0 
Thew new 


(p03) ,e(@j — x’) 


= G00 (new) + 900,0(Lnew) (tola = tnew) = gool new) f Ix = w| d3x’ { O(e°) 
: ss ! . a, a 
= poet uz f wt oe doy! = f ion x’) dx! 4 O(e) (39.9.5) 
Notice that 
Pitta yee 
uf ON Da iy sf povi(®s #5) gar) - @(c8) (39.9.6) 
|e — x’ | ot |v — a’ | 
Thus we have 
new (pov ), (x z) 
Joo (Daews = Joo = | Tee a] LY de! ar O(e°). (39.9.7) 
Using 
Opov; _ Its; + porir; OU 
: -= 39.9. 
Ot 53 Ox? PO Bai 0; (39.9.8) 
we have 
new _ 0 poU,,j (#5 — #5) (t5g + Povey) a (@j — 25) 
900" = 960" sf iz 7 Pa! + =f ; la — a’ | dx’ + O(€*) 
e poU_; (a; — x.) 0 ((a;-2') 
= geld =f rs 7 ey od Ef tt + povs%k) ar = 2 d°ax’ + O(e°) 
— ,old poU j (25 = z;) 307 
= 960 sf rar d 
) (xj — @5) (te — 2},) 
+ = fe + Povjvk) [ 7 u Be ze da’ + O(e°) (39.9.9) 
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Notice that the last term can be absorbed into (39.23¢,h,i), and 


pola’, t)Uj(@',t)(@5— 25) asr yy f gags CO@ H(i = 25) fg Pole" (2 — 24) 
2 | Pa =u fare [oe 


la — a’ | x — x’ | a!"|3 
po(x', t)po(@", t)[(@ — x’) - (wv! —2")| 13, 43 
= eg eT dea’ d?a”. 
(39.9.10) 


We conclude that the coordinate transformation (39.25) removes the © term from the metric coefficient 
goo of equation (39.24). 


39.10 VERIFICATION OF FORMS OF POST-NEWTONIAN CORREC- 
TIONS 


Verify the claims in the text immediately preceding equations (39.23a,b,c,f). 


Solution: 


The elements we can use to construct post-Newtonian correction of metric is 


po, poll ~ O(poe’), tye mw O(poe”), p=~ O(poe’), v ~ O(e) (39.10.1) 
and 
da! 244 3, (v@ — @')(x — a’) 2: ea 1 
X= lowe (€"p9') ~ (=). Y= [eave 4 af ee ~ O(ep9°) ~ o(5). 
(39.10.2) 


Claims preceding equations (29.23a) 


The corrections to the spatial components are 0(e?). The only choice is the combination of X or Y with 
po. So we have equation (39.23a). 


Claims preceding equations (29.23b) 


For coordinate transformation 


a ae a Sk rs where y(a,t) = = | po(a'.t)0 — a'| d3x". (39.10.3) 
x 
We have 
Axa os ax 7" / / bij (xi — 24) (25 — 25 4) Saph 4 
ee, = 65 —T 3 aay + O(e*) = 6 +T | po(a’,t) rey mer dx’ + O(e*) 
= bi; + 1(U6;; — Uiz) + O(e*). (39.10.4) 
It follows that 
new new fe} fe} dak Ox! 0. 0. 
gee (wre) = ght" (wo't) — eld “old. — g 9d (014) +. OF (U6i; — Vig) + O(€'). (39.10.5) 
OXew OXhew 
Notice that 2 
fe) fe) fe) new fo) a xX 
gf (2!) — g(a") ~ 924 (aha — thew) ~ Dag ~ O(4). (39.10.6) 
So we have 
GEE (ae) = GPF (ae) + QIU 6,5 — Viz) + O(€*). (39.10.7) 
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The term 21U;; in g2i* will be eliminated. 
Claims preceding equations (29.23c) 


The corrections to the time-spatial components are (e¢*). The only choice is the combination of X or Y 
with pov. So we have equation (39.23cd). 


Claims preceding equations (29.23f) 


The corrections to the 00 components are (¢*). The possible choice can be the combination of v?, pI, p, 
U with poX or the combination of v;v,, ty with Y;;. One more possible chose is U. 


39.11 TRANSFORMATION TO MOVING FRAME 


Show that the change of coordinates (39.29) changes the PPN metric coefficients from the form (39.23) 
to the form (39.32). 


Solution: 


From the definition of (x,t), we have 


Px ene a, t) Sa v5 Opov' Lj — 
: J gyi = | sz d? x’ + fractional errors of 0 
dxiat [3 a e ese |) 


- / pov" o (a: 2) d°x" + fractional errors of 0 (7) 


ja — 2"| 


-— gf -— gl 
= J eo’ | ois (es = TEs a d°x' + fractional errors of 0 (7) 


la — a’| la — a’ | 
= V; —W; + O(e*). (39.11.1) 
Similarly, we also have 
Oy 
aida —Ub;% + Uj. (39.11.2) 
From equation (39.23), we have 
Atora ee ee ae oe ae : 
Hac a gt eg re eg TO) 
ts 1 1 
a ald = (1 a ee -—w’)w; Spa ~o + € = 1 (Uj,w* = Uw,;) + O(e?) 
Ox)ew 2 2 
Ora 1 4 j 5 
Dhow > (1+ rhe jw! + O(e?) 
dx! - 1, 
eae = + yw wk + O(eé*). (39.11.3) 


new 


The transformation of the metric is 


Og COR a 
Jap (new) = G(s Told a ee 


new axe new 


(39.11.4) 


Keep firmly in mind the fact that the potentials U, V;, W;, A and D are not scalar fields. Each coordinate 
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system possesses its own potentials. We have 


Usia(@ora, toa) = |Unew — wi (Vpe™ — WP) + sway, sp 5-5 Oe) 
VP (arta, tota) = (VP" + wiUnew)y + (8) | 
W9'" (wota, tora) = (WP + w'UR) +O) 
Boia (Poids tora) = (Bnew + 2hiw'V™ + Biw'Unew)e 4. + O(€*) 
old (old; told) = (Anew + 2u'We™ + ww UF") + Of€*) 
Dia Void toia) = Daal Bzeys traw) POC) (39.11.5) 


The metric in new coordinates will be 


j k 
Ox} OXo1a 
Otnew Otnew 


Otola Oa 
Otnew Otnew 


Oteia toa old 


+ Qqel old 
Otnew Otnew 53 (ota) 


o + GFK (Zoid) 


900 (new) = 900 (ola) 


1 ; 
= (-1+ 2Uo1a - 200s 4 + 4WV 1a — CAcia — NDola) X 1 +w?+wt+2 (5A. +¢O- i) wi (vee a we) 
k6 i ; 
+2 (-farvy" - AoW") w! + djx(1 + 2WUoia)(1 + w?)wi w* + O(€%) 
1 ; 
= 1 +w?+wt+2 (5A. a Ge i) wi(vpew — we) + 2Unew(1 + w?) 


+2 [-w (vpew = wre) 4 set on| 5 Ui Deer +4 (®rew zi 26,w'Vrew +4 Bw? Unew) 
A >) tprew wT] ktynew Dp 9) ian yprew a wrew g 
—¢( new + Ww a + ww jk =n new + “9 13 i) 2 j WwW 


7 1 
+2 (~J410 Thee - sAoutoy ) w + (1+ w?)w? + 27Uneww? + O(e°) 


= (-1+ 2Unew — 2BU se + 4Wnew — CAnew — 1Dnew) + (2 — 2¢ + 881 — 7Ay A2)wi Vp" 
+ (1+ 27 +461 — 7Ag)w?Unew + (1— ¢ — Ao) URRY wiw* + O(€°). (39.11.6) 


k 1 
OXs1a IXo1a 


k 
Itoia OXSia old 
Otnew Ox) ew 


+9 
Otnew Oxhew a 


= (-1 + Wor) (1 + su") a + =w")w; + (542 + ¢ _ 1) (Uj, ee Trew) 


k 
Otoia OX Gia old 


Oxhew Otnew a Fe (oa) 


(Zola) 


905 (Znew) = 960" (Zola) 


1 1 1 
+ (~Farve" a sats") of + Oet(1 + 2yUo1a)(1 oir zw we (5 + stu + O(e?) 


1 7 1 
=~ a Ae ww; 4 (542 ais € = 1) (une ke Trew) + new Wj - (-gayr _ sAawje") 


7 1 1 1 
+ (Far Uren - saw UEe + Wk (3! + wha) + 2Wnewwj + ww; + O(e*) 


2 2 2 
7 new 1 new kyynew | | | jl L 7 5 
= [-gAr vp" — SAaWP™ ) + (1-6 — Aa)w" Ug” + (1+ 27+ 0+ 5A2 — 5A1 } wiUnew + O(€”). 


(39.11.7) 
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Ot Ot Ox',, Ox! 
os - 4 ape (o1a) ol eld +0 (<*) 
OXiew OG new OXinew ODT cae 


I5K. (Tnew) = a (Lo1a) 


2 
= bj¢(1 + 2yUnew) + O(€"). (39.11.8) 


: ee eae 1 
= —wi w* + di (1 + 2yU cia) (5 + ulus @ + ulus + O(e*) 


Now we obtain the components for the metric in the new PPN coordinates. 


39.12 THE TRANSFORMATION BETWEEN COMOVING FRAME AND 
PPN FRAME 


Carry out the details of the derivation of the transformation matrix (39.41); and in the process calculate 
the correction of O(¢*) to A®,. 


Solution: 


Firstly, we have the 


we = AB sw? (39.12.1) 
The transformation matrix is - 7 
a _f{ 7 YU; 
AS, = Ge bgt G_ ee (39.12.2) 
where v; = ui(1 + U + WU) + O(€*), ¥ = (1 — v?)~1/? and n; = v;/|6|. From equation (39.38), we have 
dx® = A® 30", (39.12.3) 
where 
en eas 14+U+ O(e*) LAV; SAW; ($01 a2) wjU _ a2wUp; + O(e°) 
aa ( 0(€°) (1 = W)5;_ + O(4) eelee) 
So for dx® = Ac we, we have 
3 _ a 
A®, = A°GA®, = (14 UV + Oe) =14U 4+ 50" + Ole"). (39.12.5) 


A®, = ADA”, = (L+U}ju; + AA), + O(€) 


1 
= (1+ 50? +90 +20) w 9 


1 1 
T AW; 5 AoW (Ga as) wU — agwjU;; + O(e?) (39.12.6) 
i i ab ial - : 
Ai, = Ai, A", = A AY, + 0(6) = (1-7 + 0() = (1 + xu + v) + O(e?) (39.12.7) 
i i AB . 1 
Ai, = AisA®, = (1) bin [ox +(F— L)ngns| + O(c) = (1- WU) bi; + 5010, +0(4) (9.12.8) 


The calculation of the correction of O(¢*) to A®, is similar but more tedious. I do not perform the calcu- 
lation here. 
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39.13 EQUATIONS OF MOTION 


Carry out the details of the derivation of the equations of motion (39.44), (39.46), and (39.47). As part 
of the derivation, calculate the following values of the Christoffel symbols in the PPN coordinate frame: 


Moo = Uz + O(U je), T%, =-U; + O(U 7), 


7 1 1 
Di = Wtdjn + SAV Ge) + SALW Ga) + (5 = as) w GU ny + a2wiVicg,e) + O(U je") 


F 1 1 1 1 1 
M99 =-U 5+ (6 +)U? — 20 + 5A + 51D 5 (1 a2 — a3)w?U + 5 (4 — 2a3)wiVi + gy r2wiwnVir 
J 


7 1 1 
= gh Vin = gheWj.t + (a2 =F 5°) wjU 4 — agw Ui; + O(U je") 
; 7 1 1 
ere = VW 405% _ (5a: + 54) Vij] a gw U, | + O(U.je*) 
Ty = —1(U 55m — 2U (~5y3) + O(U ge”). (39.13.1) 


Here square brackets on tensor indices denote antisymmetrization, and round brackets denote symmetriza- 
tion. As part of the derivation, it may be useful to prove and use the relations 


y(t, x2) = J eolte')e — a'| d3z", (39.13.2a) 
X jk = —OjrU + Ujr, (39.13.2b) 
Xt =Vi- Wi + O(e), (39.13.2c) 

Wie.a] = Vis.al- (39.13.3) 


Here x is the function originally defined in equation (39.29c). 


Solution: 


The metric is 


goo = —1+ 2U — 28U? +4U — (A — nD + (a2 +03 — a1) w?U + (203 — a1) wi Vj — a2U;,wiw* + O(e°), 


7 1 i 
goj = 5 AiVj 5 ALWj agw* Up; + (a2 = 501) wyU + O(e), 


gjk = Oje(1 + 2yU) + O(e*). (39.13.4) 
The inverse of the metric is 


g°? = -1-—2U — 4U? + 28U? —4U + CA + nD — (a2 +. a3 — a) w?U — (203 — a1)wiV; — a2U;,wiw* + O(e°), 


7 1 1 
gg? — 5 AV; 5 AW; agw* Ug; + (a2 _ 501) wjU + O(e), 
gik = FF —2yU) + O(e*). (39.13.5) 


Christoffel symbols of the first kind are 


1 1 1 
To00 = 3900,0 ~ OW 7e),. Too = 3900.5 ~ OWU,;), Tose = gocj,n) — 3 9ik0 ~ O(U je) 


1 1 1 
T'j00 = 950,0 — 3900.5 ~ OWU,;), Tyox = goij,4) + 3 9ik0 ~ OU 46), Tj = 5 Gikal + 951,k — Gkl,j) ~ O(U,;) 
(39.13.6) 
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Christoffel symbols of the second kind are 


: 1 
i = 9" Ty00 + 9°"'T soo = —Tooo + O(U 6 ) = 3m ot O(U; i€ =), 


Tog = 9° Toog + 9°" Ting = —Pooj + O(U je") = — 5900.4 + O(U;€"), 


‘ 1 
Pog = 9 Toge + oT igk = —Toje + O(U je?) = 9.93.0 — 90(5,k)> 


J ; 2 1 
M99 = 9 Vo00 + 9" Fioo = (1 — 2W)P joo + O(U je") = 940.0 — =(1 — 2W)900,; + O(U je"), 


2 
: ; . 1 
Mon = 9 Toon + 97 Vio =T yon + O(U 36°) = goij,4) + 5 9iko + O(U je), 
; . | 1 
Pa = 9 Vor + 9 Tint = Pym + O(U 3€7) = = (95,0 + 951,e — Gei,j) + O(U je). (39.13.7) 


2 
Substituting equation 39.13.4 into 39.13.7, we can derive the equation 39.13.1 easily. 


The only trick lies in the simplification of go,;,;,;. We need to derive equation 39.13.2 and 39.13.53 first. We 
have already derived the equation 39.13.2 in Exercise 39.11. As for 39.13.3, we have 


ry, — x! 
Vi‘ = - | pott w')uy(t,@) ais d3z’ (39.13.8) 


and 


Sik (Xj — 5 Ojn (Li — Xj xi — @) (x3 — wi) (aR — 2} ; 
Wir = [ eolta"wi(ta") | i( a + k( ) ( )( Alt k; ¥) aie 
(xi — 2%) 


a’ z' (39.13.9) 
la — x'|3 


=-V, 5 + f po(t.a'wi(t,2") 


It follows that Wiz; = Vix,;]- Now we have 


7 1 
Golj.k| = — 5 AVij.n) — shaWy, rj — ow" Uigs ny + (22 = 501) wiyU rj + O(U 5") 


2 
iv 1 1 i 3 
— | 5Ar+ 5A? } Vine — srw a — enw Uay.ry — ign) + O(U 5") 
7 1 1 i 3 
— | sAr + 5A2 | Ving — sey a — o2'x, atin] + OU ze") 
7 1 1 
re ae 542) Vij,k] = gu Ua + O(U,;e*) 
(39.13.10) 
And then we can get the expression for I’), 
Using the law of conservation of baryon number, we have 
1 _ 
(Pot"),0 = ==(V—gpou"),a = 0. (39.13.11) 
VI 


Since 


1 1 
pou /—g = po (1 + a + v) J (1 — 2U)(1 + 2yU)3 + O(poe*) = po (1 + a +3) + O(poe*), 


(39.13.12) 
we would define 
1 
P =p (1 + au + 210) ; (39.13.13) 
and so we have 
V—goou® = p* + O(poe*), Vv —gpou' = V—gpouv' = p*u' + O(poe”) (39.13.14) 
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The law of conservation of baryon number would be 
p*, + (p*v') i = O(po,je?)- (39.13.15) 


The stress-energy tensor in the PPN coordinate frame is 


T™ = po(1 + 1+? + 2U) + O(poe*), 
1) = po(1-+ I+ 0? + 2U)v! + tytn + O(poe®), 


1 
TIF = tag(1 — 2yU) + pol ++ v? + 2U)vjv~ + 3 (Pitim dm + Ugts, Um) + O(poe®). (39.13.16) 


The law of conservation of local energy-momentum gives 
ab _ map a B B pe 
PF aT Tt aT a 0. (39.13.17) 


Notice that 


Pg = (nv-9),n = 5 lina 2U)(1 + 2y)9),, + O(U pe?) = (8y-DUp~+O(Upe2). (39.13.18) 


For a = 0, we have 


= Pe ET Pe a Pe, (39.13.19) 
Since 
ef er ye ee Er a 
= —U4po0 _ 2U,; pov! + O(p0,;€°) (39.13.20) 
and 


1? gT! = (3y—1)U,T™ + O(p0,3€°) 
= (3y — 1)U zp + (87 — 1)U jpov! + O(p0,5€°), (39.13.21) 
equation 39.13.19 becomes 


[po(1 +I +v* +2U)],2+[po(l +I +07 + 2U)u + t3,,¥m],3 + (37 — 2)U 490 + (37 — 3)U,jp0v? = O(p0,5€"). 
(39.13.22) 

Using . 
po,t + (pov"),3 = O(p0,3€"), (39.13.23) 


we can get 


O(0,3€°) = po,e + (pov) ,5 + po(II + v? + 2U) 4 + pov? (I+ v* + 2U),5 + (ti ¥m),9 + (8 — 2)U 400 + (37 — 3)U,jpov! 


1 dll . 
7 ( oe +o) [po,t + (pow”).3] + Poge + Po(v* + 37U), + pow’ (v? + 3 — U) 3 + (tim ¥m),a- 
(39.13.24) 
Using 
1 dv? F P : 
Po gp = POU. jv? — typ gr” + O(00,3€"), (39.13.25) 
we can get 


1 dil 
O(poje?) = (1 + nl + 0) [P0,4 + (pov’),] + poz, + po(v? + 8yU) 4 + pow’ (v? + 8yU — U),; 


a. 2 dv? 
+ t3,,.Um,j + poUju ~ 90a 


1 dll 1 a ak 
= (1+ 50? +31) [0,2 + (por”),3] + Po-Fe + po (50 240) + pow! (+31) + ti, Um,j 
yt j 


oJ 


. dll 
= ps + (p*v') 4 + POG + tiy_Um,j 


II 
Par + t35,0j,k- (39.13.26) 
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For a = j, we have 
7H = T+ TH, 479 TH 4 TO TIM = 0, (39.13.27) 


Using equation 39.13.22, we have 
TT? +7 , = [pol +I tv? + )v! + ty 5,0ml 4 


1 
+ [égg(1 — 2yU) + po(. + I+ v? + W)ujv~ + 3 (item Ym + vitjUm)] 4+ O(po,;€°) 
dvi 


J ; 
= po(1+I+0* + 2U) a — v9 [(tem¥m),e + (8 — 2)U 200 + (37 — 3)U npov"| 
1 
+ [t5, 1 —27U) + 9 (item Ym + nts Um)] ke + (tap Ub), + O(po,;€°). (39.13.28) 
Using 
Celina 5 
tapUkt + t3,UmUk,m = tapU kz a a + O(po,;€ yy (39.13.29) 
0 
we have 
¥ » dys Pe 
TT?) +7", =po(l+U tv? + 2U) + [tsg(1 — 2W)],6 — v7[(87 — 2)U,t00 + (37 — 3)Uxpov"] + ts, Ux 
1 1 tag krnym 
+ tp Uk + 3 (Ys.k team Ym _ ti ym,Um,kUR) + 5 lim binge) k _ v5 (tgjUK) I] _ JR Bin -- O(po,;€°) 


(39.13.30) 


Also, we have 


1 1 1 
7D 9 C2 Wiwe Vin + 5 Po(ar _ 203)WkVie,7 


: 1 
1499 T™ = —po(1 + + 0? + UYU, — po law 504-5 
J 


1 
— poU; |-26 + yU+ 3 (02 + a3 — a1)w?| 


7 1 1 
= gPoArV5,t - gPoAaW3, + (a2 - 5%) pow; U4 — arpowiUiz,e + O(po,;€°) (39.13.31a) 


‘ 2 iC 1 1 1 
a or = 2ypoU 4u; _ (fa: + 542) (V5.4 _ Vij) POVk _ gw iU RpoUR + gt PownreYd, j + O(po,;€°) 


(39.13.31b) 
17.0" = — Uj (3p + pov?) + 2, ¢ (tag + povjve) + O(po0,7€°). (39.13.31) 

Adding equations 39.13.31 together and using the fact that 
Uige — 6igU 2 = X,age = X,itg = (Vi - Wi), + O(€), (39.13.32) 


we have 


. 1 1 1 
Y go = —po(1+I+ vet 2U)U,; — po law 5 $A 51D 502 wiwnUin + agwi(V; — wo) 
J 
1 eal 1 : 
+ 5 Polar — 2a3)weVieg — poUl,j yur — yorviwi + 5 (a2 + a3 — a1) w —2(8B+y)U + 37p/po 
7 1 1 i 1 1 
= gPoArVine - PoAaW3.t - p01 PawsUt + 2ypoU 405 — go + gh V3,kPOVk — 317 U, nPovk 


7 1 
+ 2 a (tap + Pov;Uk) + (5a: + 542) Vic,j POVKO (po,j€°) - (39.13.33) 
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Using d/dt = 0/0t + v* 0/dx*, we have 


‘ 1 
J B. 2 ; * 
IY gl’ =—po(l+H+v +2U)U;—p 2u 5 5 


1 
agwwrUin + aqui(Vi — wo 
J 


=p us [10 ~ savitys + 5 (22 + a3 — a )w? — (28 — 2)U + 3yp/p | + (27 + 2)pqUU,; 


.d 7 1 1 i. 4 ji 
+p di | (Za: + 542) Vj - sa1uy0 | + x hee (V; W;), +279 vj (U4 + ZU x) 


1 
+ 50 (7A + As)up + (a1 — 203)wp|Ve,j + 2WU antsy + O(p0,5€°)- (39.13.34) 


Finally, we have 


19 TH" = (3y— 1)U spor! + (3y— IU (t53 + povjrr) (39.13.35) 


Now focus on the expression 


dvi 
C =po(1+I+v? + wU) a + [t3,(1 — 27] 4 — v [(8y — 2)U 400 + (387 - 3)U xpov"] + ts.Ur 
po(l + IL + vu? + 2U)U j + (27 + 2)poUU j + 2yp*v; (U4 + veU x) + VU tag 
+ (3y — 1)U zpov? + (387 — 1)U x (te + pov; ) + O(po,j€°). (39.13.36) 
We have 
2 du! 2 
C=p(l+0+v*4+ 2U) a — pol ++ v° — 2yU)U,; + (1 — 2 )ese , 
+ 37tsp Uk + (2y + 1)powU 4 + (2y+ 2)povi uv" Up + O(po,;€°). (39.13.37) 
As 
, Ni k dU _ k 
(2y + 1)pow) U4 + (2y + 2) pout uv" UK = (2 + 2) pov" — pov’v"U x, 
dUv4 dvi : 
= (Qy+ 2)p*—— — (27+ 2) poU — p*vU 4 + O(p0,5€), (39.13.38) 
we have 
CSatiatied ait 1—2yU te, , + ytagU Uy + (27 +201 +0 
= po(L+ I+? — 27) | — Uy) +1 — 2W) tsp, + 37tggU a — p*vUs + (27 + 2)0*—F— + O(p0,5°) 
~ (dw 1 dv) ik 
=p (= = u) + (50 + II — a (mo — poU 5 + tag .) = (5 + I — su] trek 
+ (1 — 2 )tsg , + 89t3,U ne — 0 wU 4+ (274+ 2)p We + 000,68) 
~ (wi ec dv) 
=p (F - U5) + [t3,(1 + 39)U] x — (5 +11) ty, — p*viU 4+ (27+ 2)p ae + O(p0,5€°) 
(39.13.39) 


Now bring equations 39.13.30, 39.13.34, 39.13.35, 39.13.36 and 39.13.39 together, we have the post- 
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Newtonian Euler equation 


ef Ue 1 tapt; . 
p ( a U5) + [ts. 1 + 3y)U] 4 — (5 + It) tk — p'vwU44 tap Uk - 


d n FE 1 1 D - 23 
+ er jer + 2)UvI = (Ga: + 542) V; _ 5au0| + 3 h20 (V; = W;),t 


1 1 1 1 
— p* 2u 5A 51D 5 O2WiWnVir + agwi(V; — wo) + 5P U(7An + Ao)ur + (ay _ 203) We] Vij 
J 
* 2 1 1 2 * 
— p'U; |yv? - yorviwi + 3 (02 +3 — an) w — (26 — 2)U + 3yp/p 
1 1 
+ 3 (Yi.ktam Um _ tis Um,kUk) + glYm (tinge) — U5; (tps) 1] i O(p0,je€°). (39.13.40) 


39.14 POST-NEWTONIAN APPROXIMATION TO GENERAL RELATIV- 
ITY 


Perform a post-Newtonian expansion of Einstein’s field equations, thereby obtaining the values cited in 
Box 39.2 for the PPN parameters of general relativity. The calculations might best follow the approach of 
Chandrasekhar (1965a): Set gag = Nag + hag and assume 


hoo = O(c?) + O(e*), Rog =O(e*), hye = O(€’). (39.14.1) 
Choose the space and time coordinates so that the four “gauge conditions” 


1 2 1 : . 
hin —=hy =O(——), hore—xhero=O(—) with h=hogn?=—-hoo thy  (39.14.2) 
2 Re 2 Ro 


are satisfied. 


(a) Show that the spatial gauge conditions are the post-Newtonian approximations to those (35.1a) used 
in the study of weak gravitational waves, but that the temporal gauge condition is not. 


(b) Use these gauge conditions and the post-Newtonian limit in equations (8.24) and (8.47) to obtain for 
the Ricci tensor, accurate to linearized order, 


€ é! € 


1 ‘ 1 1 1 5 

Rg = ~Fhoanm + O( J Fy = ~Fhinmm + O( i: Rj = —Fho;mm ~ Fhooo) + 0( 1 
2 Re : 27 Re a ae 400" Ae 

(39.14.3) 

(c) Combine these with the Newtonian form (39.13) of the stress-energy tensor, and with equation (39.27), 


to obtain the following metric coefficients, accurate to linearized order: 


hog = 2U + koo + O(€*), frog = -1y, - sw, + O(e°), Age = 2U6;, + O(e*). (39.14.4) 


Here U, V;, and W; are to be regarded as defined by equations (39.34a,b,c). By comparing these metric 
coefficients with equations 39.13.4, discover that 


y=1, 4:=1, A,.=1 (39.14.5) 
for general relativity. 


(d) With this knowledge of the metric in linearized order, one can carry out the analysis of section 39.10 
to obtain the post-Newtonian corrections to the stress-energy tensor. 
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(e) Calculate, similarly, the post-Newtonian corrections to the Ricci tensor component Roo, using gag = 
Nag + hag, using hag as given in equations (39.54), and using the gauge conditions (39.52). The answer 
should be : 

+4UU ci +O (=) (39.14.6) 


1 
Res (=U0S kyo 
00 ( 2 00 ) R2, 


3mm 


(f) Evaluate the Einstein equation Roo = 87(Too — gooT'/2), accurate to post-Newtonian order, and solve 
it to obtain the post-Newtonian metric correction 


koo = —2U? +4W, (39.14.7) 


where W is given by equation (39.43d) with 8, = 8. = 63 = 64 = 1. By comparing with equations 
(39.32c) and (39.34d), discover that 


B= 6, = 62 =83=6s=1, €=n=0 (39.14.8) 


for general relativity. 
(g) Knowing the full post-Newtonian metric, and the full post-Newtonian stress-energy tensor, one can 


carry out the calculations of section 39.11 to obtain the post-Newtonian equations of motion for the matter 
[equations (39.44), (39.46), and (39.47)]. 


Solution: 


(a) Gauge conditions used in the study of weak gravitational waves is 
i = (39.14.9) 


The temporal component is 


_ A 1 1 1 
tne = (re + sh) — hon. = shoo + 5huk,o ~ Ror, = 0- (39.14.10) 
;0 


Since hoo,o ~ O(e2/Re), temporal component is different from those in 39.14.1. 


The spatial components are 


ety Ab 1 1 
he y+ hi* , = —hjoo + (151 - soinh) = hjk,k — 5h.j — hyoo = 0. (39.14.11) 
Jk 


Since hjo,0 ~ O(e*/Ro), spatial components are the same as those in 39.14.1. 


(b) To calculate Ricci tensor to linearized order, we are free to use 7 to lower and raise indices. We have 


Oe a 1 a a a 
Ries gg Pao fOr | = 5 (hn va ty ya — Ayya — hyp) + O(T?). (39.14.12) 
So 
Rin = ON Shey )+0(Fr) af ++0(<) (39.14.13) 
00 —~ 5 0 0a '00,a ~ '%,00 pm. | — ~5/200,mm > +14, 
2 R? 2 Re 
1 a f a a © 
Ro; = 5 ho ja t h, 0a ho; hoj;) +0 RB 
1 a) 
= =(—hoo,jo + how,je + Py%,0% — Rojee — 2,07) + O| Hs 
2 Re, 
1 1 ra 
=5 —hoo,jo + 5 lth, 05 hoj,kk sit oj) + O (z) 
1 ‘a 
= —xho jmm —_ —hoo,o; F O (=) : (39.14.14) 
a 40" Re 
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1 a a a e 
Ryx = 36h; ska t hy, ja Niko h jk) + O =) 
1 é4 
= 3 (him, km ot Rem,jm = Rjkjmm = h jk) + 0 (=) 
A. 1 4 
= 5(shse 4 5 ki Rjk,mm — jx) + 0 (2 


Notice that 


(c)The Newtonian form (39.13) of the stress-energy tensor is 


T™ = pg + O(poe’), T™ = pov; + O(poe’), TI* = tag + povjur + O(poe"). 


Since 


e2 
Po ~ O (<=): 
RS 


1 1 4 
— 7 /200,mm — qitkkymm = 87 Po +E o( ) 


so we have 


Re 

1 1 1 4 
—=hjk,mm = —6;~200,mm oF — 6; humm = o( ) 

2 J 4 J 4 J Z 


1 1 © 
—Ghioimm - 7200.05 = —8r pov; + O (=): 


It is easy to find that 
hoo = 2U + O(e*), Ajy = 2U6;, + O(e'). 


It follows that 
hoj,mm = 167 pov; - U oj. 


The solution is 


po(a',t)ui(w’,t) 5 ,, 1 f 2U(a',t) da’ 5 
oj (@, t) / eo] ae Ax'Ot |x —a'| oe) 


Using equation 39.8.1, we have 


(39.14.15) 


(39.14.16) 


(39.14.17) 


(39.14.18) 


(39.14.19) 


(39.14.20) 


(39.14.21) 


(39.14.22) 


(39.14.23) 


(39.14.24) 


ho; (#,t) = —4V; (a, t) + lilt) — W;(a, t)] + O(e?) = —{Vi(a,t) — 5 Wile, t)+ O(e°). (39.14.25) 


Now we conclude that y = A, = A» = 1 in general relativity. 


(d) Substitute 7 = A, = A> = 1 into equation (39.42). We obtain the stress-energy tensor to PPN order 


in general relativity. 


T™ = po(1 +I + v2 + 2U) + O(poe'), 
TI = po(1 I+ v? 2U)v4 + ti 5_Um a O(poe), 


; 1 
Tak — tsp (1 —2U) + po(1 ++ aes 2U)ujuR + 3 Viti Ym o gts Um) + O(poe®). 
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(39.14.26) 


(e) Suppose the unknown post-Newtonian correction to hoo is koo, ie. 
hoo =2U + koo + O(e®). 


Using equations 39.13.1 and 39.13.7, we have 


7 k k k ko ope ko pu 
Roo = Roo = Rox = P"o0,46 — P* ono FP KP 00 — Pol ox 


= 00,4 a *o4,0 + Pog + Fog — Pool on — P* tol on 


6 
sie 3 02 + o( ze). 
’ > Rs 


1 
= |hro,o — 5( = 2U hoa 
A 


Using the gauge condition, we have 


1 8 fad 
hro,ok = 3 liek, 00 +0 i = 38U 4 ++0 Re 
So we obtain 

€ 


1 6 
Roo = 5 Ko0,kk U,en — 2U4, + 2UU nx + O ( @ ) 
© 


€ 


1 6 
—(_U—_k,—U? AUU mm +0 ‘ 
( 7 be are (re) 


(f) Firstly, we have 
Too = Cr a ae 2go0g0iT” + goigojT =(-1+ aur? + O(poe*) 
= po(1 +11 + v? — 2U) + O(poe*) 
and 
fhe oot” + 200;1"* + gig T! = (-1 + oo yr + 6,70 + O(poe°) 
= —po(1 +11 + v7) + 3p + pov” + O(poe®). 


So we obtain the equation 


1 
Roo = 84 (Tr - 5007 = An[po(1 + I+ 2u? — 2U) + 3p] + O(poe®) 


1 
- (-v — 5 hoo — v*) + 4UU mm + O(poe°), 


ymm 


1 
(-v — 5 oo — u*) = 4n[po(1 + 11+ 20? + 2U) + 3p] + O(poe*) 


symm 


We have the solution 


1 1 3 1 
U+ Sho +02 =U +2 | Freee gan ts | (eros dex’ . 
2 2 2p0 / | — a’ | 


We can conclude that 


B=6: =02=83=f4=1, C= =0. 


(g) The post-Newtonian equations of motion for the matter is 
* «i 5 * 1 2 
p+ (p*v') i = O(po,j€) where p* = po (1+ gv + 3U 


dil 
POOP + t320j,k = O(po0,;€°) 
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(39.14.27) 


(39.14.28) 


(39.14.29) 


(39.14.30) 


(39.14.31) 


(39.14.32) 


(39.14.33) 


(39.14.34) 


(39.14.35) 


(39.14.36) 


(39.14.37) 


(39.14.38) 


and 


_ dvi 1 “4 taptiun on 
p (= = U3) + [tsg(1+3U)],4 — (5 + 1) tag, — p°vIUs + tag pon — rome 
+ 4p ay Ue Vi) + 50° (Vj — Wy),t — 20° V5 + 4p” ve Vig — p"U,s(v* + 3p/po) 
1 1 
+ 3 (Usk bi am Ym = ts ym,Um,kUk) + 5 Um (tng Pe) — U5 (tgjve) 1] = O(po7€°)- (39.14.39) 


39.15 MANY-BODY SYSTEM IN POST-NEWTONIAN LIMIT OF GEN- 
ERAL RELATIVITY 


Consider, in the post-Newtonian limit of general relativity, a system made up of many gravitationally 
interacting bodies with separations large compared to their sizes (example: the solar system). Idealize 
each body to be spherically symmetric, to be free of internal motions, and to have isotropic internal stresses, 
tek = po;,. Let the world line of the center of body A, in some chosen PPN coordinate frame, be x 4(t); 
and let the (coordinate) velocity of the center of body A be 


i _ dx, 
Be dt 


The total mass-energy of body A as measured in its neighborhood (rest mass-energy plus internal energy 
plus self-gravitational energy) is given by 


(39.15.1) 


M,= | = (1 +T- 5st d(rest mass) + O(Mae*), (39.15.2) 
Va 


where Ugei¢ is the body’s own Newtonian potential (no contributions from other bodies), and Vy, is the 
interior of the body. 


(a) Show that, when written in the chosen PPN coordinate frame, this expression for M4 becomes 
1 1 
Ma= | po (1 ++ 5UA + 3U — 50s) d?x + O(Mae"). (39.15.3) 
Va 


Use equations 39.13.13, 39.13.15, and 39.13.26 to show that M, is conserved as the bodies move about, 
dM,/dt = 0. 


(b) Pick an event (t,x) outside all the bodies, and at time ¢ denote 
rA=@A-@, Tap=LA—LB, TA=|ral, Tap=|raBl- (39.15.4) 


Show that the general-relativistic, post-Newtonian metric 39.13.4 at the chosen event has the form 
Ma 
ik = dix (1+ 255 — ] + O(e4 
Iik w(t a (e’), 


Ma 7 1(wa-ra)ra; 5 
Goj = S- Fi [ies rs 7 7} + O(e), 
A 


2 
| J / 2 
goo = -14 29 4-2 > va) +390 #4 2 TAB oe). (99.155) 
A A A 


r TAT 
A A BA 'A'AB 


(c) Perform an infinitesimal coordinate transformation, 


1 > Ma(va-Ta) 


» Hold = Lnew, (39.15.6) 
2 TA 


told = thew 
A 
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to bring the metric 39.15.5 into the standard form originally devised by Einstein, Infeld, and Hoffman 
(1938), and by Eddington and Clark (1938): 


Gjk = OjK Gos vs) + O(e*), 
4 4 
M. 
Joj = 453° ovaj t O(e°), 
A 'A 


2 
Ma Ma Mav? M,aMp 07x 
sal (5 *) SE aa ee ee 


TAT 
A A B4A | A'AB 


where yx [equation (39.49a)] is given by 


-~S° Mara. 


(d) The equations of motion for the bodies can be obtained in either of two ways: by performing a volume 
integral of the Euler equation 39.13.40 over the interior of each body; or by invoking the general arguments 
of section 20.6. The latter way is the easier. Use it to conclude that any chosen body kK moves along a 
geodesic of the metric obtained by omitting the terms A = K from the sums in 39.15.7. Show that the 
geodesic equation for body K reduces to 


d? d M. M : 
= a= S> rak a 1 43> B C (1 ran ros) 
dt AZK AK BAK TBK CHA TCA 2ra, 
2 2 3 VA°TAK 
+ vee + 204 — 404° UK - = | —— 
2 TAK 
Mara * 3u,4 — 4v MaM, 
— >) @a- vx) * { Bs > do reas ae : (39.15.8) 
AK K 2 SEK GHA —_ 


Equations 39.15.7 and 39.15.8 are called the Einstein-Infeld-Hoffman (“EIH”) equations for the geometry 
and evolution of a many-body system. They are used widely in analyses of planetary orbits in the solar 
system. 


Solution: 


(a) The rest mass energy in volume d?z is 
= 1 
d(rest mass) = pou”, /—g d°x = p* [1+ O(e*)] d?x = po f + rl +3U + o(e)| dea. (39.15.9) 
The total mass energy of the star is 


M, = | po (1 +I - 5Us) c + 50 + 3U + o(e)| d°x + O(Mae*) 


VA 
1 1 
= / po (1 +II+ 50 +3U - Usa) dea + O(Mye"). (39.15.10) 
Va 


I have not figured out how to prove M/, is conserved as the bodies move about. Any help is appreciated. 
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(b) Define m4 = i po d3x. For an event (t, 2) outside all the bodies, we have 
mA Ma 
U(x, t) a ea Daa, oe. 
t)u M. 
(x,t) =r fh, a x’ | = da! - . a + O(e*) 


r 
A A 


1.0 fag Oe = + eae Poe 
(a, ) -rf, ial = ie =p mole ee +0 

eo-Df Bea og = ean Le 

(w,t) 3) es ea! = AL 06) 


wanes pola Aly (eae il gag yn Malwa tara 4 o(e 
AwYvA 


la — a’|8 > TA 


(39.15.11) 


From the Newtonian virial theorem 39.6.6, applied to body A by itself in its own rest frame, we can 


conclude that 
1 
_ / 3 PoU seit dea + 3 | pate = O(Mae*). 


In General relativity, we have 
goo = —1 + 2U — 2U* +4W, +4, + 23 + 6U, + O(e*) 


We also have 


= = Ut Us + 2, +302 — 304 + 0(6%). 
ree 2 


So we can get 


M 
goo =-1+2)~ - HOF £30 yD; 4190 40 (6°) 
A 


=, Dies a(mM) +3 MA Dip eee 


TAT 
A pga TATAB 


fof (a’, t) d3a' 


aa O(e°) 


Useit d? x 


>> Jy, Po(x", t) 
A 


TA 


TATAB 


~sayte a(t) rasa. a ee 
A 


A BEA 


7 1 Ma, \7 l(v4a-Ta)raj 
9oj ae a 5 Wi + O(€) = > a ae = - oe a + O(e°); 
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(39.15.12) 


(39.15.13) 


(39.15.14) 


(39.15.15a) 


(39.15.15b) 


(39.15.15c) 


(39.15.16) 


The transformation matrix is 


tora 1Qy Atria 1 6x 1 e, Os Aa 
— = — == 4 W ; | . = ° = ord . 15.1 
Otnew 2 Ot?” Orhew 2 Ota 9 Vi gOS) Obaeey Orky © 7) 
Thus, 


Otola ? 0? 
960 (®new> tnew ) = ar (ola; told) ( ” = a (fnew, told) 1+ WP a O(e°) 


Obnew 
1 0 0? oO? 
= gor (Wain: tnew) + 5980.0 (enews tnew) ar ~ at + O(e°) _ go (news thew) = WP + O(e*) 
Otola Otola Otola Oak 
09” (@news tnew) = 960 (olds told) a S— + 96x (olds told) a — oid 
Jo; (Lnew, tnew) = Joo (Lola, to aE Orden Ix (Lola; to 5, Sew 
1 
= oo _ Wj) + ar (Bnew: tnew) + O(e°) 
Otoia Otola Otold Otola ld 

Gjk(Lnew; t = 06" (aids tata ; + gJok(Lold, tola — + 9j0(®old; tola) —>— + GFK (Lola; tola 
px (new toew) = 95S outs tls) pe + Bot (ota tata) <5 + ajo (outs tld) Soe + OK" (Wat tte) 
= Oe (@usg tnew) + O(e*). (39.15.18) 
So we derive the equation 39.15.7. 
(d) The geodesic equation is 

d m 

So tA yuhut = 0. (39.15.19) 

= 

So we have 
dvi drd /w 1 dui us du? ; . . 
dt dt = (3) ~ (u°)? dr (u®)3 dr = —(P’ yo 20? Q,u° +17 yuu!) +09 (Pog +20 ogu +1, vv") 


(39.15.20) 


Using equations 39.13.7, 39.15.7, and omitting the terms A = K from the sums in 39.15.7, we have 


M : 5 
Pe > AO HEN 68 (39.15.21a) 
rs R 
A#K AK 
Mar’? : 
ae Der ee (5) (39.15.21b) 
AZK AK 
M . Malvirk k yd 5 
_ S- Bs va) 5 49 iy A(VATAK + uAr an) 4 o(5 ) (39.15.210) 
AFK TAK AZK TAK R 
Mar? Mp 3 M 1 6 
eS s 4K 114 > ae bea), a + 5X.tti +400+0($) (39.15.21) 
AZ#K K BAK CH#A 
; Ma(rax: va) Ma(v", rk — yk pd ) © 
J A' AK A' AK 
i oar rk bin — 2 >0 Ag +0| 5 (39.15.21e) 
A#K A#K 
; M F 4 
Ta = ee Sj + a eg — My Set) + (5) (39.15.21f) 
ALK AK 
Using 
M 4 
ee > SF + 0/( =), (39.15.22) 
dt r3 R 
Cc#A CA 
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we find that 


g Xt + 950,0 = — 


B( y- Maus) 18 ( yo Mateasranirar) + 0(4) 
t AgK "AK O\ AgK TAK 


= -3 S- s. MaMorh, +3 3 Ma(rax +a) 3, 


3 
Tr Tr Tr 
AZK CZA (AKTCA A-K AK 


1 Maric Me 1 Ma(wa . raK)vy 
Sl ae Os Teme SD ; 


2 


AgK 'A cya \'CA AZK "AK 
1 Mav? 3 Ma(va-ran)2r) 4 

5 ees > A(VA Tak) Bare) (39.15.23) 
2 yt 2 TAK R 

AZK ‘AK AZK 


We then have 


Mar’, Ms Mo TOA* TAK af Gh <pae \- 
T!,, = AK 11_4 + Dy 1 
00 » 3 Ss TB VA s 


2 
r r 2r 2 Tr 
AZK ‘AK BAK C#A AC CA AK 


39.15.2 
- R (39.15.24) 


Ma(rax+va) ; 7 MaMcriyn , (© 
+350 5 v5, S- 7 ae 0 
AAK AK AZ#K CHA CA 


We can also figure out that 


J ,.k 0 7 
= VAR oRUK + T 00’K 


3 


Ma(rak-va) ; Malu, (vx + rak) — (va+ 0K) ry] Ma(rak + va)vi & 
a > re 
AZK AK A#K AK 


re 
AZK AK 


M. : M ‘ Mar? 6 
=3)> AM UA) 9 2 S- AE Gd ATAK y 4s 0K + (5) (39.15.25) 
AZK TAK AZK TAK AAK TAK R 


and 


J ak al 0 5 ak 
— UK K t+ 20 onUK UK 


M M . y 
= So 4 2rax + oxo t+ 14xv3)-2 A(raK ei. + 0(5] 
AyK "AK AyK "AK 
Mar! M . Z 
= Neath 4 Mage Pd 4 0( 5). (99.15.26) 
AZK MAK AZK TAK 


We also notice that ©°,,v*v'v? ~ O(€6/R). Putting equations 39.15.20, 39.15.24, 39.15.25 and 39.15.26 
together, we can get the equation 39.15.8. 
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Chapter 40 


SOLAR-SYSTEM EXPERIMENTS 


40.1 PPN METRIC FOR IDEALIZED SUN 


Show that for an isolated, static, spherical sun at rest at the origin of the PPN coordinate system, the PPN 
metric (39.32) reduces to expressions (40.3), (40.3’). As part of the reduction, show that the sun’s total 
mass-energy is given by 


Ro 
Mo =} po(1 + 2BoU + BglII + 384p/0)4mr? dr. (40.1.1) 
0 


Solution: 


For an isolated, static, spherical sun at rest at the origin of the PPN coordinate system, we have 


ta 1 p% 
U(a, t) = po(@ 5) ) d2x’ as podmr’” dr’ 
r Jo 


|x — x | 
' t)w(a',t 1 so 1 
U(a,t) = [as ole ) 43a! — ; dg | Pepe elae ap eae 
ja — a’ | r Jo 2 2po 
V= Wis A= =0 (40.1.2) 


The PPN metric will be 
goo = —1+2U — 28U7 +4U + O(e°), go; =O(e?), gyn = (1 + 2) Ojx + Ole"). (40.1.3) 
If we define Mz as 40.1.1, it will be easy to find that 


2M, 
——2 = 2U +40 = 2U + O(e). (40.1.4) 
Ps 


So we have 


[o> 2M2 ; 
ee a +O(e*), 905 =O), 5K = (1 + aa) Sin tO(e*). (40.1.5) 


goo = —1 
r Tr 


In order to calculate the metric for a theory with a preferred “universal rest frame”, we have to know 


‘ t)(x; — 2", =i, 
Ujn (a, t) = il aNes ae Te) 43," (40.1.6) 
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Recall that 


oe? 
where 
x(x, t) =—- ‘| po(a’, t)|a — x’| 3x". (40.1.8) 


Notice that 


Ro 1 27 
jf e0(e',t)\e— 2!" =f po(r'yr av! [ Vi? +1? — Br cosd dose f do 
0 -1 0 


Ro yl2 
= / po(r’ arr’? ¢ + ) dr’ 
0 3r 


1 
= Mor + 3° + O(c*r”), (40.1.9) 


where 
Ig = folate” d?z’. (40.1.10) 


So we have 


Mo To 4 Mo Tg iL 2 4 
Ujx = area = (aor + a + O(e ) = 73 LiL, =e LiL 3" 5k + O(e ): (40.1.11) 


Now we have 


2M, 2M2 M. M. I 1 
goo = -1+ = — + (a2 + a3 — a)w?—2 — aQwjwr Ea - = («0 - 55) + O(e*); 
r r r r r 3 
1 Mo Mo i 1 
goj = (a2 5%) W; = QA2Wk Ee LjL_ — 7 LjLk — 3” Ok + O(e*); 
27M. 
dik = (1 + me) Jjn + O(e*). (40.1.12) 


40.2 TRAJECTORY OF LIGHT RAY IN SUN’S GRAVITATIONAL FIELD 


Derive equation (40.6) for the path of a light ray in isotropic coordinates (40.3) in the sun’s “equatorial 
plane”. Use one or more of three alternative approaches: (1) direct integration of the geodesic equation 
(the hardest approach!); (2) computation based on the three integrals of the motion 


d 
k-k=0, k-—=ko, k- a =ky =—bko, k= a= tangent vector to geodesic (40.2.1) 


(see section 25.2 and 25.3); (3) computation based on the Hamilton-Jacobi method (Box 25.4), which for 


photons (zero rest mass) reduces to the “eikonal method” of geometric optics (see section 22.5). 


Solution: 


I would use Hamilton-Jacobi method to derive the trajectory. The metric of the spacetime is 


2M 27M. 
ds? =- ]1-—2 + o(e)| dt? + f + EXO + 0(A)| [dr? + r2(d6? + sin? d¢?)}. (40.2.2) 
r r 
For massless photons, we have 


9" pape =0 (40.2.3) 
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Suppose the photon is in plane @ = 7/2. Hamilton-Jacobi equation would be 


_ 2Mo \ (8 ae 2yMo as\2 1 /as\? 7 
(. r \G) | (: ; ne Pgs (55) =0. (40.2.4) 


Assume 
S=—Et+Ldo+S,(r). (40.2.5) 
We can obtain the solution 
r 2 
S=-Et+L¢ +f ( cs ater ue) E? = dr. (40.2.6) 
Tr Tr 
The trajectory is given by 
Os 
aa do. (40.2.7) 


We can obtain 


’= b0F dr (40.2.8) 


ye L 
rai (14 soe.) E2 oe 


Far from the sun, the ray trajectory is ¢ = b/r. So we have L = bE and 


Oe b b/r 1 
 ya[(n4 soem) Ye fer BNO 
= i ieee at+o( Me 
‘ =a b (1 — ¢2)3/2 b2 
= ON ge CEE MS 1 M3 
= aresin(“) ’ 1 Jae + © 7m (40.2.9) 
It can be simplified into 
1)M M2 
—~=sing Gs, 2 (eos = 1) 40 —2. ), (40.2.10) 
b b? 
40.3. FERMAT’S PRINCIPLE 
Prove Fermat’s principle for a static gravitational field. 
Solution: 
The geodesic equation is 
du® 
ae FP pyuPut = 0. (40.3.1) 


Using ¢ as the parameter of the geodesic, we have 


dw drd /w 1 dui w du ‘ ; oy ; 
dt dt dr (is) 7 (u°)? dr (u®)3 dr = (F799 +21" 9,0" +1," v') +0 (Pogo + 20g, 0 +P ),yv"v') 
(40.3.2) 
Using the fact that go; = 0 and gag,o = 0, we can get 
7 ee 
+ qq + 1% gv*o! — P%y,ubv! = 0. (40.3.3) 
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Lowering the indices, we have 


du* 


gik~ay + Vi00 + Pv"! — 29 Povlu® = 0. (40.3.4) 
Joo 
For photons, we also have 
(goo + guiv'v' )ueu? = 0. (40.3.5) 
Now the geodesic equation becomes 
ak Oki Ijk da* da! 
——— T; T; 2 T 0.3.6 
Gik Fx Tt ( gi E00 ee cr Se ay (4 ) 
Define 7; = 9;x/9o0- We have 
Ijk,l = JooVjk,l + YjkG00,I (40.3.7) 
So 
QD jet = Gjk,t + Ojt.k — Gkl,j = Goo(V7k,t + Vyl.e — Yet.7) + VjeGo0,t + V51900,1 — Yet 9oo,;- (40.3.8) 
Notice that 
20'j00 = —900,j, 22 oor = Joo,1- (40.3.9) 
The geodesic equation will become 
d@x* 1 da* da! 
Vik Ge + 3 (Vat Ek = Vet 3) eran ie 0. (40.3.10) 


Then notice that this is a geodesic equation with affine parameter ¢ in a three dimensional manifold with 
metric y;x. The familiar extremum principle for this geodesic is 


bi bi 
sf (V5 dx da*)!/? = sf dt = 0, (40.3.11) 


which is precisely Fermat’s principle. 


40.4 DERIVATION OF PERIHELION SHIFT IN PPN FORMALISM 


Derive equation (40.17) for the shape of any bound orbit of a test particle moving in the equatorial plane 
of the PPN gravitational field (40.3). Keep only “first-order” corrections beyond Newtonian theory (first 
order in powers of Ma /r). 


Solution: 


Hamilton-Jacobi equation, referred to a test body of unit mass, is 


2 ~\ 2 ~\ 2 -\ 2 
“tnetiabe= [is Beva-an (Fe) |) +L oe] (5) +a a) 


= ts ~ S (40.4.1) 
Assume S = —Et+L¢+ S,. We have 
ae Mates 
2M, Ma\*| 2 M ibe 
Wp Gy a || i a a Be) (40.4.2) 
Tr r r Or r2 
Notice that 25 
‘3 M L M 
B-1~0 2), 7 ol 2). (40.4.3) 
r r r 
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Fe 1/2 
an ie 2Mo [ x ~ M2 Lf 
Sp = +f {a —1)+ —— [# +9(E2 | = (4 — 26 + 4y) 2 dr (40.4.4) 


The shape of the orbit is determined by the “condition of constructive interference”, 05 i aL =0: 


ona es [1 (+d E?)| z c a(2) @ B +27) 


r 
(40.4.5) 
Define 
Mo \? M : ise oe 
A=1 2( 2) (2-8+2y), B=? ji-a+na- 2], C= (40.4.6) 
For the case E? < 1, we have the solution 
6 = A~/? arcsin (+z) ; (40.4.7) 
B?2— AC 
By redefine the position of ¢ = 0, we can get 
A/B 
a ; 40.4.8 
J 1+ ./1— AC/B? cos(A!/24) : : 
Define 
XS 
AC s Z Mo \* M2 
Os = 2 2 o) MoO 
1-e = (i) (1 E?) 1+2(1+7) (1 E?) 2(42) B +24) +0(=2) 
_B_ Mo Fe 
a= = 7m [1 (1+7) (1 E )] 
2 M2 
69 = 2n(1— Al?) = 2 (*2) @-8+2)+0(). (40.4.9) 
The solution can be rewritten as | 2) 
a(l—e 
— ; 4.1 
"~ 1+ ecos((1 — 6490/2) 4] ee 
The perihelion shifts is 
o Mie? MZ\ _2-8+27 61Mo M2 
40.5 PERIHELION SHIFT FOR OBLATE SUN 
(a) The Newtonian potential for an oblate sun has the form 
M, 2 29-1 
pee (1 ee ) (40.5.1) 
r i 2 


where .J2 is the “quadrupole-moment parameter”. One knows that J2 < 3 x 10~°. Show that if an oblate 
sun is at rest at the origin of the PPN coordinate system, the metric of the surrounding spacetime [equations 
(39.32)] can be put into the form 


M. Mo R? 3cos? 6 — 1 Mo \* 2M. 
dp =| too 457 ss +28 (2) dt? + c + — [dr? + r?(d6? + sin? 6 dd?)] 
r r r r 
+ corrections of post-post-Newtonian magnitude. (40.5.2) 
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(b) Let a test particle move in a bound orbit in the equatorial plane. Use Hamilton-Jacobi theory to show 
that its orbit is a precessing ellipse [equation (40.17)] with a precession per orbit given by 


2—B+2y 61Moe 30 R? 


dbo = 3 a(1 — e?) 


For the significance of this result, see Box 40.3. 


Solution: 
The equation 40.5.2 (40.25) in the textbook is incorrect. 
(a) Notice that 


MoR? AG 4 
goo = —1+2U +280? =-1+2 57,2 3.cos 


+28 


Ms 


r r3 2 


So we have the metric 40.5.2. 


2 


O(e*). 


(b) Hamilton-Jacobi equation, referred to a test body of unit mass at plane 0 = 7/2, is 


= = 9%? 5 5.6 = 


(40.5.3) 


(40.5.4) 


2M. May? Mo R? 
(2 a4 28) ( 2) + gS 
Tr Tr r 


(m) 


Assume $ = —Et + Lé + S,. We have 


2M. Ma." Mo R? 
(-= 244 28) ( 2) + = 
Tr Tr Tr 


The solution for S;. is 


saa f {at 14 2Me [ra 1)} 4 5 (4— 26 + 47) 


dr 
(40.5.7) 


The shape of the orbit is determined by the “condition of constructive interference”, 0S / aL =0: 


m ia 
"{ 1-E? | 2Mo = 1 Mo \” MoR? 
o=+/ Sore [1 (+7)(1 E»)| “5 c 2 (42) (2—B+2y)| +.b— d 
: (40.5.8) 
Define x = L?/Mar. We have 
dx \? ae : Jy R?2M2 (1 — E2)L? 
— 1-2(— 2 2y)| 2? -2]1-(1 1— E2 ——D8 = 
() +|2-2(F2) @-e+20]e4-2[1-0+na- sa] 2- Mos, OO 
(40.5.9) 
We take the derivative of with respect to ¢ to get 
dx 9 
d¢? + (1 — 2e;)@ — (1 — &g) — ea = 0, (40.5.10) 
where 2 bee 
~ M. 3d, R°M, 
é9=(1+y7)(1—- E?), eq = ( 2) (2-6 +27), €2 = a (40.5.11) 
Suppose x = xo + x; + O(e?), where xp = 1 + ecos ¢. So we have 
d?x, €9€2 1, 
oe +2= ~y 00820 + Ale +e€,)ecoshb+ {1+ 5° €9 + 2e; — €&. (40.5.12) 
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1 


r 


) 


The solution is 


2 1 
t= a cos 26 + (€, + €2)edsingd + (1 + 5°) €2 + 2€, — € (40.5.13) 


The three terms here have different characters. The first oscillates around zero, while the third is simply 
a constant displacement. The important effect is thus contained in the second term, which accumulates 
over successive orbits. We therefore combine this term with the zeroth-order solution to write 


x=1+ecos¢4 (e1 + e2,)edsing (40.5.14) 


This is not a full solution, even to the perturbed equation, but it encapsulates the part that we care about. 
In particular, this expression for x can be conveniently rewritten as the equation for an ellipse with an 
angular period that is not quite 27: 


1+ ecos a - eyo] (40.5.15) 
27 
where 
| Mo\* , 3nJ,R?MZ _ 2-B+27 61Mo | Sm? tes 
dbo = 2n(e1+€2) = 2n(2—B+27) ( 7 ) ye <- 7° 3 alte)? eae" O(e*). 


(40.5.16) 


40.6 PRECESSIONAL ANGULAR VELOCITY 


Derive equations (40.33) for the precession of a gyroscope in the post-Newtonian limit. Base the derivation 
on equations (40.29)-(40.32). 


Solution: 


de® 


dS; ; 
a J B Lov 
=S.- Vue; = gaps Ss +7. pes U 


ae 
Se as os Or - gh, < 1 b oh 377. 
= —Un Sp = eee + bavSa — U5 jp + a +P yeru + O(e°U;Sz) 


= —U,5; a +U 54+ neo + S; a VU ud, + = “(U + a;)vp + = 5 


1 
(Up + ap) v; + ryefu" + O0(8U Sx) 


= —UpSga; — yS3(U, + Un ve) + 5 + a;)S;vp + = 5 + ay)S30; + $3(—U pu; + Pg +P, 0c) + O(EBU 3S) 


1 1 
= a _ aj) S,Uk _ S3(U + U4vr) + ge + ag) 5,0; + Si 4 + Go[b,3) 5% + (60; Uc + 2e(U 51) VeSp + O(8U, 


1 
5 Ou = aj) 55 Un + = 5h Ux,+ ap) Sv; + Golb,3)%5 + 2yuppU 553 + O(EU; Sx) 
= . [(2y + l)u upRU 4] — UKRa5] 7 Gotk,i] | a O(8U,;Sz). (40.6.1) 


It is straightforward to bring the equation above into three-dimensional vector form, which is equation 
(40.33) in the textbook. 
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40.7 OFF-DIAGONAL TERMS IN METRIC ABOUT THE EARTH 


Idealize the Earth as an isolated, rigidly rotating sphere with angular momentum J. Use equations (39.34b,c) 
and (39.27) to show that (in three-dimensional vector notation) 


1 
V= Vje3 =We= Wye: = 57 x r/r? (40.7.1) 
outside the Earth, in the Earth’s PPN rest frame. From this, infer equation (40.36). 


Solution: 


For an isolated, rigidly rotating sphere, we have 


ot M 
Lie) S pola’ ) aba! os where M = f eole'.t Ba’, r=|al. (40.7.2) 


Equations (29.27) 
OUa ty). de 


ayer oe = 2n[V; (a, t) — W;(ax,t)] + O(e°) (40.7.3) 
j 
then implies that 
W; =V; + O(e*). (40.7.4) 
We also have 
po(x', t)v po(x", t)v(a', t) 3,0 po( a’ )a" 3, 
V= ; d’a’ =2 x Ti ee (40.7.5) 
+ eeeoegle = -—2£ 5 la — a’| 
And 
a’)2! ATV 1 (0, 6 “i 
pute o cosy (ora Deft - nes / dr’ p(r’)r!+8 i; Yim(0', ¢’) cos 6" dQ 
l,m 
can At Yim (9, ) ‘ ! ! a fof T rout ! 
= » (+ Ir dr’ p(r’)r Yim (0, ')24/ s¥i0(0",. ¢) dO 
= told ?) few oer’ f2 RSet 
2 33 p(x’, t)r’? Ba’. (40.7.6) 
So generally, we have 
Vax Te f pla'tyr? aa’. (40.7.7) 


If we notice that the inertial tensor for the earth is 
i= foe.ne? ij — via’ 4) a8 — iy p(a’, t)r’? dea’. (40.7.8) 


The angular momentum of the earth is 


2 
Now we obtain that 
1 
V=5Jx | (40.7.10) 
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40.8 SPIN-CURVATURE COUPLING 


Consider a spinning body (e.g., the Earth or a gyroscope or an electron) moving through curved spacetime. 
Tidal gravitational forces produced by the curvature of spacetime act on the elementary pieces of the 
spinning body. These forces should depend not only on the positions of the pieces relative to the center of 
the object, but also on their relative velocities. Moreover, the spin of the body, 


S= [ow x v) d(volume) (40.8.1) 


is a measure of the relative positions and velocities of its pieces. Therefore one expects the spin to couple 
to the tidal gravitational forces-i.e., to the curvature of spacetime-producing deviations from geodesic 
motion. Careful solution of the PPN equations of Chapter 39 for general relativity reveals [Papapetrou 
(1951), Pirani (1956)] that such coupling occurs and causes a deviation of the worldline from the course 
that it would otherwise take; thus, 
Du® D?u 1 

oad Si,Uy a. goue 4. aOR ty Sptlr- (40.8.2) 
Evaluate, in order of magnitude, the effects of the supplementary term on planetary orbits in the solar 
system. 


Solution: 


The magnitude of ¢“?7 R°”, ,u, Spur is about 


3 


M M, 
O"  MoRu~ pew (2x 1078)9 ~~ 10-77, (40.8.3) 


ALPT Pav ~ cl kl0 pid Gi 
€ R duly SpUr JR jl RB 


So the effects of the supplementary term on planetary orbits in the solar system is too small to be detected. 


40.9 CAVENDISH CONSTANT FOR IDEALIZED SUN 


Idealize the sun as a static sphere of perfect fluid at rest at the origin of the PPN coordinates. Then its 
external gravitational field has the form 40.1.5, with Mo given by 40.1.1. Consequently, a test body of 
mass m, located far away at radius r, is accelerated by a gravitational force 
mMo 


Force = ——, (40.9.1) 
Tr 


(a) Calculate the mass of the sun, M, in the sense of the amount of energy required to construct it by 
adding one spherical shell of matter on top of another, working from the inside outward. 


(b) Use the virial theorem to rewrite equation 40.1.1 in the form 


Ro l 
Ms = | Po f + @3II + (252 + 56s] u| Arr? dr. (40.9.2) 
0 


(c) Combine the above equations with the definition 


GomM 


Force = ; 


(40.9.3) 


- 
of the Cavendish constant for r far outside the sun, to obtain 


mass of sun as defined by its effect in bending world line of a faraway test particle 
mass-energy as defined by applying law of conservation of energy 


1+ / a | 1) + 1 46, + Ba —6y +1)U| 4nr? dr (40.9.4) 
Mo 2 


Go= 
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Unless 83 = 1, and 482 + G4 — 6y +1 = 0 (as they are, of course, in Einstein’s theory), Go will depend 
on the sun’s internal structure! Specialize equation 40.9.4 to conservative theories of gravity, and explain 
why the result is what one would expect from equation (40.43). 


Solution: 


(a) The rest mass and internal energy required to construct one spherical shell of matter with thickness 
dr is 


dE, = pu? /—g4nr? dr + O(por* dr é), (40.9.5) 
where 4 
u?./—g=1+ ae + 3yU + O(e*) =14+3,U + O(c), p=po(1 +I). (40.9.6) 
So we have 
Ro 
/ ai | Mote RS GU? ae, (40.9.7) 
0 


The work done to overcome gravity to add one spherical shell of matter on top of another is 


dE, = pol 4rr? dr+ O (por? dr e), (40.9.8) 
where 
~ M 
Ur) = “ + O(e*) (40.9.9) 
After construction, we have 
ry ts M(r') ,, 4 
U(r) = U(Ro) + at O(e*) (40.9.10) 
Notice that 
Ro f2 Ro Ro 
[aes =} Mr) a(n) +0(met) = “Ol” _ f° mea (Ae) + 0(Me!) 
0 Tr Tr 0 0 r 
M? Ro M? 
=~ pave +f ‘n) dr + O(Me'). (40.9.11) 
Ro 0 Tr 
We have 7 
M? ° M? 
2 f abs = +f Gree O(Me*) (40.9.12) 
Ro 0 r2 


On the other hand, we have 


Ro Ro 7 Ro M(r’) 
i poU4nr? dr = | U(Ro) + / —a ar’) dM (r) + O(Me') 
0 0 r 
Po M(r!) PP gy MO 
= |U(Ro) + “2 dr’| M(r)} M(r)—3— dr + O(Me*) 
r 0 0 
MP) fo A) 
= + O(Me*). 9.1 
Ro | 2 dr O( € ) (40.9.13) 
So we conclude that a 
1 ‘© 
i; dE2 = 5 | poUAnr? dr + O(Me’). (40.9.14) 
) 
The mass of the sun is 
Ro 1 
M= fan + dE2) =| Po c +1I+ (x - 5) u| Anr? dr + O(Me’) (40.9.15) 
) 
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(b) From equation 40.1.1, we have 


Ro 
ie | po(1 + 2BoU + Bg + 384p/0)4ar? dr. (40.9.16) 
0 


From the Newtonian virial theorem , 


1 
( [ ove? da f Saude +3 | pate) — o( | poet ae). (40.9.17) 
long time 


applied to the sun by itself in its own rest frame, we can conclude that 


1 
= / 5 PoU da + 3 | pata = 0(Me). (40.9.18) 
So we have 
Ro 1 
Mo = | Po f + 6311+ (252 a 5) u| Arr? dr. (40.9.19) 
0 
(c) 
Gg, — Mo — Jo"? po [1 + Ball + (262+ 384) U] dar? dr 0(< 
C= = T 
M Se"? po [V+ M+ (87 — 4) U] Ar? dr 
_ 1+ J, po/Mo [B31 + (282 + 364) U] 4nr? aro 
1+ fo"? po/Mo [1 +1 + (87 — 4) U] 4ar? dr 
1 
=i +f a (os 1)I. + : (482 + Ba — 6y + 1)U| Arr? dr + O(e'), (40.9.20) 
vA 


where Mo = f{ po4mr? dr. For a conservative theory, we have ¢) = ¢2 = (3 = G4 = a3 = 0, ie., 
€¢=0, 264+26.-3y-1=0, 63-1=0, By-y=0, 48, -2y-2-¢=0. (40.9.21) 


So 


AG, 
Ge 


~ (482 + Ba —6y +1)U = [482 +7 — (26 + 262 —1) — 37 +1]U = -2(8 + y— Bo -1)U (40.9.22) 


40.10 CAVENDISH CONSTANT FOR ANY BODY 


Extend the analysis of exercise 40.9 to a source that is arbitrarily stressed and has arbitrary shape and 
internal velocities (subject to the constraints v? < 1, |ts|/po < 1,U < 1,II < 1 of the post-Newtonian 
approximation). Assume that the body is at rest relative to the universal rest frame. Show that Gc depends 
on the internal structure of the source unless 


281 — Ba = 1, 4B =F Ba _— 6y = —1, B3 1, ¢ 0, 1) 0. (40.10.1) 


Of course, these PPN constraints are all satisfied by Einstein’s theory. 


Solution: 


The mass of the star, M, in the sense of the amount of energy required to construct it by adding one 
spherical shell of matter on top of another, working from the inside outward is 


Ro 1 
M= | po f ++? + (x - 5) u| 4nr? dr + O(Me’*) (40.10.2) 
0 
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In order to have Newtonian potential far from the star, go) must be isotropic and so terms A and D must 
vanish, i.e., 
C=n=0. (40.10.3) 


The mass of sun as defined by its effect in bending world line of a faraway test particle is 


Ro 
Mo -{ po(1 + 28,0? + 26,U + B31 + 384p/po)4nr? dr. (40.10.4) 
0 
Using 40.9.17, we have 
Ro 1 
Mo — | Po f + (28, = Ba)v" + (262 + 56] U + sant Anr? dr. (40.10.5) 
0 
If M = Mo, ie., 


26,-84=1, 482.+61-6y=-1, 63 =1, (40.10.6) 


Gc will be independent of the internal structure of the source. 
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Chapter 41 


SPINORS 


41.1 ELEMENTARY FEATURES OF THE ROTATION MATRIX 


Write equation (41.3) in the form 


and establish the following properties: 

(a) (o- n)? = 1 = unit matrix; 

(b) tr(o - n) = 0 (tr means “trace”, i.e., sum of diagonal elements); 
(c) [R, (7 -n)] = R(o +n) — (o-n)R=0; 


(d) 


Solution: 


(a) Using {o;,0;} = 26;;, we have 


(o . n)? = So ninjoia; = Seno, +52 {o;,0;}nin; — yin =1. 
49 a a 


i<j 
(b) Since tro; = 0 for i = x, y, z, we have 


tr(o-n) => nitro; =0. 
i 


(c) 


(41.1.1) 


(41.1.2) 


(41.1.3) 


(41.1.4) 


(41.1.5) 


ot = ssin($) 5 05( 5 )(o-n) = —5sin($) (om)? eos $) (om) = -S(o-n)h (41.1.6) 
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41.2 ROTATION MATRIX HAS UNIT DETERMINANT 


Recall from exercise 5.5 that for any matrix M/ one has 

d[In(det M)] = tr(M~* dM) (41.2.1) 
and use this to show that det R in 41.1.2 is constant, and therefore equal to (det R)gio = 1. 
Solution: 


Using equations 41.1.2, 41.1.4 and 41.2.1 


dIn(det R) _,dR a = a 
So det R is a constant, i.e., 
det R = (det R)geo = 1. (41.2.3) 


41.3 MORE PROPERTIES OF THE ROTATION MATRIX 


Show that for X = x-o one has the commutation relation 
[(o-n), X] = 2i(n xX x)-o. (41.3.1) 


Use this to obtain, from equation (41.19) in the form X = RX R* [where Xo is constant, while R(6) is 
given by equation (41.17)], the formula 


da-o 
Why is this equivalent to the standard definition 
< =WXe2 (41.3.3) 


for the angular velocity? Reverse the argument to show that equation (41.7’) correctly defines the rota- 
tion R(t) resulting from a time-dependent angular velocity w(t), even though the simple solution R = 


exp|—4it(o + w)] of this equation can no longer be written when w is not constant. 


Solution: 


Using the fact that [o;,0;] = 2i¢;;.0%, we have 


[(o +n), X] = n,x,;[0;,0;] = 2te;;,n;2;0;, = 2i(n X w)-o. (41.3.4) 
Since aR ' aR* ; 
a U x 
we have 
da-o0 dX dR : dR* i oe) : _ 4 _ 
ddd ad XoR +RXoTe - —5lo-n)RXoR +5 RXR (o-n) = — allo n),X|= ee . 


Using the fact that {o;,0;} = 26;;, we have 


da ld{x-o,o} 1 7 
a 5 qa - 5 iin Xxv)-o,o}=nxX @, (41.3.7) 
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and so q da dé 
x x 
eo do ap MOM XE HeXe. (41.3.8) 


Reverse the argument, we can derive the equation 41.3.5 from 41.3.8, and so equation (41.7’) correctly 
defines the rotation R(t). 
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Chapter 43 


SUPERSPACE ARENA FOR THE 
DYNAMICS OF GEOMETRY 


43.1 THE ACTION PRINCIPLE FOR A FREE PARTICLE IN NON REL- 
ATIVISTIC MECHANICS 


Taking as action principle J = { Ldt = extremum, with specified 2’, t/ and x”, t’ at the two limits, and 


with L = m(dx/dt)?/2, find (1) the extremizing history « = x(t) and (2) the dynamical path length or 
action S(x”, t’’; x’, t') = Textremum in its dependence on the end points. Also (3) write down the Hamilton- 
Jacobi equation for this problem, and (4) verify that S(x,t; x’, t’) satisfies this equation. Finally, imagining 
the Hamilton-Jacobi equation not to be known, (5) derive it from the already known properties of the 
function S itself. 


Solution: 


(1)The variation of J with respect to dx(t) is 


dx déx dx 
6l= dt = 6 
[ ™ ot dt at 


t” 
d?ax d?ax 
: [eS 6x dt = - [mG ox dt. (43.1.1) 


If J takes the extremum, we have 6J = 0 and so 


dx 
ap = 0. (43.1.2) 
It follows that 
, pitt asap ; 
a(t) =a + mash (t—t). (43.1.3) 
(2) The action is 
zi 1 gl! — a! 2 m(a" tr a’)? 
S(x", e ae, t’) = ‘extremum — | 3” ( tl — +4! ) dt = 2(t"” -_ t’) : (43.1.4) 
(3) The Hamiltonian of the particle is H = p?/2m. So the Hamilton-Jacobi equation is 
as. 1 (as\? 
= 0. 3.1.5 
Ot 2m ( Ox ) : (4 ) 
(4) Using 
S(a,t;2',t') = GE) (43.1.6) 
LU, 2 , = OG =F) , Subic 
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we have 
OS m(x-2')?) OS — m2” —2’) 


atOC«t tH)? OOetia 


so S(x,t; x’, t’) satisfy the Hamilton-Jacobi equation. 


(43.1.7) 


(5) From 43.1.7, it is straight to derive equation 43.1.5. 


43.2 THE ACTION FOR THE HARMONIC OSCILLATOR 


The kinetic energy is m(da/dt)?/2 and the potential energy is mw?x?/2. Carry through the analysis of 
parts (1), (2), (3), (4) of the preceding exercise. Verify that 05'/Ox gives momentum and — 05'/0t gives 
energy. 


Solution: 


(1)The variation of J with respect to da(t) leads to Euler-Lagrangian equation, 


OL da /dOL 
— — —| — ] =0. 3.2.1 
Ox dt ( O& ) 4 ) 
For 1 1 
L= ai = are, (43.2.2) 
we have the equation of motion 
é+wr =0. (43.2.3) 


The solution is 
x" sinlw(t — t’)] — 2’ sin[w(t — t’’)] 


sin|[w(t’”’ — t’)] G2) 


a(t) = 


(2) Using 43.2.2 and 43.2.4, we have 


L(t) = smn? {= cos|w(t _ t')] —y! cos|w(t _ t”)| y {2 sin[w(t _ t’)] _ x! sin [w(t = t”)] \" 


sin[w(t” — ¢’)] sin[w(t” — ¢’)] 


mw? 


= taut | { (x"")* cos[2w(t — t’)] +(x’)? cos[2w(t — t!”)] — 22’x" cos[w(2t — t’ — t””)]} 


(43.2.5) 
The action is 
t”’ 
SF ee) =} L(t) dt 
t! 
me W\2 + ! 1\2 5 " 1 Mos ’ ” : 
= Tam w(t") {(a"’)? sin[2w(t — t’)] + (x")? sin[2w(t — t”)] — 22'x" sin[w(2t — ¢’ — t”))} 
sin*|[w(t” — ry 
mw 


~ Dsinlw(t” —t)] {[(x"’)? + (2x")?] cos[w(t” — t’)] — 2a'x'"} (43.2.6) 


(3) The Hamiltonian of the particle is H = p?/2m + mw?x?/2. So the Hamilton-Jacobi equation is 
p q 


Os 1 /OS\?— mu? 2 
(4) Using 
mw [x? + (x')?] cos[w(t — t’)] — 22'x 
2 sin[w(t — t’)] 


S(x,t a’, t) = (43.2.8) 
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OS mw? [x? + (a’)?] — 22'rcoslw(t—-t’)] O59 | x cos[w(t — t’)] — 2’ 
oe 2 sin” [w(t — 1/)] ’ Oc Sinfu(t— ty) (43.2.9) 


Now it is easy to verify that 43.2.9 satisfies equation 43.2.7. 


(5) The energy of the oscillator is 


Bt) = Frm? {= San CES] ED A M7 Coes 


sin[w(t” — ¢’)] sin[w(t” — ¢’)] 


mu? 


= deine { (a"")? + (2')? — 22’ x" cos[u(t” — t’)]} (43.2.10) 


The momentum of the oscillator is 
x" cos|[w(t — t’)] — a’ cos[w(t — t’’)] 


p(t) = mw sinjw(” —#)] (43.2.11) 


For t = t’’, we can verify that 


(43.2.12) 


43.3. QUANTUM PROPAGATOR FOR HARMONIC OSCILLATOR 


Show that the probability amplitude for a simple harmonic oscillator to transit from 2’, t’ to x” t’’ is 


1/2 . 2 12 ” ’ 1 Jt 
+2") cosw(t” — t’) — 2a’) 
Deal — — 3.3.1 
e #30) Gos —t’) ces 2h sin w(t" — t’) a ) 
and that it reduces for the case of a free particle to 
1/2 . " 1\2 
m im(a” — a’) 

(x ” jt"; x’, t — (aco) x exp Dat” —t) (43.3.2) 


Note that one can derive all the harmonic-oscillator wave functions from the solution by use of the formula 


(alts a", =, Un (2) '\ expiEn(t — t”)/h. (43.3.3) 


Solution: 


The propagator of a harmonic oscillator in terms of path integral is 


(a t";0!,t!) = / Din(t)jeil Sir (ma? — hme? a? at 


= jim, | (=x) 


where 2 = wv’, en41 = &” and At = (t” —t’')/(N +1). Suppose x(t) is the classical path of the harmonic 
oscillator and dx(t) = x(t) — x,(t) is the deviation from the classical path. Substituting « = x, + dx into 
43.3.4, terms which is linear in 62 can be dropped since 


6S 
bx |, 


N+1 


@j41—2;)? 1 
oe {iz hi d i oAR “22. a da,---dzy, (43.3.4) 


=0. (43.3.5) 


t)=a-(t) 
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Noticing that drg = day 41 = 0, equation 43.3.4 can be simplified into 


N+1 N 
WoW at gly piSe/h ): m ) aN ; NM. ae 
(a" t"; 2’, t') =e Nim, (a exp S- tata} déxz,---ddrzy 


j=1,k=1 
N+. N 
= piSe/h yj us 2 m 3.3. 
oO se Caw det(—iM)’ oe 
where 
2 — wAt? -1 0 
. ey 2 eo ae ee 
and ae 
= "2 12 t! —#) — dele. 3.3. 
S Ianwle oa i + 2'*) cos w(t” — t') — 2a's!”} (43.3.8) 
Using the fact that 
= == 9 ee iy MN? setl—i 
det(—iMy) = 55 (2 — w® At?) det(—iMy-1) (so) det(—iMy_2) (43.3.9) 
and 
_iu.) — (9 _ 2342 ata) = (™_YV We PARE 
det(—iMi) = -(2-w? At), det(—iMi) = (so) [(2 — w2At?)? — 1], (43.3.10) 
we can derive that 
—¢ m YN sin(N + 1)u _ui_il 
det(—iMy) = ( a =<) ——* where sin = SwAt (43.3.1) 
In the limit of N — oo, we have 
m \N sinw(t” —?t’) 
ot (—i Mn) = 3.3.12 
ae ae) Car, wAt ae 
and so 
. m = aN mw mA 
ae am det(—iM) (sa sin w(t” =) ; vee) 


Now we can obtain the probability amplitude for a simple harmonic oscillator to transit from x’, t’ to x’’ 
t” as equation 43.3.1. 


43.4 QUANTUM PROPAGATOR FOR FREE ELECTROMAGNETIC FIELD 


In flat spacetime, one is given on the spacelike hypersurface t = ¢’ the divergence-free magnetic field 
B'(x,y,z) and on the spacelike hypersurface t = ¢” the divergence-free magnetic field B’ (x,y,z). By 
Fourier analysis (reducing this problem to the preceding problem) or otherwise, find the probability am- 
plitude to transit from B’ at t’ to B” at t”. 


Solution: 


Choosing the Coulomb’s gauge, we have 


E=-A, B=VxA, V-A=0. (43.4.1) 
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By Fourier analysis, we have 
= 2 ‘ton 5 ane (k)e,(k)e’** where k-e,(k)=0, €-(k) + €p(k) = Spy (43.4.2) 
TT) 


Notice that €,, €2 and k/k form a set of right-handed orthonormal basis. The Fourier component of electric 
and magnetic field is 


Poon, Bsa, Bea; (43.4.3) 
The Hamiltonian of the free electromagnetic field is 


ie 1, Er 24. BP , |Ar 24 42| A, |? 


rT yy 2 8x rT yy 2 8n 
Since A is real, we have A(r,k) = A*(r, —k). The Hamiltonian then becomes a collection of independent 


harmonic oscillators, 
Ape Ans KA? 
fia d®k (43.4.5) 
kx >O 


Ar 
s= ae 1,2 


Suppose the length scale of the space is L. We can get 


Az ar ee 27h 


3 -i (my > s- S- “T,8 8  mSs where ky = > (43.4.6) 


s=R,I r=1,2k,>0 


Using 43.3.1, the quantum amplitude will be 


Mk ue iMk{(A,2 + A’2,) cos (t” — t’) — 2.4” , A’) 
Al” tA’ t! = T,8 T,8 r,s**r,s 
eee TL I (aamar—) es 2h sin k(t” — t’) 
(43.4.7) 
where 
1 (2nh\°* 
M =~ (=) ; (43.4.8) 


Notice that A is completely determined by B in Coulomb’s gauge. 


43.5 HAMILTON-JACOBI FORMULATION OF MAXWELL ELECTRODY- 
NAMICS 


Regard the four components A,, of the electromagnetic 4-potential as the primary quantities; split them 
into a space part A; and a scalar potential ¢. (1) Derive from the action principle (in flat spacetime) 


ae (BE? — B?) d*a, (43.5.1) 
87 
by splitting off an appropriate divergence, an expression qualitatively similar in character to (43.7). (2) 
Show that the appropriate quantity to be fixed on the initial and final spacelike hypersurface is not really 
A; itself, but the magnetic field, defined by B = V x A. (3) Derive the Hamilton-Jacobi equation for 
the dynamic phase or action S(B,S) in its dependence on the choice of hypersurface 8, and the choice of 
magnetic field B on this hypersurface, 


6S 1 =», Gn)? (08 \7 
50 7 age + a, 5A} (43.5.2) 


The quantity on the left is Tomonaga’s “bubble time” derivative [Tomonaga (1946); see also Box 21.1]. 
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Solution: 


(1) The Lagrangian density for EM field is 


7 Sif ds Ae 
6 = 1g — pr = Git ba) lenny!” (43.5.3) 
87 8a 
The canonical momentum for A; is 
: OL A: + 4 EB; 
ee — a = : 3.5. 
Tture aA; Ar An (4 4) 
Define 1’ = 4171.6 = —E;. We have 
1 
= [x? (€:jkAk,j) ]d x 
ee nA; — 2 [m? + (€:jeAnj)?] +7, d‘x 
At a ee u of " 
i a ; 
= a {rn A; = 3 [? a (€ijhAr,7)”| = no} dtz. (43.5.5) 
(2) 
L- ; 
ti 
1 to . 1 tg 
An Ji, , , An th 
If 6A; = x, using the fact that F;,,; = 0, we can get 
[evs E,6A; = [eve (Fix) = 0. (43.5.7) 


So a transformation A; — A; + y,; on the space sheet t; and ¢2 will not change the value of action. The 
appropriate quantity to be fixed on the initial and final spacelike hypersurface is not really A; itself, but 
the magnetic field, defined by B = V x A. 


(3) From equation 43.5.6, we have 
6S Ej 1 


A ge aR (43.5.8) 
From equation 43.5.5, we can obtain the Hamiltonian density 
1 
He= 5 [mi + (€ijnAn,s)’] Cea 
Since 6S /6Q = —H, the Hamilton-Jacobi equation is 
65 _ 1 po, (an)? (58) (43.5.10) 
6Q 9 8r 8x \6A) * as 
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